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Abstract

For log-harmonic functions f(z) = zh(z)g(z) in the open unit disk U,
two subclasses Hj ;;(«) and G7 (o) of S ;7 («) consisting of all starlike
log-harmonic functions of order o (0 < « < 1) are considered. The
object of the present paper is to discuss some coefficient inequalities for
h(z) and g(z).
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1 Introduction

Let H be the class of functions which are analytic in the open unit disc
U ={z¢€C:|z] <1}. A log-harmonic function f(z) is a solution of the

non-linear elliptic partial differential equation
(1.1) LR
f

where w(z) € H satisfies |w(z)| < 1 (2 € U) and is said to be the second

dilatation, and

1(of of _1(of  of
(1~2) fz—é(%—ia—y)y fz_2(8x+18y)’

Let a function f(z) given by

(1.3) f(z) = zh(2)9(2)

with 0 ¢ hg(U) be log-harmonic function in U, where h(z) € H and g(z) € H.

Then f(z) is said to be starlike log-harmonic function of order « if it satisfies

o 6 L —Zfs
(1.4) %ﬁm)) — Re (M) >a (z€D)
for some real o (0 < o < 1). We denote by S} («) all starlike log-harmonic

functions f(z) of order o in U.

The class S} () was studied by Abdulhadi and Muhanna [4], and Po-
latoglu and Deniz [6]. Furthermore, the classes of univalent log-harmonic func-
tions have been studied by Abdulhadi [1], [2], and Abdulhadi and Hengartner

3).
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2 Coefficient Inequalities for h(z)

In order to consider our problem, we have to introduce the following subclass

Hjy(a) of S5 y(a). A function f(z) = zh(2)g(z) € S} () is said to be in a

class Hj () if it satisfies

(2.1) h(z) = h(0) + > _a.z"  (h(0) > 0)

n=1

with a, = |a,|e™+™ (6 € R).

Now we derive

Theorem 2.1. If f = zh(2)g(z) € H} y(a) with

(2.2) b1 < gleiul} Re (zgéi?) <0,
then
(2.3) Y (n+1—a—p)la| < (1—a—p)h(0).

Proof.  Note that f = zh(2)g(z) € Hj y(a) C S} () satisfies

o re)) = Re (E755)
— Re (1 + ZZ;? - Zg’ég)) >a (zel).

This gives us that
(2.4) Re (Zh/(z)) ~ Re ( Dzt 07" )
h(z) h(0) + 320y an2”
S ST
h(0) = > 0" |an|emfzn

> e (a-14+21)
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>a+ [ —1

for all z € U.
Let us consider a point z such that z = |z|] e~ € U. Then (2.4) becomes
that

W (2)\ =D nfay]z]”
(2:5) I“(M@)_Mm—Z?WMM”

Letting |z| — 17, we obtain that

—Zn|an| > (a+ 1 —1) <h(0) - Z‘ano ,

>a+ 6 -1 (z€l).

that is, that

o0

Y (n+1—a—p)a] < (1—a—p5)h(0).

n=1

Example 2.2. Let us consider a function f(z) = zh(z)g(2) € Hj y(«a)

with ,
— (1 —a-=p)h0)e |
+;n n—i—l—&—ﬂl)z

and 5
o) = 2 (5 <)

Then )

o> mighe (557 >
and

Mg

;(nJrl—@—ﬂl)\an]—(l—@—ﬂl <n21nn+1>

Theorem 2.1 gives us the following corollary.

Corollary 2.3. If f(2) = zh(2)g(2) € Hi () with (2.2) then

l—a—[0
n+1l—a—/[3

hO0) (n=1,2,3,---).

|an| <
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Next, we show

Theorem 2.4. If f(2) = zh(2)g(2) € Hiy () with (2.2) then

26) (1= 5o ) ho) < e < (14 5= 2= )

and

(2.7) jaa] = (1 = a = B)h(0) = (2 — = B) ) |2]

< W) < o] + (1= a = B)h(0) = (2 —a =) |a]) ||
for z € U. The equality in (2.6) holds for f(z) = zh(2)g(z) with

1—Od—ﬂ1

- Pp i9‘
p— (0)e"z

h(z) = h(0) +

Proof. ~ We note that the inequality (2.3) gives us that
- l—a—p
n| < —=n(0
> ol < 5= 5h0)

and
o

S nlaa < (1—a = Bh(0) = (2= a = B) |ai].

n=2

Thus, we have that

I < 00)+ 1213l < (1 5541 )

and

Ih(2)] = h(0) zyZ]an\>(1—7%yzy)h(0).
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Furthermore, we have that

1 (2)] < laa| + |21 ) lan]
n=2
<lai| + (1 =a—=B)h(0) = (2 —a—5)la]) |2|
and
B (2)] > |as| — |2 ) nan|
n=2

> Jar] = (1= a = B)h(0) = (2 = a = B) laa]) [2] -

Next, we consider

Theorem 2.5. Let f(z) = zh(z)g(z),where h(z) is given by (2.1) and
ap = |a,| ™™ (0 € R). If f(z) satisfies

(2.8) B2 > max Re (zjé,(;)) >0
and
(2.9) Y (n+1-a—B)las < (1—a—B)h(0),

then f(z) € Hf y(«), where 0 < By <1 — av.

Proof.  Note that if f(z) satisfies

zh (2)

(2.10) e

<l—a-py (z€l),

then we have that

Re (zg(g)) Sa+ -1 (2.

This implies that

zh'(z)  z2¢'(2)
hz)  g(2)

Re(1+ )>a (z € U).
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Therefore, if f(z) satisfies the inequality (2.10), then f(z) € H} (). Indeed

we see that

LTINS > ST A O > T
h(z) h(0) = 3202 lan] €02 |~ h(0) = 3202, lan|
Thus, if f(z) satisfies (2.9), then we have the inequality (2.10). O

3 Coefficient Inequalities for ¢(z)

Let f(2) = zh(2)g(z) be in the class S% (). If f(z) satisfies
(3.1) 9(2) = g(0)+ > buz" (9(0) > 0)
with b, = |b,| €™’ (6 € R), then we say that f(2) € G} ().

Theorem 3.1. [f f(z) = zh(2)g(2) € G} 4 (a) with

(3.2) 7 > max Re (zgéz)) > 0,
then
(3.3) D (n—1+a—7)bl < (1—a+m)g(0).

Proof.  Note that if f(z) € G5 y(a) C S} y(«), then

Re (zgl(z)) < Re (1 —a+ Z&g) ( € U),

which implies that
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Therefore, we see that

Re (zg’(Z)) _ Re( Dzt 7bn2" )
9(2) 9(0) + 2202 bn2"
e SR )
9(0) + 320 [bn] €02
<l—-a+m (z€l).

Let us consider a point z such that z = |z| e~ € U. Then, we have that

29'(2)\ _ _ e 2 lbal 2"
Re( 9(2) )  9(0) + 2202 [bal 2]

Thus, letting |z| — 17, we obtain that

<l—a+v (z€0).

o0

Z(” —1+a—")[b| < (1—a+m)g(0).

n=1

Example 3.2. If f(z) = zh(2)g(2) € G} 4 («) with

M) = 72 (0> 0)

and
[o@)

-« 1)g(0)e™
g(z) = ¢(0) +Zln(7§+1)(:j ig%(—o)z—%)z

zh (2)
0< r?eag(Re( h2) ) <M.

n

then

It follows that f(z) satisfies

o0

Y (n—1+a—y)b| = (1—a+n)g(0).

n=1

Applying Theorem 3.1, we have the following result.

Theorem 3.3. If f(z) = zh(2)g(2) with (3.2), then

B (1 ) g0 <l < (142 ) g0)

a—m a—m
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and
(3,5) b1] = (1 =+ 71)g(0) — (o = m) [ba]) |2]

< 1g'(2)] < [ba| + (1 = a + 71)g(0) = (@ = 71) [ba]) |2]

for z € U, where 0 < vy, < .

Proof.  Since

= l—a+
> bl < —2"T2g(0)
1 a—m
and -
D 0ol < (1= a+7)g(0) = (@ = 7) by
n=2
for f(z) € G} y(a), we prove the inequalities (3.4) and (3.5). O

Finally, we derive

Theorem 3.4. Let f(z) = zh(2)g(2), where g(2) is given by (3.1) and
by = |b,| €™ (0 € R). If f(2) satisfies

(3.6) 72 < min Re (ZZS)) <0
and
(3.7) Z(n—lﬂL@—’h)‘bn’ < (1—a+72)9(0)

then f(z) € G} y(a), where a —1 < 9 < 0.

Proof.  Note that if f(z) satisfies

2 ()
9(2)

<l-a+v (ze€l),

then

Re (zgl(z)) <l1-a+7<1-a+Re (Z;Z(S)) (2 € U),
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which shows that f(2) € S}y (a).
It follows that

zg'(2)
9(2)

_ ’ Ziil n|b,| et n
9(0) + 3202, [bn| emOzn
Zfzozl 1|y

9(0> - fo:l ‘bn‘

if the inequality (3.7) holds true. Therefore, we see that f(z) € G} 4 (a). O

(3.8)

< <l—-—a+v

4 Open questions

We know that Jahangiri [5] has showed the coefficient inequality which is
the necessary and sufficient condition for harmonic convex functions f(z) of
order o in U. There are many necessary and sufficient inequalities for some
classes of analytic functions in U. We hope we will discuss some necessary and

sufficient conditions for starlike log-harmonic functions f(z) in U.
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