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EXTENSIONS OF KANNAN’S FIXED POINT RESULTS

YAÉ ULRICH GABA1 §

Abstract. In this article, we essentially proved some fixed point results for contractive
maps type in quasi-pseudometric spaces. The presented theorems are formulated in an
asymmetric setting and therefore generalize some existing results in analysis.
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1. Introduction

Banach contraction principle is certainly one of the most cited fixed point results in the
literature and a lot of fixed point results are built around it. In 1968, Kannan [1] estab-
lished a similar result which was followed by different variant of contractive type maps
in metric spaces. We extend the result of Kannan, and henceforth many other results in
the theory and give new theorems. We use a quasi-pseudometric structure and show that
some proofs follow closely the classical proofs in the metric case, but generalize them.

2. Prelimaries

In this section, we recall some elementary definitions from the asymmetric topology which
are necessary for a good understanding of the work below.

Definition 2.1. Let X be a non empty set. A function d : X × X → [0,∞) is called a
quasi-pseudometric on X if:

i) d(x, x) = 0 ∀ x ∈ X,
ii) d(x, z) ≤ d(x, y) + d(y, z) ∀ x, y, z ∈ X.

Moreover, if d(x, y) = 0 = d(y, x) =⇒ x = y, then d is said to be a T0-quasi-pseudometric
or a di-metric. The latter condition is referred to as the T0-condition.

Remark 2.1.

• Let d be a quasi-pseudometric on X, then the map d−1 defined by d−1(x, y) =
d(y, x) whenever x, y ∈ X is also a quasi-pseudometric on X, called the conjugate
of d. In the literature, d−1 is also denoted dt or d̄.
• It is easy to verify that the function ds defined by ds := d ∨ d−1, i.e. ds(x, y) =

max{d(x, y), d(y, x)} defines a metric on X whenever d is a T0-quasi-pseudometric.
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Example 2.1. On R× R, we define the real valued map d given by

d(a, b) = a−̇b = max{a− b, 0}.
Then (R, d) is a di-metric space.

Let (X, d) be a quasi-pseudometric space. Then for each x ∈ X and ε > 0, the set

Bd(x, ε) = {y ∈ X : d(x, y) < ε}
denotes the open ε-ball at x with respect to d. It should be noted that the collection

{Bd(x, ε) : x ∈ X, ε > 0}
yields a base for the topology τ(d) induced by d on X. In a similar manner, for each
x ∈ X and ε ≥ 0, we define

Cd(x, ε) = {y ∈ X : d(x, y) ≤ ε},
known as the closed ε-ball at x with respect to d.
Also the collection

{Bd−1(x, ε) : x ∈ X, ε > 0}
yields a base for the topology τ(d−1) induced by d−1 on X. The set Cd(x, ε) is τ(d−1)-
closed, but not τ(d)-closed in general.
The balls with respect to d are often called forward balls and the topology τ(d) is called
forward topology, while the balls with respect to d−1 are often called backward balls and
the topology τ(d−1) is called backward topology.

Definition 2.2. Let (X, d) be a quasi-pseudometric space. The convergence of a sequence
(xn) to x with respect to τ(d), called d-convergence or left-convergence and denoted

by xn
d−→ x, is defined in the following way

xn
d−→ x⇐⇒ d(x, xn) −→ 0. (1)

Similarly, the convergence of a sequence (xn) to x with respect to τ(d−1), called d−1-

convergence or right-convergence and denoted by xn
d−1

−→ x,
is defined in the following way

xn
d−1

−→ x⇐⇒ d(xn, x) −→ 0. (2)

Finally, in a quasi-pseudometric space (X, d), we shall say that a sequence (xn) ds-

converges to x if it is both left and right convergent to x, and we denote it as xn
ds−→ x

or xn −→ x when there is no confusion. Hence

xn
ds−→ x ⇐⇒ xn

d−→ x and xn
d−1

−→ x.

Definition 2.3. A sequence (xn) in a quasi-pseudometric (X, d) is called

(a) left K-Cauchy with respect to d if for every ε > 0, there exists n0 ∈ N such that

∀ n, k : n0 ≤ k ≤ n d(xk, xn) < ε;

(b) right K-Cauchy with respect to d if for every ε > 0, there exists n0 ∈ N such
that

∀ n, k : n0 ≤ k ≤ n d(xn, xk) < ε;

(c) ds-Cauchy if for every ε > 0, there exists n0 ∈ N such that

∀n, k ≥ n0 d(xn, xk) < ε.
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Remark 2.2.

• A sequence is left K-Cauchy with respect to d if and only if it is right K-Cauchy
with respect to d−1.
• A sequence is ds-Cauchy if and only if it is both left and right K-Cauchy.

Definition 2.4. A quasi-pseudometric space (X, d) is called left-complete provided that
any left K-Cauchy sequence is d-convergent.

Definition 2.5. A quasi-pseudometric space (X, d) is called right-complete provided
that any right K-Cauchy sequence is d-convergent.

Definition 2.6. A T0-quasi-pseudometric space (X, d) is called bicomplete provided that
the metric ds on X is complete.

Example 2.2. Let X = [0;∞). Define for each x, y ∈ X, n(x, y) = x if x > y, and
n(x, y) = 0 if x ≤ y. It is not difficult to check that (X,n) is a T0-quasi-pseudometric
space. Notice also that for x, y ∈ [0;∞), we have ns(x, y) = max{x, y} if x 6= y and
ns(x, y) = 0 if x = y. The metric ns is complete on [0,∞).

Definition 2.7. Let (X, d) be a quasi-pseudometric type space. A function f : X →
X is called d-sequentially continuous or left-sequentially continuous if for any

d-convergent sequence (xn) with xn
d−→ x, the sequence (fxn) d-converges to fx, i.e.

(fxn)
d−→ fx.

Definition 2.8. Let (X, d) be a quasi-pseudometric space. A mapping T : X → X is said
to be left-sequentially convergent if we have, for every sequence (an)n, if (Tan)n is
d-convergent , then (an)n is also d-convergent.

We conclude this section by recalling Kannan’s results.

Theorem 2.1. (Compare [1]) Let (X,m) be a complete metric space and S : X → X be
a self mapping on X such that

m(Sx, Sy) ≤ λ[m(x, Sx) +m(Sy, y)] (x, y ∈ X) (3)

where λ ∈ [0, 1/2). Then S has a unique fixed point.

3. Main Results

First, we extend Kannan’s theorem in the following way.

Theorem 3.1. (Compare [1]) Let (X, d) be a bicomplete T0-quasi-pseudometric space and
T : (X, d)→ (X, d) be a self mapping on X such that

d(Tx, Ty) ≤ λ[d(x, Tx) + d(Ty, y)] (x, y ∈ X) (4)

where λ ∈ [0, 1/2). Then T has a unique fixed point.

Proof. It is enough to show that (T, ds)→ (T, ds) satisfies the condition (3). Indeed, using
the inequality (4), we have

d−1(Tx, Ty) = d(Ty, Tx) ≤ λ[d(y, Ty) + d(Tx, x)] (x, y ∈ X)

≤ λ[d−1(x, Tx) + d−1(Ty, y)] (x, y ∈ X),
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i.e. the map T : (X, d−1) → (X, d−1) also satisfies the inequality (4). Hence, we respec-
tively have

d(Tx, Ty) ≤ λ[d(x, Tx) + d(Ty, y)] (x, y ∈ X)

≤ λ[ds(x, Tx) + ds(Ty, y)] (x, y ∈ X),

and

d−1(Tx, Ty) = d(Ty, Tx) ≤ λ[d−1(x, Tx) + d−1(Ty, y)] (x, y ∈ X),

≤ λ[ds(x, Tx) + ds(Ty, y)] (x, y ∈ X),

which entail that

ds(Tx, Ty) ≤ λ[ds(x, Tx) + ds(Ty, y)] (x, y ∈ X),

i.e. the map (T, ds)→ (T, ds) satisfies the condition (3). By assumption, (X, d) is bicom-
plete, hence (X, ds) is complete. Therefore, by Theorem (2.1), T has a unique fixed point.
This completes the proof.

Theorem 3.2. Let (X, d) be a Hausdorff left-complete T0-quasi-pseudometric space and
T, S : X → X be self mappings such that S is a d-sequentially continuous function and T
left-sequentially convergent. If there exists one λ ∈ [0, 1/2) and

d(TSx, TSy) ≤ λ[d(Tx, TSx) + d(Ty, TSy)] (x, y ∈ X) (5)

then Fix(S) 6= ∅ where Fix(S) is the set of fixed points of S.

Proof. Let x0 be an arbitrary point in X. We define the iterative sequence (xn)n by
xn+1 = Sxn, n = 1, 2, · · · . Using (5), we have

d(Txn, Txn+1) = d(TSxn−1, TSxn)

≤ λ[d(Txn−1, TSxn−1) + d(Txn, TSxn)],

which entails that

d(Txn, Txn+1) ≤ λ

1− λ
d(Txn−1, Txn).

By induction, we can then write

d(Txn, Txn+1) ≤ λ

1− λ
d(Txn−1, Txn) ≤

(
λ

1− λ

)2

d(Txn−2, Txn−1)

≤ · · · ≤
(

λ

1− λ

)n
d(Tx0, Tx1).
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Hence, for every m,n ∈ N such that m > n we have,

d(Txn, Txm) ≤ d(Txn, Txn+1) + d(Txn+1, Txn+2) + · · · d(Txm−1, Txm)

≤

[(
λ

1− λ

)n
+

(
λ

1− λ

)n+1

+ · · ·
(

λ

1− λ

)m−1
]
d(Tx0, Tx1)

≤
(

λ

1− λ

)n 1

1− λ
1−λ

d(Tx0, Tx1).

Letting n→∞, we obtain that (Txn) is a left K-Cauchy and since (X, d) is left-complete,

there exists q ∈ X such that Txn
d−→ q. Since T is left-sequentially convergent, there

exists u ∈ X such that xn
d−→ u. S is d-sequentially continuous, so xn+1

d−→ Su. Since
X Hausdorff u = Su.

Corollary 3.1. If moreover, T is injective in the above theorem 3.1, then card(Fix(S)) =
1, the cardinality of Fix(S) is 1.

Proof. For uniqueness, assume by contradiction that there exists another fixed point v.
Then

d(TSu, TSv) = d(Tu, Tv) ≤ λ[d(Tu, TSu) + d(Tv, TSv)] = 0,

and
d(TSv, TSu) = d(Tv, Tu) ≤ λ[d(Tv, TSv) + d(Tu, TSu)] = 0,

which entails that d(Tu, Tv) = 0 = d(Tv, Tu). Using the T0-condition and injectivity of
T , we conclude that u = v.

In the following, we have another extension of Kannan’s theorem. Let Φ be the class of
continuous functions F : [0,∞)→ [0,∞) such that F−1(0) = {0}.

Theorem 3.3. Let S be a d-sequentially continuous self-mapping on a Hausdorff left-
complete T0-quasi-pseudometric space (X, d) satisfying

F (d(Sx, Sy)) ≤ λ[F (d(x, Sx)) + F (d(y, Sy))] (x, y ∈ X) (6)

for some λ ∈ [0, 1) and for some F ∈ Φ, then S has a unique fixed point. Moreover, for
any arbitrary x0 ∈ X the orbit {Snx0, n ≥ 1} D-converges to the fixed point.

Proof.
Since F−1(0) = {0}, F (η) > 0 for any η > 0. Let x0 be an arbitrary point in X. We
define the iterative sequence (xn)n by xn+1 = Sxn, n = 1, 2, · · · . Using (6), we have

F (d(xn, xn+1)) = F (d(Sxn−1, Sxn))

≤ λ[F (d(xn−1, Sxn−1) + F (d(xn, Sxn))],

which entails that

F (d(xn, xn+1)) ≤ λ

1− λ
F (d(xn−1, xn)).
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By induction, we can then write

F (d(xn, xn+1)) ≤ λ

1− λ
F (d(xn−1, xn)) ≤

(
λ

1− λ

)2

F (d(xn−2, xn−1))

≤ · · · ≤
(

λ

1− λ

)n
F (d(x0, x1)).

Hence, for every m,n ∈ N such that m > n we have,

F (d(xn, xm)) = F (d(Sxn−1, Sxm−1))

≤ λ[F (d(xn−1, xn)) + F (d(xm−1, xm))]

≤ λ

[(
λ

1− λ

)n−1

+

(
λ

1− λ

)m−1
]
F (d(x0, x1)).

Letting n→∞, we obtain that F (d(xn, xm))→ 0. Since F ∈ Φ, we conclude that (xn) is

a left K-Cauchy and since (X, d) is left-complete, there exists u ∈ X such that xn
d−→ u.

S is d-sequentially continuous, so xn+1
d−→ Su. Since X Hausdorff u = Su.

For uniqueness, assume by contradiction that there exists another fixed point v. Then

F (d(Su, Sv)) = F (d(u, v)) ≤ λ[F (d(u, Su)) + F (d(v, Sv))] = 0,

and
F (d(Sv, Su)) = F (d(v, u)) ≤ λ[F (d(v, Sv)) + F (d(u, Su))] = 0,

which entails that d(u, v) = 0 = d(v, u). Using the T0-condition, we conclude that u = v.
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