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ON HERMITE-HADAMARD TYPE INEQUALITIES VIA
KATUGAMPOLA FRACTIONAL INTEGRALS

H. YALDIZ, §

ABSTRACT. In this paper, we give new definitons related to Katugampola fractional in-
tegral for two variables functions. We are interested in giving the Hermite-Hadamard in-
equality for a rectangle in plane via convex functions on co-ordinates involving Katugam-
pola fractional integral.
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1. INTRODUCTION

The most well-known inequalities related to the integral mean of a convex function are
the Hermite Hadamard inequalities. Let f: I C R — R be convex function defined on the
interval I of real numbers and a,b € I, with a < b. Then the following double inequality
is known in the literature as the Hermite-Hadamard’s inequality for convex functions [8]:

f(“*b)<blaa/bf<x>dx<w. (1)

2

The inequalities (1) have become an important cornerstone in mathematical analysis and
optimization and many uses of these inequalities have been discovered in a variety of
settings. Many generalizations and extensions of the Hermite-Hadamard inequality exist
in the literatures (see [5]).

Let us consider a bidimensional interval A =: [a,b] x [¢,d] in R? with a < b and ¢ < d.
A function f : A € R? — R is said to be convex on A if for all (x,%), (z,w) € A and
t € [0, 1], it satifies the following inequality:

flx+(1—1t) z,ty+ (1 —t) w) <t f(z,y)+ (1 —1t) f(z,w).

A modification for convex function on A was defined by Dragomir [4], as follows:
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A function f : A — R is said to be convex on the co-ordinates on A if the partial
mappings fy : [a,b] = R, fy(u) = f(u,y) and f; : [c,d] = R, fz(v) = f(x,v) are convex
where defined for all = € [a,b] and y € [c, d].

A formal defination for co-ordinated convex function may be stated as follows:

Definition 1.1. A function f : A — R is called co-ordinated convexr on A, for all
(z,u), (y,v) € A and t,s € [0,1], if it satifies the following inequality:

flz+ (1 —1t) y,su+ (1—3s) v) (2)

< ts fla,w) + 41— 8)f(2,0) + s(L— ) f(y,u) + (1 - D)(L - 8)f(y,v).

Note that every convex function f : A — R is co-ordinated convex but the converse is
not generally true (see, [4]).

For recent developments about Hermite-Hadamard’s inequality for some convex func-
tions on the co-ordinates, please refer to ([2],[9],[15],[19]and[20]). Also several inequalities
for convex functions on the co-ordinates see the references ( [1],[6],[14],[16],[17]).

The importance of these operators stems indeed from their generality. Many useful
fractional integral operators can be obtained by specializing the coefficient o (k). Here,
we just point out that the classical Riemann-Liouville fractional integrals I, and I;* of
order « defined by (see, [7, 12, 13])

(129 (@) = i [ @ =07 el (@ > aia>0) 3)
and
b
T0) @)= s [ =0 et @ <bia>0) (4)

Later, in [17], Sarikaya presented the following Hermite-Hadamard-type inequalities for
Riemann—Liouville fractional integrals by using convex functions of two variables on the
co-ordinates:

Theorem 1.1. Let f : A C R? — R be a co-ordinated convex on A : [a,b] x [c,d] in R
with0 <a<b,0<c<dand f € L1 (A).Then one has the inequalities:

()

f<a—2kb’cj2td>
Fla+ )T (B+1)

(b —a)* (d - c)°
x[§c+f(bd)+J P (b.0) TP (ayd) + TEE L (ayc)

fla, )+ fla,d) + f (b,c) + f (b, d)
< 1 :
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Theorem 1.2. Let f : A C R? — R be a co-ordinated convex on A : [a,b] x [c,d] in R
with 0 <a<b,0<c<dand f € L1 (A).Then one has the inequalities:

a+b c+d

(5559
F'a+1) ], c+d c+d

< oo et (050 s (25

o [ () i ()

T(a+1)T(8+1)

(6)

<
T A —a)(d-o)f

< [Je f bd) + I3 F (b0 + I F (0 d)+ T f (a,0)
< w [T f (byo) + J f (b,d) + J&- f (a,¢) + Ji- f (a,d)]

r(B3+1)

+W [Jf+f (a,d) + J2 f (b,d) + J7 f(a,c) + 7 f (b, C)]
. flao)+ f(ad)+f(bo)+f(bd)
< . .

Recently, Katugampola introduced a new fractional integral that generalizes the Riemann-
Liouville and the Hadamard fractional integrals in to a single form(see [10],[11],[18]).

Definition 1.2. ([10]) Let [a,b] C R be a finite interval. then, the left and right side
Katugampola fractional integrals of order o (> 0) of f € X% (a,b) are defined by,

1

oI f (1) = by [ S f (0 dt and I
a

H%@

P!
(@) J (@p—gr)t= wf(t)dt

with a < x < b and p > 0, if the integrals exist.

When p = 0 we arrive at the standard Riemann-Liouville fractional integral.
n [3], Chen and Katugampola proved the following inequality which is Hermite-Hadamard’s
inequalities for the Katugampola fractional integrals:

Theorem 1.3. Let « > 0 and p > 0. Let f : [a?,b’] — R be a positive function with
0<a<band fe XE(al V). If f is also a convex function on [a,b], then the following
inequalities hold:

! <ap : bp) : Z?bl;(f *,,)” P12 1) 40 I3 f (@) < LT g

where the fractional integrals are considered for the function f (xP) and evaluated at a and
b, respectively.

Now, we establish new definitons related to Katugampola fractional integrals for two
variables functions:
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Definition 1.3. Let f € Ly ([a,b] X [¢,d]). The Katugampola fractional integrals ”’("IjjrﬁcJr
PII Lo f(@y), p"’Ig‘_’7C+f (z,y), and P7L° o (x,y) of order a, B> 0 are defined by

o PRENE 101
PO o fay) // ) (g )] Bf(t s)dsdt,
x > a, y>ec
1 1.5 &4 p—1 0—1
o - p—1go—
po o . _p o // t,s)dsdt
a+7d7f(xay> I‘(a)I‘(,B) (xp —tp)l_a (80 _ny)l_ﬁf( 78) sat,
a vy
x > a, y<d,
1 by tp 1 Pl 1
P = t, s)dsdt
5 f () T // B e gy st
x < b y>c,
and
8 pl—a 0_1—6 b d tp 1 -1
POTHP  f(x, D= t,s)dsdt,
St @) =t ] | e e 9
Ty

x < b y<d.
with a < x <b and c <y <d with p> 0.

In this paper, we are interested to give the Hermite-Hadamard inequality for a rectangle
in plane via convex functions on co-ordinates involving Katugampola fractional integrals.
We also study some properties of mappings associated with the Hermite-Hadamard in-
equality for convex functions on co-ordinates.

2. HERMITE HADAMARD TYPE INEQUALITIES FOR KATUGAMPOLA FRACTIONAL
INTEGRALS

In this section, we will give Hermite-Hadamard type inequalities for the Katugampola
fractional integrals by using co-ordinated convex functions.

Theorem 2.1. Let o, > 0 and p,o > 0. Let f : A»° C R? = R be a co-ordinated
conver on APY := [aP,bP] x [c¢?,d°] in R? with0 < a <b, 0 <c<dand f € L1(AP9).
Then the following inequalities hold:

(8)

a? +b° @ +d°
2 72
paPT (a+1)T (B +1)
4(bP — aP)@ (do — co)P

IN

X [POI 7Y 4P IS (T 07 I f (afd7) 40 1 f (a8 )]

f(af, 7)) + [f(al,d7) + f (b°, ¢7) + [ (b°,d7)
1 :

IN

(z,9),
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witha < x <bandc<y<d.

Proof. According to (2) with x” = tPa? + (1 — tP)bP, y? = (1 — tP)a” + tPbP, u” = s7¢7 +
(1—57)d?, w” = (1—5)c” +s°d’ and t = s = 1, we find that

OLb 4 d 1
FM55 55T < e - o - - )
+f(tPaP + (1 —tP)bP, (1 — s7)c? 4 s7d?)
FF((1 = 7)a? + 09, 577 + (1 — s7)d)

FF((1 = tP)a? + 76, (1 — %) + s7d°))].

Multiplying both sides of (9) by t**~1s%7~1 then integrating with respect to (t,s) on
[0,1] x [0, 1], we obtain

1 1
Py pP d°
4f (a ; “ + >//t“ﬂ—1sﬁ0—1dsdt
0 0

1
/t“ﬂ LsBo=Lr(tPal + (1 — tP)bP, s°¢” + (1 — s°)d°)dsdt
0

IN
o _

tP 1Pl f(tPaf 4 (1 — tP)bP, (1 — %) + s7d° )dsdt

+
o _
o _

tP 1Pl (1 — tP)aP + tP0P, 577 + (1 — s°)d® )dsdt

- -
o O~ _
o _

1
/tap LsPo=Lf(1 — tP)aP + tPbP, (1 — s°)¢” + s7d°)dsdt.
0
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Using the change of variable in the last integrals, we have

a? +bf ¢ +d’\ 1 1
4 Bl
f( 2 72 )ozpﬂa

b d
1 ya—l
< 2, y?) dydx
S W —ar) (@ — )P // bpfxpl & (o —goyi P V)

b d b1 . b d .
x Yo Yo
+ P y%)d d:U—l—// z”,
//(bﬁ—xp)lo‘ v — )" 5./ (@, y7) dy o) a(da_ya)l_ﬁf( y

b d
xpfl yafl
p 0
+// ) _cg)l_ﬁf(x ,y7) dydzx

which gives the left hand side inequality in (8). Now we prove the right hand side inequality
in (8). For this purpose we first note that if f is a co-ordinated convex on A, then we can
write by using (2)

f(tPa? + (1 —t°)bP,s7¢” + (1 — s7)d?)
< 07 f(a?, ") + (1= #7)s7 f(0P, ¢7) + 1°(1 = s7) f(a”,d7) + (1 = #7)(1 — s7) (b, d7),

f(tPa? + (1 —tP)bP, (1 — s7)c? + s7d7)
< tP(1—=s7)f(a’,¢7)+ (1 —tP)(1 —s7)f(b°,c7) + tPs f(aP,d?) + (1 — t°)s? f(b°,d7),

F((1=t")a? +tPbP,s7c” + (1 — s7)d?)
< (1 =t")s7f(al,c?) +tPs7f (b7, %) + (1 = tP)(1 — s7) f(a”,d?) + tP(1 — s7) f(bP,d),

and

F((1=t")a? +tPbP, (1 — s7)c? + s7d7)
< (1=t —=s%)f(a?, 7)) +tP(1 —s7)f(bP,c7) + (1 —tP)s7 f(aP,d?) + tPs7 f(bP,d7).

By adding these inequalities, we get

f(tPa? + (1 —=tP)bP,s7¢ + (1 — s7)d?) + f(tPaP + (1 — tP)bP, (1 — s7)c? 4+ s°d?)

+f((1=tP)a? +tPbP,s7¢” + (1 — s7)d) + f((1 — tP)aP + tPb°, (1 — s7)c7 + s7d7)
(10)
< [ )+ [ (@, d%) + [ (0, c7) + f (07, d7).

7) dydx
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Multiplying both sides of (10) by t*~1s%7~1 then integrating with respect to (t,s) on
[0,1] x [0,1] we obtain

1
/taplsﬁ"lf(tpap + (1 =t")bP, 8¢ + (1 — s7)d?)dsdt
0

+ o
o _

1
/taﬂ LBr=Lf(tPal + (1 — t°)bP, (1 — s°)¢7 + s7d)dsdt
0

tP=1gBo=l £ (1 — tP)aP + tP1P, 57 ¢ + (1 — s°)d°)dsdt

+
o _
o _

4 [ [ er 1Bl p (1 — 1PYaP + 1PbP, (1 — 57)e” + s7d7)dsd

o _
o _

1 1
< [f(a”, &)+ f(aP,d°) + f (b, %) + f(b°,d)] //to‘p_lsﬁ"_ldsdt.
0 0

Then by using the change of variable we have

I'()I(B)
pl—ao-l—ﬁ(bp _ ap)a (da _ CU)B
X [P T 0, 47) 0T I W) 4P I f (0f,d7) 40 1 (o)
< o [f(@) (@ d) [ (L) ] (A7)
— ap /80_ M b b} )
In this way the proof is completed. ]

Remark 2.1. If we set p,o = 1 in Theorem 2.1, then the inequalities (8) become the
inequalities (5).

Theorem 2.2. Let a,3 > 0 and p,o > 0. Let f : AP C R?> = R be a co-ordinated
convex on APC = [a”,b] x [¢7,d°] in R? with 0 < a <b, 0<c<dand f € Li(AP7).
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Then the following inequalities hold:

(11)
AR
2 2
p°T (v + 1) c +d° @ +d°
< pyo o b PO o
= 4(bp—(1p)a anf ) 92 + b f a, 2
U’BF(ﬁ—l—l)[ 5 (aﬂ+bﬂ ) af +b°
SR S ) +Po 17 ( ,c)]
4(do — CU)B +f 2 it 2
- poPT (a+1)T (B +1)
T4 —ar)e (do — )P
X [POIL F (0, d) £ I W) £ I f (0 d) 4 I (af, )]
par (a + 1) [z g4 ag ag (6% g g (6% ag g (6% g
< W[p’ 15 f (0, ¢7) +P7 I3 f (b,d7) +77 L™ f (a,¢7) +77 It f (a,d”)]
ST 1
TLELY Foo g9 f(an,d) 497 1) f (000) 497 101 (0.) 47 12§ (0. 0)
8(d° —¢7) ¢ ¢
o @)+ fla?,d?) + [ (%) + f (b, d7)
— 4 .

with a < x <b and c <y < d.

Proof. Since f : AP? — R is co-ordinated convex on A’ := [a”,b°] X [¢?,d°] in R? with
0<a<b,0<ec<d,it follows that the mapping g, : [c,d] = R, g-(y) = f(x,y), is convex
on [c,d] for all z € [a,b]. Then by using inequalities ([3]), we can write

0" <c‘7 +d0> < oPT (B +1)

3 P10, g (d7) 07 1] gs(e7)]

— Q(da _ CU)B c

9x(¢7) + g (d?)

< 5 , x € [a,b].
That is,
f (w a J; da) (12)
B h y’ ! 7 yo !
S @ — o) C/(da _ya)l—ﬂf(xpvya)dwc/Wf(wﬂy”)dy
fl@,e) + f(x,d")’ x € [a,b)].

<
- 2
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xpfl xpfl

Then multiplying both sides of (12) by 2(bpp_°‘ap)a a7 and 2(b,,p_°‘ap)a e inte-
grating with respect to = over [a, b], respectively, we get
(13)
b i p
pa xP~ @ +d°
2(bP — ar) /(bp_xp)l af<x, 2 >d$
8 b d - .
pa o P~ Yo
< dyd
>~ (bp _ ap)a 2(d _ Ca’)ﬁ // (bp _ .Tp)l Ie% (do. y ) Bf( ) yaxr
b d - .
x Y7
+ dydx
| [t
b - b -
po z - z o
< d d’)d
- (bp_ap) /(b/’ )lfaf(xac ) 1’+/ (bpf )17af(x ) )
and
(14)

b
po / zP! e @ +d’ I
2(bp — ap)a ({I;P —aﬂ)l o ’ 2
b d 1
po Yo o ) dud
2(bP — ar)> 2(d —C"ﬁ // P_aplada_ya)lfﬁf(m’y) yax

b d yO'—l
+ z?,y%) dydx
// o a(ya_ca)l_ﬁﬂ ¥ dy

b
pa xp—l o 7@4’—1 x.d?dx
2(bP — ar)™ /( )= o/ (z,c )da:+a/( )= af(z,d%)d

IN

IN

P — af xP — aP
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By similar argument applied for the mapping g, : [a,b] = R, g,(z) = f(z,y), we have

d
of3 yo ! a’ +b°
d
2(d”—c‘7)5/(yaca)1ﬂf< 2 ,y) Y

(15)
po o3 F T Pl y"’l
: 27 — a)e 2{d? = o) a/c/ (2P — aP) ™% (yo — c")l—ﬂf (2, y7) dydzx
b d o ot
+/ / W —ar) " (g7 — ey Y dydw]
o3 ;i o-1 g o—1
< Q(da — cﬂ)ﬁ |:/ (ya Y Ca)lﬁf(ap’y)dy—i-/ (ya Y Ca)l 5f(bp,y)dy] 7
¢ C
and
of ’ yo1 af + bP
2(de — )P / (d7 — o) P ( 2 ,y> dy
C (16)
po o F7 Pl y"‘l
< 2(bP — ar)o 2(d7 — )P L/C/ (7 — a0 (@7 _ yg)lfﬁf (2, y%) dydz
b d - ot
Jr// (bp — P 7 (do — yo)? g/ (2%.y7) dydx
p ; o—1 4 o—1
= Q(daa_ ©@)B / (d° ’ )P f(ap,y)der/ (@ 3 ya)l_ﬂf(bp,y)dy

Adding the inequalities (13)-(16), we obtain

paF (a—l— 1) |:p’afa+f <b c® —I—da> Lro Igﬁf <a o —f—da)]
a ’ 2 ’ 2

4(bP — ar)«
5I‘(B+1)[ PypP PP
g o ﬁ a g /8 @
e [ () i ()|
4(do — )P ct 2 a-f 2

p*oPT (a+ )T (B+1)
A(bP — aP) (d7 — ¢o)°

% [Pﬂ%ﬁﬁyﬁf (b°,d%) +77 Ic?‘*"[?d—f (b°, %) +P7 Il?_,f?ﬁf (a?,d%) +7° Iba_,éd_f (a”, %)
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p°T (a+1)

— 8(bP —ar)”
o’T (B +1)

8 (dcr — Co’)ﬁ

[p’UIngf (b7 Ca) +P0 ngf (b, da) PO Igif (a? CU) 470 Ilgif (a’ da)]

(P10 f (0, d) +27 I (W, d) 407 T f (aP,0) 407 11 F (1, 0)|

Thus, we proved the second and the third inequalities in (11).
Now, using the left side inequality in (7), we also have

a’ 4+ b ¢ +d° < pQ
2 72 = 2(bP — ar)e

b b

xpfl 4 d° ‘rpfl @ 4+ d°
X / (xp _ ap)l_af <ZE7 2 > dl’ +/ (bP _ g:p)l_af <l’, 9 ) dflf

PUpP @ 1 d°
f a —i—b,c +d < of3
2 2 2(de — )8

d d
o—1 p 12 o—1 p 12
Y a’ +b Y a” + b
X /(yg_cg)lﬁf< 5 ,y)dy+/(dg_ya)15f< 5 J/)dy

[

and

By adding these inequalities, we get

P p O o ar 1 o o o o
f<a b ) G )[p’”13+f<b,c o >+’J"’I§‘—f<a,c td )]

2 2 = 4(br — ar)™ 2
oPT (B +1) [ 5 (aﬂ+bﬁ ) a’ + b’
7 |71 ) 771y ( C)]
4 (da _ ca)ﬁ C+f 2 d f 2

which gives the first inequality in (11).
Finally, using the right-hand side inequality in (7), we can state

(18)

b b
S | [ et e [ st an) < LI,

P — ap)l—oc
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and
(20)
ﬁ d 1 d 1 f(bp ) f(bp d )
g yU— yO'— 7Co‘ 4 , o
v, y)dy + / —=———f(¥,y)dy| < :
2(d — )8 / (do — y“)lfﬁf( y)dy (7 — ca)lfﬁf( y)dy 5
which give, by addition (17)-(20), the last inequality in (11). 0

Remark 2.2. If we set p,o = 1 in Theorem 2.2, then the inequalities (11) become the
inequalities (6).
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