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A THEOREM ON SUMMABILITY FACTORS FOR THE NÖRLUND

METHOD FOR DOUBLE SERIES IN ULTRAMETRIC FIELDS
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Abstract. Throughout this paper, K denotes a complete, non-trivially valued, ultra-
metric (or non-archimedean) field. 4-dimensional infinite matrices, double sequences and
double series have entries in K. In this paper, we prove a theorem on summability factors
for the Nörlund method for double series in K.
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1. Introduction and Preliminaries

Throughout this paper, K denotes a complete, non-trivially valued, ultrametric (or non-
archimedean) field. 4-dimensional infinite matrices, double sequences and double series
have entries in K. We recall the following definitions and results briefly (see [2]) for the
sake of completeness.

Definition 1.1. Given a double sequence {xm,n} in K and x ∈ K, we write

lim
m+n→∞

xm,n = x,

if for every ε > 0, the set {(m,n) ∈ N2 : |xm,n − x| ≥ ε} is finite, N being the set of all
non-negative integers. In such a case, x is unique and x is called the limit of the double
sequence {xm,n}. We also say that {xm,n} converges to x.

Definition 1.2. Let {xm,n} be a double sequence in K and s ∈ K. We write

∞,∞∑
m,n=0

xm,n = s

if

lim
m+n→∞

sm,n = s,
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where

sm,n =

m,n∑
k,`=0

xk,`, m, n = 0, 1, 2, . . . .

In such a case, we say that the double series

∞,∞∑
m,n=0

xm,n converges to s.

Remark 1.1. If {xm,n} converges, then {xm,n} is bounded.

Theorem 1.1. [2, Lemma 1] lim
m+n→∞

xm,n = x if and only if

(i) lim
m→∞

xm,n = x, n = 0, 1, 2, . . . ;

(ii) lim
n→∞

xm,n = x, m = 0, 1, 2, . . . ;

and
(iii) for every ε > 0, there exists N ∈ N such that |xm,n − x| < ε, m,n ≥ N , which is

written as

lim
m,n→∞

xm,n = x,

noting that this is Pringsheim’s definition of convergence of a double sequence.

Theorem 1.2. [2, Lemma 2]

∞,∞∑
m,n=0

xm,n converges if and only if

lim
m+n→∞

xm,n = 0.

Remark 1.2. In the case of simple series, it is well-known that

∞∑
n=0

xn converges if and

only if

lim
n→∞

xn = 0

(see [1, p. 25, Theorem 1.1]). Theorem 1.2 shows that Definition 1.1 is more suited in the
ultrametric case than Pringsheim’s definition of convergence of a double sequence.

Definition 1.3. Given a 4-dimensional infinite matrix A = (am,n,k,`), am,n,k,` ∈ K,
m,n, k, ` = 0, 1, 2, . . . and a double sequence x = {xk,`}, xk,` ∈ K, k, ` = 0, 1, 2, . . . , by
the A-transform of x = {xk,`}, we mean the double sequence A(x) = {(Ax)m,n},

(Ax)m,n =

∞,∞∑
k,`=0

am,n,k,`xk,`, m, n = 0, 1, 2, . . . ,

where we suppose that the double series on the right converge. If lim
m+n→∞

(Ax)m,n = s, we

say that the double sequence x = {xk,`} is A-summable or summable A to s, written as

xk,` → s(A).

If lim
m+n→∞

(Ax)m,n = s, whenever lim
k+`→∞

xk,` = s, we say that A is regular. A double

series

∞,∞∑
m,n=0

xm,n is said to be A-summable to s, if {sm,n} is A-summable to s, where

sm,n =

m,n∑
k,`=0

xk,`, m,n = 0, 1, 2, . . . .
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The following important result, due to Natarajan and Srinivasan [2], gives a criterion
for a 4-dimensional infinite matrix to be regular in terms of its entries.

Theorem 1.3 (Silverman-Toeplitz). The 4-dimensional infinite matrix A = (am,n,k,`) is
regular if and only if

sup
m,n,k,`

|am,n,k,`| <∞; (1)

lim
m+n→∞

am,n,k,` = 0, k, ` = 0, 1, 2, . . . ; (2)

lim
m+n→∞

∞,∞∑
k,`=0

am,n,k,` = 1; (3)

lim
m+n→∞

sup
k≥0
|am,n,k,`| = 0, ` = 0, 1, 2, . . . ; (4)

and

lim
m+n→∞

sup
`≥0
|am,n,k,`| = 0, k = 0, 1, 2, . . . . (5)

The Nörlund method (N, pm,n) for double sequence and double series in K was intro-
duced earlier by Natarajan and Srinivasan in [2].

Definition 1.4. Given pm,n ∈ K, m,n = 0, 1, 2, . . . , the Nörlund method (mean), de-
noted by (N, pm,n), is defined by the 4-dimensional infinite matrix (am,n,k,`), m,n, k, ` =
0, 1, 2, . . . , where

am,n,k,` =

{
pm−k,n−`

Pm,n
, if k ≤ m and ` ≤ n;

0, otherwise,

Pm,n =

m,n∑
k,`=0

pk,`, m,n = 0, 1, 2, . . . , |pk,`| < |p0,0|, (k, `) 6= (0, 0), k, ` = 0, 1, 2, . . . .

Remark 1.3. From the above definition, it follows that p0,0 6= 0.

It is easy to prove the following result, which is very useful in the sequel.

Theorem 1.4. If

∞,∞∑
m,n=0

am,n is (N, pm,n) summable, then {am,n} is bounded.

Some properties of the Nölund method for double sequences in K were studied in [2].
For the definition of summability factors for simple series in the classical case, see ([4,

pp. 38–39]). We retain the same definition for double series in the ultrametric set up too
with suitable changes.

2. Main Result

We now prove the main result of the paper, which deals with summability factors for
the Nörlund method for double series in K.

Theorem 2.1. If

∞,∞∑
m,n=0

am,n is (N, pm,n) summable, (N, pm,n) being regular and if {bm,n}

converges, then

∞,∞∑
m,n=0

am,nbm,n is (N, pm,n) summable too.
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Proof. Let sm,n =

m,n∑
k,`=0

ak,`, tm,n =

m,n∑
k,`=0

ak,`bk,`, m,n = 0, 1, 2, . . . . Let {αm,n}, {βm,n} be

the (N, pm,n)-transforms of {sm,n}, {tm,n} respectively so that

αm,n =
1

Pm,n

m,n∑
k,`=0

pm−k,n−`sk,`,

βm,n =
1

Pm,n

m,n∑
k,`=0

pm−k,n−`tk,`,

m, n = 0, 1, 2, . . . .
Let lim

m+n→∞
αm,n = s and lim

m+n→∞
bm,n = t. Let

bm,n = t+ εm,n, m, n = 0, 1, 2, . . .

so that

lim
m+n→∞

εm,n = 0.

Now,

αm,n =
1

Pm,n

m,n∑
k,`=0

pm−k,n−`sk,`

=
1

Pm,n

m,n∑
k,`=0

pm−k,n−`

 k,∑̀
i,j=0

ai,j


=

1

Pm,n

m,n∑
k,`=0

ak,`

m−k,n−`∑
i,j=0

pi,j


=

1

Pm,n

m,n∑
k,`=0

ak,`Pm−k,n−`,

where, we recall that Pm,n =

m,n∑
k,`=0

pk,`, m,n = 0, 1, 2, . . . . Since (N, pm,n) is regular, using

(2), we have,

lim
m+n→∞

am,n,0,0 = 0,

i.e., lim
m+n→∞

pm,n

Pm,n
= 0,

i.e., lim
m+n→∞

∣∣∣∣ pm,n

Pm,n

∣∣∣∣ = 0,

i.e., lim
m+n→∞

|pm,n| = 0, since |Pm,n| = |p0,0|,

using the fact that the

valuation is non-archimedean

i.e., lim
m+n→∞

pm,n = 0.
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In view of Theorem 1.2,

∞,∞∑
m,n=0

pm,n converges (say) to P . Since |Pm,n| = |p0,0|, m,n =

0, 1, 2, . . . , |P | = |p0,0|. Since p0,0 6= 0, it follows that P 6= 0. Also lim
m+n→∞

Pm,n = P .

We now have,

βm,n =
1

Pm,n

m,n∑
k,`=0

ak,`bk,`Pm−k,n−`

=
1

Pm,n

m,n∑
k,`=0

ak,`(t+ εk,`)Pm−k,n−`

=
1

Pm,n

t m,n∑
k,`=0

ak,`Pm−k,n−`

+

m,n∑
k,`=0

ak,`εk,`Pm−k,n−`


= tαm,n +

1

Pm,n

m,n∑
k,`=0

ak,`εk,`Pm−k,n−`. (6)

We note the following. Since

∞,∞∑
m,n=0

am,n is (N, pm,n) summable, {am,n} is bounded in view

of Theorem 1.4. Also lim
m+n→∞

εm,n = 0. So lim
m+n→∞

am,nεm,n = 0. Consequently, using

Theorem 1.2 again,

∞,∞∑
m,n=0

am,nεm,n converges. Also,

m,n∑
k,`=0

ak,`εk,`Pm−k,n−`

=

m,n∑
k,`=0

ak,`εk,`(Pm−k,n−` − P )

+ P

m,n∑
k,`=0

ak,`εk,`.

In view of the fact that lim
m+n→∞

am,nεm,n = 0 and lim
m+n→∞

(Pm,n − P ) = 0, using Theorem

2 of [3], it follows that

lim
m+n→∞

m,n∑
k,`=0

ak,`εk,`(Pm−k,n−` − P ) = 0.

Thus

lim
m+n→∞

m,n∑
k,`=0

ak,`εk,`Pm−k,n−` = P

∞,∞∑
m,n=0

am,nεm,n.
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So, taking limit as m+ n→∞ in (6), we have,

lim
m+n→∞

βm,n = ts+

∞,∞∑
m,n=0

am,nεm,n.

In other words,

∞,∞∑
m,n=0

am,nbm,n is (N, pm,n) summable to ts +

∞,∞∑
m,n=0

am,nεm,n. This com-

pletes the proof of the theorem. �

3. Conclusion

We conclude the paper with an important observation in the context of Theorem 1.2.

lim
m,n→∞

xm,n = 0

does not ensure the convergence of

∞,∞∑
m,n=0

xm,n in the sense of Definition 1.1, as illustrated

by the following example. Let K = Q2, the 2-adic field. Consider the series

∞,∞∑
m,n=0

xm,n,

where,
xm,n = 3m2n, m, n = 0, 1, 2, . . . .

Note that
lim

m,n→∞
xm,n = 0,

while, a simple computation shows that

∞,∞∑
m,n=0

xm,n does not converge in the sense of

Definition 1.1.
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