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ON THE CONVERGENCE OF (p,q)-BERNSTEIN OPERATORS OF
THE RATIONAL FUNCTIONS WITH POLES IN [0, 1]

FAISAL KHAN' MOHD SAIF?, M. MURSALEEN?®, ABDUL HAKIM KHAN*, §

ABSTRACT. In the present paper, we obtain the approximation results of (p, ¢)-Bernstein
operators By, ,(h; z) to a rational function for ¢ > p > 1 and investigate convergence prop-
erties of By ,(h;x) for the function h(x) = (x —p™q~"™)~" with n > 2. Here, we observe
that the approximation properties for the (p, ¢) -Bernstein operators are more precise in
nature than the previously obtained results given in [23, 25].
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AMS Subject Classification: 41A10, 41A25, 41A36.

1. INTRODUCTION AND PRELIMINARIES

The development of g-calculus and (p, q)-calculus [4, 11, 12, 26] plays an important role
in the field of approximation theory, number theory, quantum physics and other branches
of physical sciences. Mursaleen et.al. were the first to apply the concept of (p, ¢)-calculus
in approximation theory [15, 18, 19]. After that (p, ¢)-analogue of well known operators
were studied by many authors (see [1, 2, 3, 5,6, 7, 9, 10, 21]). We recall certain definitions
and well known notations of (p, ¢)-calculus:

The (p, g)-integers [n], 4 is defined as
pn o qn
n]p.q == ra—— (neNU{0}, p>qg>1).
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The (p, q)-binomial expansion is given as

n—1 n—1
@+ e = [0z +a%) and (z,p;9)k:=[[° - ).
s=0 s=0

It can be easily verified by induction that

n—1

[[@ + ) =1 +2) (p+qz) ©* + ¢*x) - ("' +¢" 'a)
s=0

k
(n—r)(n—r—1) r(r—1) n r
Sy ]
r=0 p,q

)

and the (p, ¢)-binomial coefficients are defined by

Let h € C[0,1] be such that h : [0,1] — R and ¢ > p > 1. Then the (p, ¢)-Bernstein
operators [18] of h are defined as:

- Lk
By (hsz):=>"h <p” k%”’) Puk(pqiz) neEN,
k=0

[ p.q

where, polynomial p, 1(p, ¢; z) is given by
n—k—1

1 n k(k—1)

Pok(D, G2) = — oy [ A } p oz o J] @ —¢x),z€01,0<qg<p<l. (1)
p 2 p,q s=0

If we set p = 1, By (h;z) reduces to g-Bernstein operators [24] and note that they are

used only for the case ¢ # 1.

The end point interpolation property of (p, ¢)-Bernstein operators is given by (see [23]).

B (h:0) = h(0),  Bly(hi1) = h(1). 2)
The (p, g)-divided difference of Bernstein operators B, ,(h;z) (see [20]) is defined as:
n n—1
n . — n p [1]P7q p T]IMI r
Bp,q(hvx) ’_§>\p,qh |:07 ma y 11 | T (3)

where, the coefficients A} , are given by

| n—r)(n—r— r(r—
n _[n] [rlpq!  @=n Sgees

= 2
p,q r v [n];7q )

and the k-th order divided-difference of the function h with pairwise distinct nodes are

given by

h[xo] = h(xo), h[xo,xl] = M, ‘o

Ir1 — X0
hx,...,l’ _hx,...,l'i

() () ()

0 _ 1 _ —
and A\, , = A, . =1, 0<A <1, r=0,1,...,n
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Let T, , denote the time scale defined as
Tpq={0}U {pkq"“}iio-

In our present study we mainly focus on the (p, ¢)-Bernstein operators with ¢ > p > 1.
We consider the (p, ¢)-Bernstein operators of the rational function ]\]\/f(( )) and it can be seen
that the approximation properties for the (p, q)-Bernstein operators are more precise in

nature than the previously obtained results [8, 13, 14, 16, 17, 22]. Some known results
lead to the following conclusion:

o If @ =0, that is h(z) = 2,2 # 0 and h(0) = b (b € R), then, for ¢ > 2,

lim Bn (h‘ ) = {h(x) €Ty

n—00 oo x ¢ Ty,
o If o €[0,1]\ Tpq, that is h(x) = W (x # a) and f(a) =b (b € R), then
lim By (h;x) =h(z), x €Ty,

n—oo

2. STATEMENT OF MAIN RESULTS

Let m € NU {0} with n € N, b € R and h,, : R — R be defined by

gy © € R\ {p"q™™}

him(x) = bz =pmg~™ ()

The first result shows that for m € N, the function in (5) is uniformly approximated
by its (p, q)-Bernstein operators on any compact set in (—p(™m+7)g=(m+n) p(mn)g=(mtn))y,
The sharpness of this result is demonstrated in part (ii) of Theorem 2.1, which claims that
outside of the interval, the sequence of operators { B, ,(h;x)} diverges everywhere, except
for a finite number of indicated points.

Theorem 2.1. (i). For m € N, lim B} (hm;®) = hy(x) uniformly on any compact
n—o0 )
Subset Of (_p(m'i_n)q_(m""n)’p(m+n)q_(m+n)) .

(ii). Form €N, lim B2 (hm; x) = 00 with |z| > pmHVg=m+D) g o plmtD)g=(m+1) =g o2
p(mfl)qf(mfl)’ €T 7£ p(m72)q7(m72), ey 1.

Since, the function h,, given by (5) is continuous at all the nodes xg, x1, ..., Z,,, when
n is large enough. At m = 0 the function hg has infinite discontinuity at the nodes

Ty = Inlpg _ 1, neN.
[nlp.q

Theorem 2.2. Let hg be given by (5) with m = 0. Then
(i) For all x € (—1,1],
lim By (ho;z) = ho()

n—oo

uniformly on any compact subset of (—1,1).
(i1) For all x € (—o0,—1) U [1, 00),

lim Bj (ho;z) — oc.

n—o0
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Using the above result, the following phenomenon can be established:
Let h(z) = z%a)n,a € R\ {0}, and

(

p;—,,a, ac{pgtp’c .. ).
Then, By (hm;x) — hm(r) as n — oo uniformly on any compact set in {z : [z < T (a)}.
Since, sequence of operators { B, (h;x)} does not converge uniformly on any interval in
{z :|x| > T(a)}. It is noticed that the set of convergence for the (p, ¢)-Bernstein operators
Bg’q(hm; x) depends not only on the distance of pole from the origin but also on whether
or not the pole a belongs to the sequence {p'¢~'}2,. If a € {p' qil}fgl then the set of
convergence of By (hm; ) also depends on the multiplicity of the pole.

Finally, let h(x) be the rational function with poles ay,aq,...,as € R\ {0} having mul-
tiplicities 11,72, ..., ns respectively. Set T = mini<k<s{7T (c)}. Then, h(x) is uniformly
approximated by { B} (h;x)} on any compact set in {z : [z| < T}.

3. SOME AUXILIARY RESULTS

To prove the main theorems, we present here some technical lemmas. The first of which
describe the behavior of B} (hs,;.) on the time scale Ty ;.

Lemma 3.1. Let hy, be a function defined by (5)
(a) If m € N, then

hm l_l ...
lim ng(hm;plql)—{ (P'¢ )y neNU{0}\ {m,m+1,...,m+n}

n—00 ole{mm+1,....,m+n—1}
and
Tim By (hyns p" g™ D) = Ry (p 7Y D, D #0,n € NU {0}

(b) If m = 0, then the following holds
lim Bp(hoip'a™") = ho (0'q"), 1 € NU{0},
that is, B, (ho;.) approzimates ho on Ty .

Proof. From (1), we see that py, ,,—(p, ¢;plq) = 0, for k > [ whence

min{k,l} [n . k]
By (hsip~ld)y= > <"’q> Prm—k(p. ;a7 (7)
=0 []p.q

Besides
lim pp—k(p, ¢:p"q"") = Oy and lim [ = Kya _ "¢ ", ke NU{o}. (8)
n—00 n—00 [n]nq

Therefore

) n—=k _ _

lim h ([]pq> Pk :0'q7") = hea (0" %) Sy, forallk #m

n—o0 [1]p.q
which implies that
lim Bg’q(hm;plq*l) = hm(plq*l) forl < m.

n—o0
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(M) = (P )

—nl ml

Now consider,

_p g (e — 1) p"q"
= E— ~ o l,n—)oo
(I —p~mg™) (r™q 1)
n—m _ _ _ _
hm <[ [TL] ]p,q) pn,n—m(q;q l) ~Dp (m-+ l)nq(m+l l)n’ n — oo, (9)
p,q

where D = D(l). It follows that,

com<l<m+n-—1,

. n—k B
o f ([[n]]pq> PP ¢:P'¢) = D£01=m+n,
" 002m4n+1.

As a result, for [ > m

. n N P N, [ —lpg ool =l
nh_{gon’q(hm,pq )_nll_?;lo{hm <[n]p’q >pn,n—z(p,q,pq )}

+ lim {hm <[n[_]k]p") pn,nz(p,q,plq_l)}

n—oo n 2,q

oo, m<Il<m+n-—1,
= My (P Mg (M) LD I =m 4
him(Plg™) 1> m+n+1
with the observation
: n omo—m\ _ 1: [n_m]p,q Lom—my __
lim B (hm,P q ) = lim hm DPn n—m(pa ;P q ) = 00.
n—oo P4 n—o00 [n]p,q ’
This completes the proof.

(b) As we know that hg is continuous at all points p'¢~',l € N and with the help of
end-point interpolation property (2) and formula (8), the statement follows.

Lemma 3.2. Forn € N, denote x = p"*k%%,k =0,1,2,...,n with 0 <i <k <n,
then following relation holds:

1\ (D p ™ g™ (1 —prg ™)
11 ( _x> = : (10)

—k(ktl) _iGi—1) k(k+1) , i(i—1)
0<s<k,si 2 g 2z 2 (B B)i (B, B)is

Proof. It can be easily seen that
k

1 _ []p.q
OSSQS# <=Tz - x5> N P ilpg([lpg — P Hpg) -+ ([dlpg — P2 [2]pg) -+
1
g = Pli = Upg) [y — P Klp)
—k(n—i)[

p n]pg
PPN (p=igt = 1) (p~igt —p= = Ng=1) - (p~igt — p~Fgk)
(_1)k—zp—nkan (1 _ pnq—n)k

—k(kt1) _i(i—1) k(kt+l) , i(i—1) :
IS e 2,
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Corollary 3.1. For integers 0 < u < v < m, the following estimate holds:

H (1> NDp—n(m—u)qn(m—u)’ n — 0o,

Tn—m4u—Ts

u2+v2 (v—u)

(_1)v—up—n(m—u)qn(m—u)q—mQ—l—m(u—l—v)—T— 5 (1 _pnq—n)n m+u
AR '

Proof. On using i =n —m+w and kK = n —m + v into (10), we get

(u2+v2) (v—u)

1 pfn(mfu) n( ( )v u —m2+m(u+v) R
H _ - (2,2

Tn—m+u—Ls o g )Jn—m4u
0<s<n—m+uv, q’q)

s#EFn—m+u
N
p.p
(6; g)v—u
N p—”(m—u)qn(m—u) (_1)v—uq—m2+m(u+v) N (u(u2—1)) _ v(v2+1)
b.p . D
(a a) (q q)v u

— D(u, ,U)p—n(m—u)qn(m—u).

Lemma 3.3. For n € N, denote x;, = p"~ k%“ k=0,1,...,n. Then, for 0 < v < m,
the following estimates holds:

- hm (l'nfm+u)

u=0 Hoﬁsﬁn—m—i—v,s;&n—m—&—u (:E”*mJFU - xS)

D pnlmEn) gnlmn) o

q

where,

( 1 U U(er)—i-mv m2q—

DT (5 2), (B D)

Proof. As we know that for n — 0o, hy(2p—m) — 0o while by, (Zp—miu) = hm(q
R. For u > 0, Corollary 2.5 implies that,

Llﬂrl) —mu+m?

D =D(v) = (11)

fm+upmfu) c

hm (xn—m+u)

Ho§s§n7m+v,s;£n7m+u (xn—m—i-u —Ts

—n(m—u)qn(m—u)

) ~ hin(Tn—m-+u) D(u,v) p

=0 (hpm(Tp—m)p ""q"™), n — oo.

Therefore,

v

~

u=0 Hogsgn—m—i—v,s;ﬁn—m-‘ru (xn*mJFU o LBS) Hoﬁsﬁn—m-{—v,s;ﬁn—m—i—u(mn*m - 1:5)

On substituting w = 0 in Corollary 2.5, we get

1
~ D(0,v) Mg (13)
HoSsSn—m—H),s;ﬁn—m—l—u (J"n—m - $s)

Finally, by using (9) and (13) into (12), we get our desired result.
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Lemma 3.4. Form e NU{0},k <n —m — 1 with e > 0 there exists a positive constant
D =D(e), then the following estimate holds:

‘DZ:Z) < Dp—k(m—l—e)qk:(m-‘re)' (14)

Proof. It is assumed that the function h is analytic in and on the contour £ encircling
the k distinct nodes xq, ..., x, then the k-th order divided difference of the function h
can be seen as:

B i h(T)dr
hlzo,@1,. - m] = 5 f{ﬂ:p (1 —xo)(r —a1) (T — k)

For k <n —m — 1, the nodes x, = pn_s[[fl]]% and the function h(Z) = hm(z) = %

Then ) 7 () d

T)dr
hm[$0,$17---7$k]:2.% m
70 Jirj=p T(T — 1) -+ (T — 2g)
1 h d

- j{ 77;(7—) g T’ (15>

210 Jip)=p TR = ) - (1 - 7R
where p = pmte)g—(m+e) ¢ ¢ (0,1). Here we choose ¢ in such a way that all the poles
a = p™g~™ are outside of {z : |z| = p} and nodes zg,z1,...,z) are inside the circle

{z : |z| = p}. To estimate (14), let us consider
\@—m)“@—mﬂzﬁ—%)“o—”)
T T p p
x'ﬂ* m
> <1_$1)...<1_<+1>)
p p

1 1
= <1 - pp—(n—l)qn—1> (1 - pp—(m+1)qm+1>

m+1
> (L5t} =20 (16
pqm-i-l q

From equations (15) and (16), we get
M (hm; p) —(m+e)k (m+e)k

Dok =D () p~(mFekg(mtelk,
Since hp(z) = hm(z) for z = z € [0,1], the statement follows from the divided difference
representation (3).

|hm [0, 21, . zx]| <

k%kh”‘;,k:0,1,2,...,n—m—|—v,

Lemma 3.5. Form e N, v=0,1,...,m and x;, = p"~ o

the following asymptomatic relation hold good:
h [0, X1,y ooy Tnemto] ~ Dp_(m+")"q(m+7’)”, (17)
where D = D(v) is given by (11).

Proof. By using well-known representation for the divided difference analogue, we have

n—m+v h (l’ ) n—-m—1 n—m-4v
h[xgxl...:n_+]:z Het ::Z—i—z.
m ) ) s n—m~+v ~ (xr — 370) . (5177* _ xn_m+v) ~ i

For very large n, it can be easily seen that,

n—m—1

Z _ 1 B (T)dT

2 I7|=p (1 =) (T —21) - (T — Tn—mto)

r=0
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1 h(r)dr

, TR EL(1 — Ty (] Trmely(] Taom (] Tnome

T 2mi

7=

where p = p(m+e)g=(m+e) = € (0,1). By using (15) and taking modulus of denominator,
we get
‘(1_ﬂ>...<1_M) (1_”3”"”)...(1_M)‘
T T T T
> <1—$1) <1— x""”*) <1_ x""”) (1_-”"71—m+v>
(m+1)
> (L2 .(M_1>...(%—wj_l)_
pq(m+ ) q i, p D

Since Tp_m — pTgT™ as n — oo, it can be seen that z,_., > p(MTe)/2g=(m+e)/2 fo1

large enough, whence for these values of n, (“T*m — 1) > ¢¢/2 — 1.
Now, for remaining factor, it can be seen tat

<m”"”“—1>><x”‘m—1>zq§—1>o.
p p

Aggregating all the estimates above, we see that

n—m—1

r=0

Therefore,

M(p; hm)

<
- m—+1
pn—m (;;7”#1 ; %)OO 'D(é‘, ’U)

—. Dpf(ers)nq(ers)n — 0 (pf(m+5)nq(m+€)n) ., n — 00.

Also, with the help of Lemma 3.4

n—m-+uv

>

r=n—m

o D = (mtmm (metm)n,

where D = D(v) is expressed by (11), This completes the proof.

Corollary 3.2. For m € N, there exists D > 0 independent of k and n such that the
estimation

< D p(m+nn mta)n

D,q
‘Dk,n

is valid for all n e NJk=0,1,2...,n.

Lemma 3.6. For v = 1,2,...,m, the coefficients of By ,(hm;x) satisfy the following
relation

1; D£€m+v,n i v m (n—v)(n—v—1) wv(v—1)
o TP = (-1 v P 2 qg 7 .
oo n—m,n p.q
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Proof. By using formula (11) and Lemma 2.10, we get

v(v+1) u(v+1)

Dﬁ qm+vn o (_1)vqmv—Tp—mv+ Azqm—i-v n
ngmn (%,%) )‘fzqmn ’
quvp—mv (1 _ pn—m [n[;]?g:,q) .. (1 _ pn—m-‘rv—l [”;"jjq)
B (%5 g)v ’

pfqumv(_l)mfv (pf(mfv)quv; pflq)v
~ (2;2)Uqm+---+m7v+1p7(m+---+mfv+1) ’
q’4q
(n—v)(n—v—1) wv(v—1)

m
] p 2 g 2 (n—o0).
P

5 (~1) [

Corollary 3.3. The following relation holds good.
If g, (x) =: Dymmp + -+ ng-&-n,nl‘n + -+ Dppn2”
n—m,n

then lim g, (z) = (@:p,0)m. (19)
Proof. The statement follows from Rothe’s Identity

m
(n—=v)(n—v—1) wv(v—1)
(@50, Qm = Y _(=1)" [ " } P q z .
p,q

v
v=0

4. PROOF OF THE THEOREMS

In this section we prove some results related to approximation of analytic function
of sequence of (p, ¢)-Bernstein operators by using (p, ¢)-analogue of divided differences on
compact disk {z : |z| < p} in the complex plane. Concerning the simultaneous approxi-
mation, we prove the following:

Proof of Theorem 2.1. (i) Let us consider the complex (p, ¢)-Bernstein operators as:

2= (]

and the function h,,(z) = W analyticin z € D\{p™q~™}. As p € (0, p(m+mg=(m+m)

with |z| < p, and by using Corollary 2.9, we seen that

k 1
n D4 k (m+1) m+1)
| By (s 2 Z‘D 7 )<qum2( ) < Dy (=T

Therefore, the (p, ¢)-Bernstein operators { B, ,(hm, )} are uniformly bounded in {2 : || <

>pnk(p,q, z), neN,zeD (20)

[n] D,q

p}. Also by Lemma 2.3, they converge to the sequence {plq*l}}/ﬁn 41 which has a limit
point 0 to the function h,,(z) analytic in this disk. Now, by using Vitali’s Convergence
Theorem, By (hm;2) = hn(2) as n — oo uniformly on any compact set in {z : |2| < p}.
This completes the proof.

(ii) Here we discuss for ’particular’ points plm=1)g=(m=1) ,,(m=2),=(m=2) 1 which
(

can be analyzed in Lemma 2.3 (i). Let |z| > p(™~Yg=(m=1) be different from these values.
By Lemma 2.7 one obtains:
n—m—1

S Z pmle) gmlkte)
k=0

n—m—1

ZDPQk_
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(p—(m—i-a)q(m—&-a)x)n—m -1

= Dm,pvq p—(m+5)q(m+5)x -1

~0 ((p—<m+1>q<m+1>x)n) '

Therefore
n
By y(hmsw) = Y- Ditak +o (=gt )
k=n—m
= DY, 2" ga() + o (=g
To calculate the coefficients D}, ., we see that
M =L =x0)(1=21) - (1 = Zp-m—1)

> (1 — plmADa™ "y g pn=Dam Ty

(m—+1)
P p

Therefore ’Dﬁ’gm’ — o0 as n — oo whenever |z| > pmtHg=(m+1)  Since by (15)
lim g,(x) = (%;p,q)m # 0, when x ¢ {p(erl)q’(mH), ...,1}. This completes the proof.
n— o0

The next lemma asserts about estimation of coefficient of By ,, which is used in the proof
of Theorem 2.2.

Lemma 4.1. If B} ,(h;z) = Y_1_o DY2a¥, and ho is defined by (5) with m = 0, then we
have the following results:

(1) 0 < Dy(k+ 1)L < ‘D‘Z:ZL’ < Dy(k+ 1) for k=0,1,2...,n— L.

(i) 0 < Dyn" < | DY,
(i) | Dy < | Db

< Don™ for n large enough.

kt1n fork=0,1,2...,n—2.

Proof. (i) For 0 <k <n-—1and zs = p”_s[[i}]ﬁ,s =0,1,...,k, )‘%,;11 = fz_ol(l — ;) and
by using (3), and also with the help of residue theorem with p € ( g; 1)

p.q

ppa _ kn f ho(T)dT
kn ™ omg I |=p (T —xz0)(T—21) -+ (T — xp)

ho(2)dz ]
z—x1) (2 —xg)

— _)\pvq
k Res|z:1 |:Z(

s

. k,n

] 1 (n—1)
RICEE S [z(z—m---(z—xk)]

_ (=1)" n—1 1
N (n—1)! Z ( 80, .-y Sk ) (1 —mg)s0 -+ (1 —ap_1)%-1(1 — axk)HSk (22)

sot-tsp=n—1
Therefore, we have

>

Dy (k+1)".

1
(n—1)!

Now,

Y2l
‘Dk,n

S EIpY (sotvlsk)u—xlxn1>v§<n—11>!<q3p>n(’““)"'

sot-Fsp=n—1
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(ii). To calculate the coefficients D5}, we use end-point interpolation property (2), such
that

n

By (hoi1) =Y DYt =ho(1) =b

k=0
whence Dif, =b— >~ -1 “o DI and, since all DY,k =0,1---n — 1 are of the same sign,
we get
n—1 n—1
Dih = > DRl =1 = (=, Sy 2 (k)7 b
k=0 k=0

1 " n
Z (171)'/ ajn_ldx = % — |b| 2 Z)]_'rl77 > 07
— *Jo :

for vary large value of n. Now we have,
n—1 n—1
|DRA] < [b] + > [DE4| < B DD (k4 1) < [b] 4+ n.(n)"" < Dyn.
k=0
(iii) By using (22), it can be easily seen that

(n—1)! ‘D

= X (o 1
N 80, -+, Sk (1 —»xo)so...(l _'xkAJ)sk_l(l _,xk)1+sk

so+-+sp=n—1

I

Sk+1=0 5541740  Sk4+1=0

k+1,n

_ n—1 1
-2 ( 80, s Sk ) (1 =)+ (1 = 2p—1)™ 1 (1 — @) (1 = Zp11)

sotertsp=n—1

_ Z ( n—1 ) 1 1—x
w2 soers ) T o T st (- 20t Tz

n—1 1
>
- Z < 807"'7Sk > (1 _IL'(])SO"'(l —mkfl)skfl(l—xk)l"'_sk

so+--+sp=n—1

1—=x
, a57k>1.
1= 2g41

Proof of Theorem 2.2. (i) We know that B} (ho;1) = ho(1). Let us consider the
complex (p, q)-Bernstein operators (20). As for any p € (0,1) and |z| < p, using Lemma
3.1 (i), we obtain

= (n—1)!|Dp2

n

D,q _k
g Dk,nz

k=0

n
<D Z(k—i— "% =D < .
k=0
Therefore, the sequence of operators {B},,(h;2)} is uniformly bounded in any disk {z :
|z| < p}. Again using Lemma 3.1 (ii) and with the help of Vitali’s Convergence Theorem,
we get the required result.

‘Bg,q(hO;Z)’ =

(ii). For |z| > 1 and using Abel’s inequality, we have

n—1 n

a k| 2" =1 , _
Z Di%x < 7@’ — (Dg’fl + QDZELn) < Dp ! lz|", D = D(z).
k=0

Also, |DEE| > Dn' |z|" by Lemma 3.1 (ii). Therefore

1B (ho; )| = D (0" —n" 1) 2" = o0 as n — oc.
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For x = —1, we have
n—1
Bjg(hoi=1) =Y D (=1 + DEg(=1)".
k=0
Again applying Abel’s inequality, we obtain
n—1
> Dpa-1*| < |Dpg| 2 |Dpe, | < D,
k=0

Moreover, | Di%| > D lead to |Bi, (ho; —1)| > D(n" —n"~!) — oo as n — .
5. CONCLUSIONS

In this paper, we have studied the approximation results of (p, ¢)-Bernstein operators
Bﬁq(h; x) to a rational function for ¢ > p > 1 and investigated convergence properties
of By (h;z) for the function h(x) = (z — p™q~™)~" with n > 2. We observed that the
approximation properties for the (p, ¢)-Bernstein operators are more precise in nature than
the previously obtained results for ¢-Bernstein operators.
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