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ON THE CONVERGENCE OF (p, q)-BERNSTEIN OPERATORS OF

THE RATIONAL FUNCTIONS WITH POLES IN [0, 1]

FAISAL KHAN1, MOHD SAIF2, M. MURSALEEN3, ABDUL HAKIM KHAN4, §

Abstract. In the present paper, we obtain the approximation results of (p, q)-Bernstein
operators Bnp,q(h;x) to a rational function for q > p > 1 and investigate convergence prop-

erties of Bnp,q(h;x) for the function h(x) = (x− pmq−m)−η with η > 2. Here, we observe
that the approximation properties for the (p, q) -Bernstein operators are more precise in
nature than the previously obtained results given in [23, 25].
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1. Introduction and preliminaries

The development of q-calculus and (p, q)-calculus [4, 11, 12, 26] plays an important role
in the field of approximation theory, number theory, quantum physics and other branches
of physical sciences. Mursaleen et.al. were the first to apply the concept of (p, q)-calculus
in approximation theory [15, 18, 19]. After that (p, q)-analogue of well known operators
were studied by many authors (see [1, 2, 3, 5, 6, 7, 9, 10, 21]). We recall certain definitions
and well known notations of (p, q)-calculus:
The (p, q)-integers [n]p,q is defined as

[n]p,q :=
pn − qn

p− q
, (n ∈ N ∪ {0}, p > q ≥ 1).

1 Department of Mathematics, Aligarh Muslim University, Aligarh 202002, India.
e-mail: faisalamu2011@gmail.com; ORCID: http://orcid.org/0000-0001-5241-3729.

2 Department of Applied Mathematics, Aligarh Muslim University, Aligarh 202002, India.
e-mail: usmanisaif153@gmail.com; ORCID: http://orcid.org/0000-0002-2719-6002.

3 (a) Department of Mathematics, Aligarh Muslim University, Aligarh 202002, India.
(b) Department of Medical Research, China Medical University Hospital, China Medical University
(Taiwan),Taichung, Taiwan.
(c) Department of Computer Science and Information Engineering, Asia University, Taichung, Tai
wan.
e-mail: mursaleenm@gmail.com; ORCID: http://orcid.org/0000-0003-4128-0427.

4 Department of Applied Mathematics, Aligarh Muslim University, Aligarh 202002, India.
e-mail: ahkhan.amu@gmail.com; ORCID: http://orcid.org/0000-0002-1204-0064.

§ Manuscript received: May 3, 2019; accepted: January 11, 2020.
TWMS Journal of Applied and Engineering Mathematics, Vol.10, Special Issue; © Işık
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The (p, q)-binomial expansion is given as

(x+ y)np,q :=

n−1∏
s=0

(psx+ qsy) and (x, p; q)k :=

n−1∏
s=0

(ps − qsx).

It can be easily verified by induction that

n−1∏
s=0

(ps + qsx) := (1 + x) (p+ qx) (p2 + q2x) · · · (pn−1 + qn−1x)

=
k∑
r=0

p
(n−r)(n−r−1)

2 q
r(r−1)

2

[
n
r

]
p,q

xr,

and the (p, q)-binomial coefficients are defined by[
n
r

]
p,q

:=
[n]p,q!

[r]p,q![n− r]p,q!
.

Let h ∈ C [0, 1] be such that h : [0, 1] −→ R and q > p > 1. Then the (p, q)-Bernstein
operators [18] of h are defined as:

Bn
p,q(h;x) :=

n∑
k=0

h

(
pn−k

[k]p,q
[n]p,q

)
pn,k(p, q;x) n ∈ N,

where, polynomial pn,k(p, q;x) is given by

pn,k(p, q;x) =
1

p
n(n−1)

2

[
n
k

]
p,q

p
k(k−1)

2 xk
n−k−1∏
s=0

(ps − qsx), x ∈ [0, 1], 0 < q < p < 1. (1)

If we set p = 1, Bn
p,q(h;x) reduces to q-Bernstein operators [24] and note that they are

used only for the case q 6= 1.
The end point interpolation property of (p, q)-Bernstein operators is given by (see [23]).

Bn
p,q(h; 0) = h(0), Bn

p,q(h; 1) = h(1). (2)

The (p, q)-divided difference of Bernstein operators Bn
p,q(h;x) (see [20]) is defined as:

Bn
p,q(h;x) :=

n∑
r=0

λnp,q h

[
0,
pn−1[1]p,q

[n]p,q
, · · · , p

n−r[r]p,q
[n]p,q

]
xr, (3)

where, the coefficients λnp,q are given by

λnp,q =

[
n
r

]
p,q

[r]p,q !

[n]rp,q
p

(n−r)(n−r−1)
2 q

r(r−1)
2 ,

and the k-th order divided-difference of the function h with pairwise distinct nodes are
given by

h[x0] = h(x0), h[x0, x1] =
h(x1)− h(x0)

x1 − x0
, . . .

. . . h[x0, x1, . . . , xk] =
h[x1, . . . , xk]− h[x0, . . . , xk−1]

[xk − x0]
,

=

(
1− pn−1[1]p,q

[n]p,q

)(
1− pn−2[2]p,q

[n]p,q

)
· · ·
(

1− pn−r+1[r − 1]p,q
[n]p,q

)
(4)

and λ0p,q = λ1p,q = 1, 0 ≤ λrp,q ≤ 1, r = 0, 1, . . . , n.
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Let Tp,q denote the time scale defined as

Tp,q = {0} ∪ {pkq−k}∞k=0.

In our present study we mainly focus on the (p, q)-Bernstein operators with q > p > 1.

We consider the (p, q)-Bernstein operators of the rational function M(x)
N(x) and it can be seen

that the approximation properties for the (p, q)-Bernstein operators are more precise in
nature than the previously obtained results [8, 13, 14, 16, 17, 22]. Some known results
lead to the following conclusion:

• If α = 0, that is h(x) = 1
xη , x 6= 0 and h(0) = b (b ∈ R), then, for q ≥ 2,

lim
n→∞

Bn
p,q(h;x) =

{
h(x) x ∈ Tp,q
∞ x /∈ Tp,q.

• If α ∈ [0, 1] \ Tp,q, that is h(x) = 1
(x−α)η (x 6= α) and f(α) = b (b ∈ R), then

lim
n→∞

Bn
p,q(h;x) = h(x), x ∈ Tp,q.

2. Statement of main results

Let m ∈ N ∪ {0} with η ∈ N, b ∈ R and hm : R −→ R be defined by

hm(x) =


1

(x−pmq−m)η
x ∈ R \ {pmq−m}

b x = pmq−m. (5)

The first result shows that for m ∈ N, the function in (5) is uniformly approximated

by its (p, q)-Bernstein operators on any compact set in (−p(m+η)q−(m+η), p(m+η)q−(m+η)).
The sharpness of this result is demonstrated in part (ii) of Theorem 2.1, which claims that
outside of the interval, the sequence of operators {Bn

p,q(h;x)} diverges everywhere, except
for a finite number of indicated points.

Theorem 2.1. (i). For m ∈ N, lim
n→∞

Bn
p,q(hm;x) = hm(x) uniformly on any compact

subset of
(
−p(m+η)q−(m+η), p(m+η)q−(m+η)

)
.

(ii). For m ∈ N, lim
n→∞

Bn
p,q(hm;x) =∞ with |x| > p(m+1)q−(m+1), x 6= p(m+1)q−(m+1), x 6=

p(m−1)q−(m−1), x 6= p(m−2)q−(m−2), . . . , 1.

Since, the function hm given by (5) is continuous at all the nodes x0, x1, ...., xn, when
n is large enough. At m = 0 the function h0 has infinite discontinuity at the nodes

xn =
[n]p,q
[n]p,q

= 1, n ∈ N.

Theorem 2.2. Let h0 be given by (5) with m = 0. Then
(i) For all x ∈ (−1, 1],

lim
n→∞

Bn
p,q(h0;x) = h0(x)

uniformly on any compact subset of (−1, 1).
(ii) For all x ∈ (−∞,−1) ∪ [1,∞),

lim
n→∞

Bn
p,q(h0;x)→∞.
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Using the above result, the following phenomenon can be established:
Let h(x) = 1

(x−α)η , α ∈ R \ {0}, and

T (α) =

{
|α|, α /∈ {p q−1, p2q−2, . . .}
pη α
qη , α ∈ {p q

−1, p2q−2, . . .}.
(6)

Then, Bn
p,q(hm;x)→ hm(x) as n→∞ uniformly on any compact set in {x : |x| < T (α)}.

Since, sequence of operators {Bn
p,q(h;x)} does not converge uniformly on any interval in

{x : |x| > T (α)}. It is noticed that the set of convergence for the (p, q)-Bernstein operators
Bn
p,q(hm;x) depends not only on the distance of pole from the origin but also on whether

or not the pole α belongs to the sequence {pl q−l}∞l=1. If α ∈ {pl q−l}∞l=1 then the set of
convergence of Bn

p,q(hm;x) also depends on the multiplicity of the pole.
Finally, let h(x) be the rational function with poles α1, α2, . . . , αs ∈ R \ {0} having mul-
tiplicities η1, η2, . . . , ηs respectively. Set T = min1≤k≤s{T (αk)}. Then, h(x) is uniformly
approximated by {Bn

p,q(h;x)} on any compact set in {x : |x| < T }.

3. Some auxiliary results

To prove the main theorems, we present here some technical lemmas. The first of which
describe the behavior of Bn

p,q(hm; .) on the time scale Tp,q.

Lemma 3.1. Let hm be a function defined by (5)
(a) If m ∈ N, then

lim
n→∞

Bn
p,q(hm; plq−l) =

{
hm(plq−l) η ∈ N ∪ {0} \ {m,m+ 1, . . . ,m+ η}
∞ l ∈ {m,m+ 1, . . . ,m+ η − 1}

and

lim
n→∞

Bn
p,q(hm; p(m+η)q−(m+η)) = hm(pm+ηq−(m+η)) +D, D 6= 0, η ∈ N ∪ {0}.

(b) If m = 0, then the following holds

lim
n→∞

Bn
p,q(h0; p

lq−l) = h0 (plq−l), l ∈ N ∪ {0},

that is, Bn
p,q(h0; .) approximates h0 on Tp,q.

Proof. From (1), we see that pn,n−k(p, q; p
lq−l) = 0, for k > l whence

Bn
p,q(h; p−lql) =

min{k,l}∑
k=0

h

(
[n− k]p,q

[n]p,q

)
pn,n−k(p, q; p

lq−l). (7)

Besides

lim
n→∞

pn,n−k(p, q; p
ηq−l) = δk,l and lim

n→∞

[n− k]p,q
[n]p,q

= pkq−k, k ∈ N ∪ {0}. (8)

Therefore

lim
n→∞

h

(
[n− k]p,q

[n]p,q

)
pn,n−k(p, q; p

lq−l) = hm(pkq−k) δl,k, for all k 6= m

which implies that

lim
n→∞

Bn
p,q(hm; plq−l) = hm(plq−l) for l < m.
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Now consider,

hm

(
[n−m]p,q

[n]p,q

)
=

(
[n−m]p,q

[n]p,q
− 1

[q]m

)−l
=
p−nlqml(p−nqn − 1)l

(1− p−mqm)l
∼ p−nlqnl

(pmq−m − 1)l
, n→∞

hm

(
[n−m]p,q

[n]p,q

)
pn,n−m(q; q−l) ∼ D p−(m+l−l)nq(m+l−l)n, n→∞, (9)

where D = D(l). It follows that,

lim
n→∞

h

(
[n− k]p,q

[n]p,q

)
pn,n−k(p, q; p

lq−l) =


∞ m ≤ l ≤ m+ η − 1,

D 6= 0 l = m+ η,

0 l ≥ m+ η + 1.

As a result, for l > m

lim
n→∞

Bn
p,q(hm; plq−l) = lim

n→∞

{
hm

(
[n− l]p,q

[n]p,q

)
pn,n−l(p, q; p

lq−l)

}
+ lim
n→∞

{
hm

(
[n− k]p,q

[n]p,q

)
pn,n−l(p, q, p

lq−l)

}

=


∞, m < l ≤ m+ η − 1,

hm(p(m+η)q−(m+η)) +D l = m+ η

hm(plq−l) l ≥ m+ η + 1

with the observation

lim
n→∞

Bn
p,q(hm; pmq−m) = lim

n→∞
hm

(
[n−m]p,q

[n]p,q

)
pn,n−m(p, q; pmq−m) =∞.

This completes the proof.

(b) As we know that h0 is continuous at all points plq−l, l ∈ N and with the help of
end-point interpolation property (2) and formula (8), the statement follows.

Lemma 3.2. For n ∈ N, denote xk = pn−k
[k]p,q
[n]p,q

, k = 0, 1, 2, . . . , n with 0 ≤ i ≤ k ≤ n,

then following relation holds:∏
0≤s≤k,s6=i

(
1

xi − xs

)
=

(−1)k−i p−nk qnk (1− pnq−n)k

p
−k(k+1)

2
− i(i−1)

2 q
k(k+1)

2
+
i(i−1)

2 (pq ,
p
q )i (pq ,

p
q )k−i

. (10)

Proof. It can be easily seen that∏
0≤s≤k,s6=i

(
1

xi − xs

)
=

[n]kp,q
pn−i[i]p,q([i]p,q − pi−1[1]p,q) · · · ([i]p,q − pi−2[2]p,q) · · ·

× 1

([i]p,q − p[i− 1]p,q) · · · ([i]p,q − pi−k[k]p,q)

=
p−k(n−i)[n]p,q

pk(i−1)(p−iqi − 1) · · · (p−iqi − p−(i−1)qi−1) · · · (p−iqi − p−kqk)

=
(−1)k−ip−nkqnk (1− pnq−n)k

p
−k(k+1)

2
− i(i−1)

2 q
k(k+1)

2
+
i(i−1)

2 (pq ,
p
q )i (pq ,

p
q )k−i

.
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Corollary 3.1. For integers 0 ≤ u ≤ v ≤ m, the following estimate holds:∏
o ≤ s ≤ n−m+ v,
s 6= n−m+ u

(
1

xn−m+u−xs

)
∼ D p−n(m−u)qn(m−u), n→∞,

where

D = D(u, v) =
(−1)v−up−n(m−u)qn(m−u)q−m

2+m(u+v)−u
2+v2

2
− (v−u)

2 (1− pnq−n)n−m+u

(pq ; pq )v−u(pq ; pq )∞
.

Proof. On using i = n−m+ u and k = n−m+ v into (10), we get

∏
o ≤ s ≤ n−m+ v,
s 6= n−m+ u

(
1

xn−m+u−xs

)
=
p−n(m−u)qn(m−u)(−1)v−uq−m

2+m(u+v)− (u2+v2)
2

− (v−u)
2

(pq ; pq )n−m+u

×(1− q−n)n−m+v

(pq ; pq )v−u

∼ p−n(m−u)qn(m−u)
(−1)v−uq−m

2+m(u+v) − (u(u−1))
2 − v(v+1)

2

(pq ; pq )∞ (pq ; pq )v−u

=: D(u, v)p−n(m−u)qn(m−u).

Lemma 3.3. For n ∈ N, denote xk = pn−k
[k]p,q
[n]p,q

, k = 0, 1, . . . , n. Then, for 0 ≤ v ≤ m,

the following estimates holds:

v∑
u=0

hm(xn−m+u)∏
o≤s≤n−m+v,s6=n−m+u(xn−m+u − xs)

∼ D p−n(m+η)qn(m+η), n→∞

where,

D = D(v) =
(−1)vp

v(v+1)
2

+mv−m2
q−

v(v+1)
2
−mv+m2

(q−m − 1)η (pm − 1)η (pq ; pq )v (pq ; pq )∞
(11)

Proof. As we know that for n→∞, hm(xn−m)→∞ while hm(xn−m+u)→ hm(q−m+upm−u) ∈
R. For u > 0, Corollary 2.5 implies that,

hm(xn−m+u)∏
o≤s≤n−m+v,s6=n−m+u(xn−m+u − xs)

∼ hm(xn−m+u)D(u, v) p−n(m−u)qn(m−u)

= o (hm(xn−m)p−nmqnm), n→∞.
Therefore,

v∑
u=0

hm(xn−m+u)∏
o≤s≤n−m+v,s6=n−m+u(xn−m+u − xs)

∼ hm(xn−m)∏
o≤s≤n−m+v,s6=n−m+u(xn−m − xs)

. (12)

On substituting u = 0 in Corollary 2.5, we get

1∏
o≤s≤n−m+v,s6=n−m+u(xn−m − xs)

∼ D(0, v) p−nmqnm. (13)

Finally, by using (9) and (13) into (12), we get our desired result.
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Lemma 3.4. For m ∈ N ∪ {0}, k ≤ n−m− 1 with ε > 0 there exists a positive constant
D = D(ε), then the following estimate holds:∣∣∣Dp,q

k,n

∣∣∣ ≤ Dp−k(m+ε)qk(m+ε). (14)

Proof. It is assumed that the function h is analytic in and on the contour L encircling
the k distinct nodes x0, . . . , xk, then the k-th order divided difference of the function h
can be seen as:

h[x0, x1, . . . , xk] =
1

2πi

∮
|τ |=ρ

h(τ)dτ

(τ − x0)(τ − x1) · · · (τ − xk)
.

For k ≤ n−m− 1, the nodes xs = pn−s
[s]p,q
[n]p,q

and the function h(z) = hm(z) = 1
z−pmq−m .

Then

hm[x0, x1, . . . , xk] =
1

2πi

∮
|τ |=ρ

hm(τ) dτ

τ(τ − x1) · · · (τ − xk)

=
1

2πi

∮
|τ |=ρ

hm(τ) dτ

τk+1(1− x1
τ ) · · · (1− xk

τ )
, (15)

where ρ = p(m+ε)q−(m+ε), ε ∈ (0, 1). Here we choose ε in such a way that all the poles
α = pmq−m are outside of {z : |z| = ρ} and nodes x0, x1, . . . , xk are inside the circle
{z : |z| = ρ}. To estimate (14), let us consider∣∣∣(1− x1

τ

)
· · ·
(

1− xk
τ

)∣∣∣ ≥ (1− x1
ρ

)
· · ·
(

1− xk
ρ

)
≥
(

1− x1
ρ

)
· · ·
(

1−
xn−(m+1)

ρ

)
≥
(

1− 1

ρp−(n−1)qn−1

)
· · ·
(

1− 1

ρp−(m+1)qm+1

)
≥
(
pm+1

ρqm+1
;
p

q

)
= D ≥ 0. (16)

From equations (15) and (16), we get

|hm[x0, x1, . . . , xk]| ≤
M (hm; ρ)

Dρk
=: D (ε) p−(m+ε)kq(m+ε)k.

Since hm(z) = hm(x) for z = x ∈ [0, 1], the statement follows from the divided difference
representation (3).

Lemma 3.5. For m ∈ N, v = 0, 1, . . . ,m and xk = pn−k
[k]p,q
[n]p,q

, k = 0, 1, 2, . . . , n −m + v,

the following asymptomatic relation hold good:

hm[x0, x1, . . . , xn−m+v] ∼ D p−(m+η)nq(m+η)n, (17)

where D = D(v) is given by (11).

Proof. By using well-known representation for the divided difference analogue, we have

hm[x0, x1, . . . , xn−m+ν ] =

n−m+ν∑
r=0

hm(xr)

(xr − x0) · · · (xr − xn−m+v)
=:

n−m−1∑
r=0

+

n−m+v∑
r=n−m

.

For very large n, it can be easily seen that,

n−m−1∑
r=0

=
1

2πi

∮
|τ |=ρ

hm(τ)dτ

(τ − x0)(τ − x1) · · · (τ − xn−m+v)
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=
1

2πi

∮
|τ |=ρ

h(τ)dτ

τn−m+v+1(1− x1
τ ) · · · (1− xn−m−1

τ )(1− xn−m
τ ) · · · (1− xn−m+v

τ )

where ρ = p(m+ε)q−(m+ε), ε ∈ (0, 1). By using (15) and taking modulus of denominator,
we get ∣∣∣(1− x1

τ

)
· · ·
(

1− xn−m−1
τ

)(
1− xn−m

τ

)
· · ·
(

1− xn−m+v

τ

)∣∣∣
≥
(

1− x1
ρ

)
· · ·
(

1− xn−m−1
ρ

)(
1− xn−m

ρ

)
· · ·
(

1− xn−m+v

ρ

)

≥

(
p(m+1)

ρq(m+1)
;
p

q

)
∞

.

(
xn−m
ρ
− 1

)
· · ·
(
xn−m+v

ρ
− 1

)
.

Since xn−m → pmq−m as n → ∞, it can be seen that xn−m > p(m+ε)/2q−(m+ε)/2 for n

large enough, whence for these values of n,
(
xn−m
ρ − 1

)
≥ qε/2 − 1.

Now, for remaining factor, it can be seen tat(
xn−m+r

ρ
− 1

)
>

(
xn−m
ρ
− 1

)
≥ q

ε
2 − 1 > 0.

Therefore, (
xn−m
ρ
− 1

)
· · ·
(
xn−m+v

ρ
− 1

)
≥ (q

ε
2 − 1)v+1 =: D(ε, v) > 0.

Aggregating all the estimates above, we see that∣∣∣∣∣
n−m−1∑
r=0

∣∣∣∣∣ ≤ M(ρ;hm)

ρn−m
(
pm+1

ρqm+1 ; pq

)
∞
D(ε, v)

(18)

=: D p−(m+ε)nq(m+ε)n = o
(
p−(m+ε)nq(m+ε)n

)
, n→∞.

Also, with the help of Lemma 3.4∣∣∣∣∣
n−m+v∑
r=n−m

∣∣∣∣∣ ∼ D p−(m+η)nq(m+η)n.

where D = D(v) is expressed by (11), This completes the proof.

Corollary 3.2. For m ∈ N, there exists D > 0 independent of k and n such that the
estimation

∣∣∣Dp,q
k,n

∣∣∣ ≤ D p−(m+η)nq(m+η)n

is valid for all n ∈ N, k = 0, 1, 2 . . . , n.

Lemma 3.6. For v = 1, 2, . . . ,m, the coefficients of Bn
p,q(hm;x) satisfy the following

relation

lim
n→∞

Dp,q
n−m+v,n

Dp,q
n−m,n

= (−1)v
[
m
v

]
p,q

p
(n−v)(n−v−1)

2 q
v(v−1)

2 .
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Proof. By using formula (11) and Lemma 2.10, we get

Dp,q
n−m+v,n

Dp,q
n−m,n

=
(−1)vqmv−

v(v+1)
2 p−mv+

v(v+1)
2 λp,qn−m+v,n

(pq ; pq )vλ
p,q
n−m,n

,

=
vqmvp−mv

(
1− pn−m [n−m]p,q

[n]p,q

)
· · ·
(

1− pn−m+v−1 [n−m]p,q
[n]p,q

)
(pq ; pq )v

,

∼ p−mvqmv(−1)m−v(p−(m−v)qm−v; p−1q)v

(pq ; pq )vqm+···+m−v+1p−(m+···+m−v+1)
,

→ (−1)v
[
m
v

]
p,q

p
(n−v)(n−v−1)

2 q
v(v−1)

2 (n→∞).

Corollary 3.3. The following relation holds good.

If g′n(x) =:
Dn−m,n + · · ·+Dn−m+η,nx

η + · · ·+Dn,nx
n

Dn−m,n

then lim
n→∞

g′n(x) = (x; p, q)m. (19)

Proof. The statement follows from Rothe’s Identity

(x; p, q)m =

m∑
v=0

(−1)v
[
m
v

]
p,q

p
(n−v)(n−v−1)

2 q
v(v−1)

2 .

4. Proof of the theorems

In this section we prove some results related to approximation of analytic function
of sequence of (p, q)-Bernstein operators by using (p, q)-analogue of divided differences on
compact disk {z : |z| ≤ ρ} in the complex plane. Concerning the simultaneous approxi-
mation, we prove the following:
Proof of Theorem 2.1. (i) Let us consider the complex (p, q)-Bernstein operators as:

Bn
p,q(h; z) =

n∑
k=0

h

(
pn−k

[k]p,q
[n]p,q

)
pn,k(p, q; z), n ∈ N, z ∈ D (20)

and the function hm(z) = 1
(z−pmq−m)η

analytic in z ∈ D\{pmq−m}. As ρ ∈ (0, p(m+η)q−(m+η))

with |z| ≤ ρ, and by using Corollary 2.9, we seen that∣∣Bn
p,q(hm; z)

∣∣ ≤ n∑
k=0

∣∣∣Dp,q
k,nρ

k
∣∣∣ ≤ Dp,q,m n∑

k=0

(
p−(m+1)q(m+1)ρ

)k
≤ Dp,q,m

1

(1− p−(m+1)q(m+1)ρ)
.

Therefore, the (p, q)-Bernstein operators {Bn
p,q(hm, z)} are uniformly bounded in {z : |z| ≤

ρ}. Also by Lemma 2.3, they converge to the sequence {plq−l}∞l=η+1 which has a limit

point 0 to the function hm(z) analytic in this disk. Now, by using Vitali’s Convergence
Theorem, Bn

p,q(hm; z) → hm(z) as n → ∞ uniformly on any compact set in {z : |z| ≤ ρ}.
This completes the proof.

(ii) Here we discuss for ’particular’ points p(m−1)q−(m−1), p(m−2)q−(m−2), . . . , 1 which

can be analyzed in Lemma 2.3 (i). Let |x| > p(m−1)q−(m−1) be different from these values.
By Lemma 2.7 one obtains:∣∣∣∣∣

n−m−1∑
k=0

Dp,qk,nx
k

∣∣∣∣∣ ≤ Dm,p,q

n−m−1∑
k=0

p−m(k+ε)qm(k+ε)xk
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= Dm,p,q
(p−(m+ε)q(m+ε)x)n−m − 1

p−(m+ε)q(m+ε)x− 1

= o
(

(p−(m+1)q(m+1)x)n
)
.

Therefore

Bn
p,q(hm;x) =

n∑
k=n−m

Dp,q
k,nx

k + o
(

(p−(m+1)q(m+1)x)n
)

= Dp,q
n−mx

n−mgn(x) + o
(

(p−(m+1)q(m+1)x)n
)
.

To calculate the coefficients Dp,q
n−m,n, we see that

λp,qn−m,n = (1− x0)(1− x1) · · · (1− xn−m−1)

≥ (1− p(m+1)q−(m+1)
) · · · (1− p(n−1)q−(n−1)

)

≥

(
p(m+1)

q(m+1)
;
p

q

)
∞

> 0. (21)

Therefore
∣∣Dp,q

n−m
∣∣ → ∞ as n → ∞ whenever |x| > p(m+1)q−(m+1). Since by (15)

lim
n→∞

gn(x) = (x; p, q)m 6= 0, when x /∈
{
p(m+1)q−(m+1), . . . , 1

}
. This completes the proof.

The next lemma asserts about estimation of coefficient of Bn
p,q, which is used in the proof

of Theorem 2.2.

Lemma 4.1. If Bn
p,q(h;x) =

∑n
k=0D

p,q
k,nx

k, and h0 is defined by (5) with m = 0, then we

have the following results:

(i) 0 < D1(k + 1)η−1 ≤
∣∣∣Dp,q

k,n

∣∣∣ ≤ D2(k + 1)η−1 for k = 0, 1, 2 . . . , n− 1.

(ii) 0 < D1n
η ≤ |Dp,q

n,n| ≤ D2n
η for n large enough.

(iii)
∣∣∣Dp,q

k,n

∣∣∣ ≤ ∣∣∣Dp,q
k+1,n

∣∣∣ for k = 0, 1, 2 . . . , n− 2.

Proof. (i) For 0 ≤ k ≤ n− 1 and xs = pn−s
[s]p,q
[n]p,q

, s = 0, 1, . . . , k, λp,qk,n =
∏k−1
l=0 (1−xl) and

by using (3), and also with the help of residue theorem with ρ ∈ (pq ; 1)

Dp,q
k,n =

λp,qk,n
2πi

∮
|τ |=ρ

h0(τ)dτ

(τ − x0)(τ − x1) · · · (τ − xk)

= −λp,qk,n Res|z=1

[
h0(z)dz

z(z − x1) · · · (z − xk)

]
=
−λp,qk,n

(η − 1)!
lim
z→1

[
1

z(z − x1) · · · (z − xk)

](η−1)
=

(−1)η

(η − 1)!

∑
s0+···+sk=η−1

(
η − 1

s0, ..., sk

)
1

(1− x0)s0 · · · (1− xk−1)sk−1(1− xk)1+sk
(22)

Therefore, we have ∣∣∣Dp,q
k,n

∣∣∣ ≥ 1

(η − 1)!
(k + 1)η.

Now,∣∣∣Dp,q
k,n

∣∣∣ ≤ 1

(η − 1)!
.

∑
s0+···+sk=η−1

(
η − 1

s0, ..., sk

)
1

(1− xxn−1)η
≤ 1

(η − 1)!

(
q

q − p

)η
(k + 1)η.
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(ii). To calculate the coefficients Dp,q
n,n, we use end-point interpolation property (2), such

that

Bn
p,q(h0; 1) =

n∑
k=0

Dp,q
k,n = h0(1) = b

whence Dp,q
n,n = b−

∑n−1
k=0 D

p,q
n,n and, since all Dp,q

n,n, k = 0, 1 · · ·n− 1 are of the same sign,
we get

Dp,q
n,n ≥

n−1∑
k=0

∣∣Dp,q
n,n

∣∣− |b| ≥ 1

(η − 1)!

n−1∑
k=0

(k + 1)η−1 − |b|

≥ 1

(η − 1)!

∫ n

0
xη−1dx =

nη

η!
− |b| ≥ D1n

η > 0,

for vary large value of n. Now we have,∣∣Dp,q
n,n

∣∣ ≤ |b|+ n−1∑
k=0

∣∣Dp,q
n,n

∣∣ ≤ |b| D n−1∑
k=0

(k + 1)η−1 ≤ |b|+ n.(n)η−1 ≤ D2n
η.

(iii) By using (22), it can be easily seen that

(η − 1)!
∣∣∣Dp,q

k+1,n

∣∣∣ =
∑

s0+···+sk=η−1

(
η − 1

s0, ..., sk

)
1

(1− x0)s0 · · · (1− xk−1)sk−1(1− xk)1+sk

=
∑

sk+1=0

+
∑

sk+1 6=0

≥
∑

sk+1=0

=
∑

s0+···+sk=η−1

(
η − 1

s0, ..., sk

)
1

(1− x0)s0 · · · (1− xk−1)sk−1(1− xk)sk(1− xk+1)

=
∑

s0+···+sk=η−1

(
η − 1

s0, ...,+sk

)
1

(1− x0)s0 · · · (1− xk−1)sk−1(1− xk)1+sk
.

1− xk
1− xk+1

≥
∑

s0+···+sk=η−1

(
η − 1

s0, ..., sk

)
1

(1− x0)s0 · · · (1− xk−1)sk−1(1− xk)1+sk

= (η − 1)!
∣∣∣Dp,q

k,n

∣∣∣ , as
1− xk

1− xk+1
> 1.

Proof of Theorem 2.2. (i) We know that Bn
p,q(h0; 1) = h0(1). Let us consider the

complex (p, q)-Bernstein operators (20). As for any ρ ∈ (0, 1) and |z| ≤ ρ, using Lemma
3.1 (i), we obtain∣∣Bn

p,q(h0; z)
∣∣ =

∣∣∣∣∣
n∑
k=0

Dp,q
k,nz

k

∣∣∣∣∣ ≤ D
n∑
k=0

(k + 1)ηρk =: D <∞.

Therefore, the sequence of operators {Bn
p,q(h; z)} is uniformly bounded in any disk {z :

|z| ≤ ρ}. Again using Lemma 3.1 (ii) and with the help of Vitali’s Convergence Theorem,
we get the required result.

(ii). For |x| ≥ 1 and using Abel’s inequality, we have∣∣∣∣∣
n−1∑
k=0

Dp,q
k,nx

k

∣∣∣∣∣ ≤ |x|n − 1

|x| − 1
(Dp,q

0,n + 2Dp,q
n−1,n) ≤ Dnη−1 |x|n , D = D(x).

Also, |Dp,q
n,n| ≥ Dnη |x|n by Lemma 3.1 (ii). Therefore∣∣Bn

p,q(h0;x)
∣∣ ≥ D (nη − nη−1) |x|n →∞ as n→∞.
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For x = −1, we have

Bn
p,q(h0;−1) =

n−1∑
k=0

Dp,q
k,n(−1)k +Dp,q

n,n(−1)n.

Again applying Abel’s inequality, we obtain∣∣∣∣∣
n−1∑
k=0

Dp,q
k,n(−1)k

∣∣∣∣∣ ≤ ∣∣∣Dp,q
0,n

∣∣∣+ 2
∣∣∣Dp,q

n−1,n

∣∣∣ ≤ Dnη−1.
Moreover, |Dp,q

n,n| ≥ Dnj lead to
∣∣Bn

p,q(h0;−1)
∣∣ ≥ D(nη − nη−1)→∞ as n→∞.

5. Conclusions

In this paper, we have studied the approximation results of (p, q)-Bernstein operators
Bn
p,q(h;x) to a rational function for q > p > 1 and investigated convergence properties

of Bn
p,q(h;x) for the function h(x) = (x − pmq−m)−η with η > 2. We observed that the

approximation properties for the (p, q)-Bernstein operators are more precise in nature than
the previously obtained results for q-Bernstein operators.
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