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ROUGH CUBIC PYTHAGOREAN FUZZY SETS IN SEMIGROUP

V. CHINNADURAI1, A. ARULSELVAM1, §

Abstract. In this paper, we intend the concept of rough cubic Pythagorean fuzzy ideals
in the semigroup. By using this notion, we discuss lower approximation and upper ap-
proximation of cubic Pythagorean fuzzy left (right) ideals, bi-ideals, interior ideals, and
study some of their related properties in detail.

Keywords: Rough set, Pythagorean fuzzy set, cubic Pythagorean fuzzy set, Rough cubic
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1. Introduction

In 1965, Zadeh[13, 14] introduced the concept of fuzzy sets, and later in 1975 developed
the interval-valued fuzzy set an extension of a fuzzy set. A semigroup is an algebraic
structure consisting of non-empty sets together with an associative binary operation. The
formal study of semigroup began in the early twentieth century. Pawlak[11] initiated the
fundamental concept of rough set in 1982. Dubois and Prade[3] developed the concepts of
rough fuzzy sets based on Pawlak approximation in 1989. In 1997 the idea of rough ideals
in semigroup was presented by Kuroki[10]. Jun et.al[8] initiated the new notion called a
cubic set, which is a combination of interval-valued fuzzy set and fuzzy set and discussed
some of its related properties in 2012. Jun and Khan[9] introduced the notion of cubic
ideals in semigroup in 2013. Yager[12] initiated the notion of Pythagorean fuzzy set in
2013 the concept of sum of the squares of membership and non-membership belongs to the
unit interval [0,1]. Hussain et.al[7] initiated the notions of rough Pythagorean fuzzy ideals
in semigroup in 2019. Garg[4, 5, 6] exploited Pythagorean fuzzy sets to solve multi-criteria
decision making problems. Zhang and Xu[15] presented TOPSIS method in Pythagorean
fuzzy sets to rank the alternatives.
The main aim of this paper is to study the notion of rough cubic Pythagorean fuzzy sets
in the semigroup and investigate some of its related properties. We study the properties of
rough cubic Pythagorean fuzzy sets in semigroup by using congruence relation. Also, we
prove some interesting properties of the rough cubic Pythagorean fuzzy left (right) ideal,
ideal, bi-ideal, and interior-ideal.
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2. Preliminaries

The basic concepts of Rough set(RS), Pythagorean fuzzy set(PFS), Cubic Pythagorean
fuzzy set(CPFS), Rough Pythagorean fuzzy set(RCPFS) are referred [11], [12], [1], [7] are
respectively.

Definition 2.1. [2] Let X be a universe of discourse, An intuitionistic fuzzy set(IFS)
A in X is an object having the form. A = {z, ζA(z), ηA(z)/z ∈ X}. where the mapping
ζ : X → [0, 1] and η : X → [0, 1] represent the degree of membership and non-membership
of the object z ∈ X to the set A respectively with the condition 0 ≤ ζA(z) + ηA(z) ≤ 1. for
all z ∈ X for the sake of simplicity an IFS is denoted by A = (ζA(z), ηA(z)).

Definition 2.2. Let P̃ =
(
ζp̃, ηp̃

)
=
{〈
z, ζp̃(z), ηp̃(z)

〉
/z ∈ S

}
be the Interval Valued

Pythagorean fuzzy set(IVPFS) of S, where ζp̃(z) = ζp̃−(z), ζp̃+(z) and ηp̃(z) = ηp̃−(z), ηp̃+(z).

Then RIVPFS of S is denoted as App (p̃) =
(
App(p̃), App(p̃)

)
the lower approximation

is defined as App(p̃) =
{〈
z, ζp̃(z), ηp̃(z)

〉
/z ∈ S

}
where ζ

p̃
=

∧
z′∈[z]ω

ζp̃(z
′
) and η

p̃
=∨

z′∈[z]ω
ηp̃(z

′
) with condition that 0 ≤

(
ζp̃(z)

)2
+
(
ηp̃(z)

)2 ≤ 1 and the lower approxi-

mation is defined as App(p̃) =
{〈
z, ζp̃(z), ηp̃(z)

〉
/z ∈ S

}
where ζ p̃ =

∨
z′∈[z]ω

ζp̃(z
′
) and

ηp̃ =
∧

z′∈[z]ω
ηp̃(z

′
) with condition that 0 ≤

(
ζp̃(z)

)2
+
(
ηp̃(z)

)2
≤ 1.

Throughout this paper S denotes the semigroup.

Definition 2.3. Let P�
1 =

(
ζp�1

, ηp�1

)
and P�

2 =
(
ζp�2

, ηp�2

)
be any two CPFS on S.

Then, the composition of P�
1 and P�

2 is defined as P�
1 ◦ P�

2 =
(
ζp�1
◦ ζp�2 , ηp�1 ◦ ηp�2

)
where,

(
ζp�1
◦ ζp�2

)
(z) =

∨
z=z1z2

[
ζp�1

(z1)
∧
ζp�2

(z2)
]

(
ηp�1
◦ ηp�2

)
(z) =

∧
z=z1z2

[
ηp�1

(z1)
∨
ηp�2

(z2)
]
.

3. Rough cubic pythagorean fuzzy sets (RCPFS) in semigroup

A equivalence relation ω on S is said to be a congruence relation denoted as CRω if for
all x, z1, z2 ∈ S such that z1, z2 ∈ ω ⇒ z1x, z2x ∈ ω and xz1, xz2 ∈ ω The congruence class
of an object z ∈ S is denoted by [z]ω. For a CRω on S, we have [z1]ω[z2]ω ⊆ [z1z2]ω and
the CRω on S is called complete if [z1]ω[z2]ω = [z1z2]ω. ∀z1, z2 ∈ S.

Definition 3.1. Let P� =
(
ζp� , ηp�

)
=
{〈
z1,
[
ζp̃(z1), ηp̃(z1)

]
, (ζp(z1), ηp(z1))

〉
/z1 ∈ S

}
be

the CPFS in S, where ζp̃(z1) =
(
ζ−p (z1), ζ

+
p (z1)

)
and ηp̃(z1) =

(
η−p (z1), η

+
p (z1)

)
. Then a

RCPFS on S is denoted by App(P�) =
(
App(P�), App(P�)

)
. The lower approximation

is defined as App(P�) =
(
ζp� , ηp�

)
=
{〈
z1,
[
ζp̃(z1), ηp̃(z1)

]
,
(
ζp(z1), ηp(z1)

)〉
/z1 ∈ S

}
where ζp̃(z) =

∧
z′∈[z]ω

ζp̃(z
′
) and ηp̃(z) =

∨
z′∈[z]ω

ηp̃(z
′
) ζp(z) =

∧
z′∈[z]ω

ζp(z
′
) and ηp(z) =

∨
z′∈[z]ω

ηp(z
′
) with the condition 0 ≤

(
ζp(z)

)2
+
(
ηp(z)

)2
≤ 1 and the upper approxima-

tion is defined as App(P ) =
{〈
z, ζp(z), ηp(z)

〉
/z ∈ S

}
. where ζp̃(z) =

∨
z′∈[z]ω

ζp̃(z
′
) and



V. CHINNADURAI, A. ARULSELVAM: ROUGH CUBIC PYTHAGOREAN FUZZY ... 757

ηp̃(z) =
∧

z′∈[z]ω
ηp̃(z

′
) ζp(z) =

∨
z′∈[z]ω

ζp(z
′
) and ηp(z) =

∧
z′∈[z]ω

ηp(z
′
) with the condition

0 ≤
(
ζp(z)

)2
+ (ηp(z))

2 ≤ 1.

Proposition 3.1. The lower approximation and upper approximation of the CPFS P�

on S are CPFS of a quotient set S/ω

Proof. The membership and non-membership grades of lower approximation i.e., App(P�)
from definition 3.1 is defined as.
ζp̃(z1) =

∧
z
′
1∈[z1]ω

ζp̃(z
′
1) and ηp̃(z1) =

∨
z
′
1∈[z1]ω

ηp̃(z
′
1), ζp(z1) =

∧
z
′
1∈[z1]ω

ζp(z
′
1) and ηp(z1) =∨

z
′
1∈[z1]ω

ηp(z
′
1) Now, for all z1 ∈ [z1]ω,

we have
(
ζp�(z1)

)2
+
(
ηp�(z1)

)2
=


〈 ∧

z
′
1∈[z1]ω

ζp̃(z
′
1)

2

+

 ∨
z
′
1∈[z1]ω

ηp̃(z
′
1)

2〉
,

 ∧
z
′
1∈[z1]ω

ζp(z
′
1)

2

+

 ∨
z
′
1∈[z1]ω

ηp(z
′
1)

2
=

〈 ∧
z
′
1∈[z1]ω

ζp̃(z
′
1),

∧
z
′
1∈[z1]ω

ζp(z
′
1)

2

+

 ∨
z
′
1∈[z1]ω

ηp̃(z
′
1),

∨
z
′
1∈[z1]ω

ηp(z
′
1)

2〉

=
∧

z
′
1∈[z1]ω

[
ζp�(z

′
1)
]2

+
∨

z
′
1∈[z1]ω

[
ηp�(z

′
1)
]2

≤
∧

z
′
1∈[z1]ω

(
ζp�(z

′
1)
)2

+
∨

z
′
1∈[z1]ω

(
1−

(
ηp�(z

′
1)
)2)

=
∧

z
′
1∈[z1]ω

(
ζp�(z

′
1)
)2

+ 1−
∧

z
′
1∈[z1]ω

(
ηp�(z

′
1)
)2

implies
(
ζp�(z1)

)2
+
(
ηp�(z1)

)2 ≤ 1

Similarly, App(P�). �

Theorem 3.1. Let us consider any two CPFSs P�
1 =

〈[
ζp̃1 , ηp̃1

]
, (ζp1 , ηp1)

〉
and P�

2 =〈[
ζp̃2 , ηp̃2

]
, (ζp2 , ηp2)

〉
of S and ω be the complete CRω on S. Then App(P�

1 )◦App(P�
2 ) ⊆

App
(
P�
1 ◦ P�

2

)
Proof. Since ω is a complete CRω on S so [z1]ω[z2]ω = [z1z2]ω for all z1, z2 ∈ S As
App(P�

1 ) =
〈[
ζp̃1 , ηp̃1

]
, (ζp1 , ηp1)

〉
and App(P�

2 ) =
〈[
ζp̃2 , ηp̃2

]
, (ζp2 , ηp2)

〉
. Now, App(P�

1 ) ◦
App(P�

2 ) =
(
ζp�1
◦ ζp�2 , ηp�1 ◦ ηp�2

)
and App

(
P�
1 ◦ P�

2

)
=
((
ζp�1
◦ ζp�2

)
,
(
ηp�1
◦ ηp�2

))
.To

show that App(P�
1 )◦App(P�

2 ) ⊆ App
(
P�
1 ◦ P�

2

)
, we have to prove that

[
ζp�1
◦ ζp�2

]
(z1) ≤(

ζp�1
◦ ζp�2

)
(z1) and

[
ηp�1
◦ ηp�2

]
(z1) ≥

(
ηp�1
◦ ηp�2

)
(z1) Now, for all z ∈ S[

ζp�1
◦ ζp�2

]
(z) =

∨
z=z1z2

(
ζp�1

(z1)
∧
ζp�2

(z2)
)

=
∨

z=z1z2

[(
ζp̃1(z1), ζp1(z1)

)∧(
ζp̃2(z2), ζp2(z2)

)]
=

∨
z=z1z2

[( ∧
M∈[z1]ω

ζp̃1(M),
∧

M∈[z1]ω
ζp1(M)

)∧( ∧
N∈[z2]ω

ζp̃2(N),
∧

N∈[z2]ω
ζp2(N)

)]
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=
∨

z=z1z2

[( ∧
M∈[z1]ω

ζp�1
(M)

)∧( ∧
N∈[z2]ω

ζp�2
(N)

)]

=
∨

z=z1z2

[ ∧
M∈[z1]ωN∈[z2]ω

(
ζp�1

(M)
∧
ζp�2

(N)
)]

≤
∨

z=z1z2

[ ∧
MN∈[z1z2]ω

(
ζp�1

(M)
∧
ζp�2

(N)
)]

as MN ∈ [z1]ω[z2]ω = [z1z2]ω

=
∨

MN∈[z]ω

(
ζp�1

(M)
∧
ζp�2

(N)
)

=
∨

λ∈[z]ω ,λ=MN

(
ζp�1

(M)
∧
ζp�2

(N)
)

=
∨

λ∈[z]ω

[ ∨
λ=MN

(
ζp�1

(M)
∧
ζp�2

(N)
)]

=
∨

λ∈[z]ω

[(
ζp�1
◦ ζp�2

)
(λ)
]

implies
[
ζp�1
◦ ζp�2

]
(z) ≤

[
ζp�1
◦ ζp�2

]
(z).

Further[
ηp�1
◦ ηp�2

]
(z) =

∧
z=z1z2

(
ηp�1

(z1)
∨
ηp�2

(z2)
)

=
∧

z=z1z2

[(
ηp̃1(z1), ηp1(z1)

)∨(
ηp̃2(z2), ηp2(z2)

)]
=

∧
z=z1z2

[( ∨
M∈[z1]ω

ηp̃1(M),
∨

M∈[z1]ω
ηp1(M)

)∨( ∨
N∈[z2]ω

ηp̃2(N),
∨

N∈[z2]ω
ηp2(N)

)]

=
∧

z=z1z2

[( ∨
M∈[z1]ω

ηp�1
(M)

)∨( ∨
N∈[z2]ω

ηp�2
(N)

)]

=
∧

z=z1z2

[ ∨
M∈[z1]ωN∈[z2]ω

(
ηp�1

(M)
∨
ηp�2

(N)
)]

≥
∧

z=z1z2

[ ∨
MN∈[z1z2]ω

(
ηp�1

(M)
∨
ηp�2

(N)
)]

as MN ∈ [z1]ω[z2]ω = [z1z2]ω

=
∧

MN∈[z]ω

(
ηp�1

(M)
∨
ηp�2

(N)
)

=
∧

λ∈[z]ω ,λ=MN

(
ηp�1

(M)
∨
ηp�2

(N)
)

=
∧

λ∈[z]ω

[ ∧
λ=MN

(
ηp�1

(M)
∨
ηp�2

(N)
)]

=
∧

λ∈[z]ω

[(
ηp�1
◦ ηp�2

)
(λ)
]

implies
[
ηp�1
◦ ηp�2

]
(z) ≥

[
ηp�1
◦ ηp�2

]
(z).

Hence, App(P�
1 ) ◦App(P�

2 ) ⊆ App(P�
1 ◦ P�

2 ). �

Theorem 3.2. Let P�
1 ,P�

2 be any two CPFSs on S. Then P�
1 =

〈[
ζp̃1 , ηp̃1

]
, (ζp1 , ηp1)

〉
and P�

2 =
〈[
ζp̃2 , ηp̃2

]
, (ζp2 , ηp2)

〉
of S and let ω be the complete CRω on S. Then App(P�

1 )◦
App(P�

2 ) ⊆ App
(
P�
1 ◦ P�

2

)
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Proof. Since ω is a complete CRω on S so [z1]ω[z2]ω ⊆ [z1z2]ω for all z1, z2 ∈ S As
App(P�

1 ) =
〈[
ζp̃1 , ηp̃1

]
, (ζp1 , ηp1)

〉
and App(P�

2 ) =
〈[
ζp̃2 , ηp̃2

]
, (ζp2 , ηp2)

〉
. Now, App(P�

1 ) ◦
App(P�

2 ) =
(
ζp�1
◦ ζp�2 , ηp�1 ◦ ηp�2

)
and App

(
P�
1 ◦ P�

2

)
=
((
ζp�1
◦ ζp�2

)
,
(
ηp�1
◦ ηp�2

))
.To

show that App(P�
1 )◦App(P�

2 ) ⊆ App
(
P�
1 ◦ P�

2

)
, we have to prove that

[
ζp�1
◦ ζp�2

]
(z1) ≤(

ζp�1
◦ ζp�2

)
(z1) and

[
ηp�1
◦ ηp�2

]
(z1) ≥

(
ηp�1
◦ ηp�2

)
(z1) Now, for all z ∈ S[

ζp�1
◦ ζp�2

]
(z) =

∨
z=z1z2

(
ζp�1

(z1)
∧
ζp�2

(z2)
)

=
∨

z=z1z2

[(
ζp̃1(z1), ζp1(z1)

)∧ (
ζp̃2(z2), ζp2(z2)

)]
=

∨
z=z1z2

[( ∨
M∈[z1]ω

ζp̃1(M),
∨

M∈[z1]ω
ζp1(M)

)∧( ∨
N∈[z2]ω

ζp̃2(N),
∨

N∈[z2]ω
ζp2(N)

)]

=
∨

z=z1z2

[( ∨
M∈[z1]ω

ζp�1
(M)

)∧( ∨
N∈[z2]ω

ζp�2
(N)

)]

=
∨

z=z1z2

[ ∨
M∈[z1]ωN∈[z2]ω

(
ζp�1

(M)
∧
ζp�2

(N)
)]

≤
∨

z=z1z2

[ ∨
MN∈[z1z2]ω

(
ζp�1

(M)
∧
ζp�2

(N)
)]

as MN ∈ [z1]ω[z2]ω = [z1z2]ω

=
∨

MN∈[z]ω

(
ζp�1

(M)
∧
ζp�2

(N)
)

=
∨

λ∈[z]ω ,λ=MN

(
ζp�1

(M)
∧
ζp�2

(N)
)

=
∨

λ∈[z]ω

[ ∨
λ=MN

(
ζp�1

(M)
∧
ζp�2

(N)
)]

=
∨

λ∈[z]ω

[(
ζp�1
◦ ζp�2

)
(λ)
]

implies
[
ζp�1
◦ ζp�2

]
(z) ≤

[
ζp�1
◦ ζp�2

]
(z).

Further[
ηp�1
◦ ηp�2

]
(z) =

∧
z=z1z2

(
ηp�1

(z1)
∨
ηp�2

(z2)
)

=
∧

z=z1z2

[(
ηp̃1(z1), ηp1(z1)

)∨ (
ηp̃2(z2), ηp2(z2)

)]
=

∧
z=z1z2

[( ∧
M∈[z1]ω

ηp̃1(M),
∧

M∈[z1]ω
ηp1(M)

)∨( ∧
N∈[z2]ω

ηp̃2(N),
∧

N∈[z2]ω
ηp2(N)

)]

=
∧

z=z1z2

[( ∧
M∈[z1]ω

ηp�1
(M)

)∨( ∧
N∈[z2]ω

ηp�2
(N)

)]

=
∧

z=z1z2

[ ∧
M∈[z1]ωN∈[z2]ω

(
ηp�1

(M)
∨
ηp�2

(N)
)]

≥
∧

z=z1z2

[ ∧
MN∈[z1z2]ω

(
ηp�1

(M)
∨
ηp�2

(N)
)]

as MN ∈ [z1]ω[z2]ω = [z1z2]ω

=
∧

MN∈[z]ω

(
ηp�1

(M)
∨
ηp�2

(N)
)
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=
∧

λ∈[z]ω ,λ=MN

(
ηp�1

(M)
∨
ηp�2

(N)
)

=
∧

λ∈[z]ω

[ ∧
λ=MN

(
ηp�1

(M)
∨
ηp�2

(N)
)]

=
∧

λ∈[z]ω

[(
ηp�1
◦ ηp�2

)
(λ)
]

implies
[
ηp�1
◦ ηp�2

]
(z) ≥

[
ηp�1
◦ ηp�2

]
(z).

Hence, App(P�
1 ) ◦App(P�

2 ) ⊆ App(P�
1 ◦ P�

2 ). �

4. Rough cubic Pythagorean fuzzy ideals (RCPFI) in semigroup.

In this section, P�
LI , P

�
RI , P

�
I , P�

BI , P
�
II cubic Pythagorean fuzzy left ideal, cubic

Pythagorean fuzzy right ideal, cubic Pythagorean fuzzy ideal, cubic Pythagorean fuzzy
bi-ideal and cubic Pythagorean fuzzy interior-ideal are respectively.

Definition 4.1. Let ω be a CRω on S and P� be a CPFS. Then P� is called lower
(resp.upper) rough cubic Pythagorean fuzzy sub-semigroup of S, if App(P�) (resp.App(P�))
is a cubic Pythagorean fuzzy sub-semigroup of S.
A cubic Pythagorean fuzzy set P� is known to be rough cubic Pythagorean fuzzy sub-
semigroup of S, if App(P�) and App(P�) are both Pythagorean fuzzy sub-semigroup of
S.

Definition 4.2. Let ω be a CRω on S and P� be a CPFS. Then P� is called lower rough
P�
LI (resp.P�

RI ,P
�
I ) of S, if App(P�) is a P�

LI (resp.P�
RI ,P

�
I ) of S and

(i) ζp̃(xy) ≥ ζp̃(y); ζp(xy) ≤ ζp(y) ∀ x, y ∈ S

(ii) ηp̃(xy) ≥ ηp̃(y);ηp(xy) ≤ ηp(y) ∀ x, y ∈ S

Definition 4.3. Let ω be a CRω on S and P� be a CPFS. Then P� is called upper rough
P�
LI (resp.P�

RI ,P
�
I ) of S, if App(P�) is a P�

LI (resp.P�
RI ,P

�
I ) of S and

(i) ζp̃(xy) ≥ ζp̃(y); ζp(xy) ≤ ζp(y) ∀ x, y ∈ S
(ii) ηp̃(xy) ≥ ηp̃(y);ηp(xy) ≤ ηp(y) ∀ x, y ∈ S

Definition 4.4. Let P� be a CPFS and ω be a CRω on S. Then P� is called lower(resp.
upper) rough P�

BI of S, if App(P�) (resp. App(P�)) is a P�
BI of S and

(i) ζp̃(xyz) ≥ min
{
ζp̃(x), ζp̃(z)

}
∀x, y, z ∈ S.

(ii) ηp̃(xyz) ≥ min
{
ηp̃(x), ηp̃(z)

}
∀x, y, z ∈ S.

(iii) ζp(xyz) ≤ max {ζp(x), ζp(z)} ∀x, y, z ∈ S.
(iv) ηp(xyz) ≤ max {ηp(x), ηp(z)} ∀x, y, z ∈ S.

Definition 4.5. Let P� be a CPFS and ω be a CRω on S. Then P� is called lower(resp.
upper) rough P�

II of S, if App(P�) (resp. App(P�)) is a P�
II of S and

(i) ζp̃(xyz) ≥ ζp̃(y) ∀x, y, z ∈ S.
(ii) ηp̃(xyz) ≥ ηp̃(y) ∀x, y, z ∈ S.
(iii) ζp(xyz) ≤ ζp(y) ∀x, y, z ∈ S.
(iv) ηp(xyz) ≤ ηp(y) ∀x, y, z ∈ S.

Theorem 4.1. Let ω is a CRω on S and P� be a cubic Pythagorean fuzzy sub-semigroup
of S. Then App(P�) is a cubic Pythagorean fuzzy sub-semigroup of S.

Proof. Since ω is a CRω on S, for all z1, z2 ∈ S, we have [z1][z2] ⊆ [z1z2]ω. Now, we
have to show that App(P�) =

(
ζp� , ηp�

)
is a cubic Pythagorean fuzzy sub-semigroup of
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S, consider
ζp̃(z1, z2) =

∨
z3∈[z1z2]ω

ζp̃(z3) ≥
∨

z3∈[z1]ω [z2]ω
ζp̃(z3)

=
∨

MN∈[z1]ω [z2]ω
ζp̃(MN)

≥
∨

M∈[z1]ω ,N∈[z2]ω

[
ζp̃(M)

∧
ζp̃(N)

]
=

[ ∨
M∈[z1]ω

[
ζp̃(M)

]]∧[ ∨
N∈[z2]ω

ζp̃(N)

]
implies ζp̃(z1, z2) ≥ min

{
ζp̃(z1), ζp̃(z2)

}
ζp(z1, z2) =

∨
z3∈[z1]ω [z2]ω

ζp(z3)

≤
∨

z3∈[z1z2]ω
ζp(z3)

=
∨

MN∈[z1]ω [z2]ω
ζp(MN)

≤
∨

MN∈[z1z2]ω
ζp(MN)

=

( ∨
M∈[z1]ω

ζp(M)

)∨( ∨
N∈[z2]ω

ζp(N)

)
ζp(z1z2) ≤ max

{
ζp(M), ζp(N)

}
Further
ηp̃(z1, z2) =

∧
z3∈[z1z2]ω

ηp̃(z3) ≥
∧

z3∈[z1]ω [z2]ω
ηp̃(z3)

=
∧

MN∈[z1]ω [z2]ω
ηp̃(MN)

≥
∧

M∈[z1]ω ,N∈[z2]ω

[
ηp̃(M)

∧
ηp̃(N)

]
=

[ ∧
M∈[z1]ω

[
ηp̃(M)

]]∧[ ∧
N∈[z2]ω

ηp̃(N)

]
implies ηp̃(z1, z2) ≥ min

{
ηp̃(z1), ηp̃(z2)

}
ηp(z1, z2) =

∧
z3∈[z1]ω [z2]ω

ηp(z3)

≤
∧

z3∈[z1z2]ω
ηp(z3)

=
∧

MN∈[z1]ω [z2]ω
ηp(MN)

≤
∧

MN∈[z1z2]ω
ηp(MN)

=

( ∧
M∈[z1]ω

ηp(M)

)∨( ∧
N∈[z2]ω

ηp(N)

)
ηp(z1z2) ≤ max {ηp(M), ηp(N)}. �

Theorem 4.2. Let ω be a CRω on S, and P� be a P�
LI (resp. P�

RI) of S. Then App(P�)
is a P�

LI (resp. P�
RI) of S.

Proof. Since ω is a CRω on S, then for all z1, z2 ∈ S it follows that [z1][z2] ⊆ [z1z2]ω. Now
we have to show that App(P�) =

(
ζp� , ηp�

)
=
〈[
ζp̃, ηp̃

]
,
(
ζp, ηp

)〉
is a P�

LI of S.

ζp̃(z1z2) =
∨

z3∈[z1z2]ω
ζp̃(z3) ≥

∨
z3∈[z1]ω [z2]ω

ζp̃(z3)
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=
∨

MN∈[z1]ω [z2]ω
ζp̃(MN) ≥

∨
N∈[z2]ω

ζp̃(N)

implies ζp̃(z1z2) ≥ ζp̃(z2)
ζp(z1z2) =

∨
z3∈[z1z2]ω

ζp(z3) ≤
∨

z3∈[z1]ω [z2]ω
ζp(z3)

=
∨

MN∈[z1]ω [z2]ω
ζp(MN) ≤

∨
N∈[z2]ω

ζp(N)

implies ζp(z1z2) ≤ ζp(z2)
Next
ηp̃(z1z2) =

∧
z3∈[z1z2]ω

ηp̃(z3) ≥
∧

z3∈[z1]ω [z2]ω
ηp̃(z3)

=
∧

MN∈[z1]ω [z2]ω
ηp̃(MN) ≥

∧
N∈[z2]ω

ηp̃(N)

implies ηp̃(z1z2) ≥ ηp̃(z2)
ηp(z1z2) =

∧
z3∈[z1z2]ω

ηp(z3) ≤
∧

z3∈[z1]ω [z2]ω
ηp(z3)

=
∧

MN∈[z1]ω [z2]ω
ηp(MN) ≤

∧
N∈[z2]ω

ηp(N)

implies ηp(z1z2) ≤ ηp(z2)
implies that App(P�) is a P�

LI of S. Similarly, App(P�) is a P�
RI of S. �

Theorem 4.3. Let ω is a CRω on S and let P� be a cubic Pythagorean fuzzy sub-
semigroup of S. Then App(P�) is a cubic Pythagorean fuzzy sub-semigroup of S.

Proof. Since ω is a CRω on S, then for all z1, z2 ∈ S, [z1][z2] = [z1z2]ω. It is required

to show that App(P�) =
(
ζp� , ηp�

)
is a cubic Pythagorean fuzzy sub-semigroup of S,

consider
ζp̃(z1, z2) =

∧
z3∈[z1z2]ω

ζp̃(z3) ≥
∧

z3∈[z1]ω [z2]ω
ζp̃(z3)

=
∧

MN∈[z1]ω [z2]ω
ζp̃(MN)

≥
∧

M∈[z1]ω ,N∈[z2]ω

[
ζp̃(M)

∧
ζp̃(N)

]
=

[ ∧
M∈[z1]ω

[
ζp̃(M)

]]∧[ ∧
N∈[z2]ω

ζp̃(N)

]
implies ζp̃(z1, z2) ≥ min

{
ζp̃(z1), ζp̃(z2)

}
ζp(z1, z2) =

∧
z3∈[z1]ω [z2]ω

ζp(z3)

≤
∧

z3∈[z1z2]ω
ζp(z3)

=
∧

MN∈[z1]ω [z2]ω
ζp(MN)

≤
∧

MN∈[z1z2]ω
ζp(MN)

=

( ∧
M∈[z1]ω

ζp(M)

)∧( ∧
N∈[z2]ω

ζp(N)

)
ζp(z1z2) ≤ max

{
ζp(M), ζp(N)

}
Further
ηp̃(z1, z2) =

∨
z3∈[z1z2]ω

ηp̃(z3) ≥
∨

z3∈[z1]ω [z2]ω
ηp̃(z3)
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=
∨

MN∈[z1]ω [z2]ω
ηp̃(MN)

≥
∨

M∈[z1]ω ,N∈[z2]ω

[
ηp̃(M)

∧
ηp̃(N)

]
=

[ ∨
M∈[z1]ω

[
ηp̃(M)

]]∧[ ∨
N∈[z2]ω

ηp̃(N)

]
implies ηp̃(z1, z2) ≥ min

{
ηp̃(z1), ηp̃(z2)

}
ηp(z1, z2) =

∨
z3∈[z1]ω [z2]ω

ηp(z3)

≤
∨

z3∈[z1z2]ω
ηp(z3)

=
∨

MN∈[z1]ω [z2]ω
ηp(MN)

≤
∨

MN∈[z1z2]ω
ηp(MN)

=

( ∨
M∈[z1]ω

ηp(M)

)∧( ∨
N∈[z2]ω

ηp(N)

)
implies ηp(z1z2) ≤ max

{
ηp(M), ηp(N)

}
.

�

Theorem 4.4. Let ω be a CRω on S, and P� is a P�
LI (resp. P�

RI) of S. Then App(P�)

is a P�
LI (resp. P�

RI) of S.

Proof. Since ω is a CRω on S, we have for all z1, z2 ∈ S it follows that [z1][z2] ⊆ [z1z2]ω.

We need to show that App(P�) =
(
ζp� , ηp�

)
=
〈[
ζp̃, ηp̃

]
,
(
ζp, ηp

)〉
is a P�

LI of S.

Consider
ζp̃(z1z2) =

∧
z3∈[z1z2]ω

ζp̃(z3) ≥
∧

z3∈[z1]ω [z2]ω
ζp̃(z3)

=
∧

MN∈[z1]ω [z2]ω
ζp̃(MN) ≥

∧
N∈[z2]ω

ζp̃(N)

implies ζp̃(z1z2) ≥ ζp̃(z2)
ζp(z1z2) =

∧
z3∈[z1z2]ω

ζp(z3) ≤
∧

z3∈[z1]ω [z2]ω
ζp(z3)

=
∧

MN∈[z1]ω [z2]ω
ζp(MN) ≤

∧
N∈[z2]ω

ζp(N)

implies ζp(z1z2) ≤ ζp(z2)
Next
ηp̃(z1z2) =

∨
z3∈[z1z2]ω

ηp̃(z3) ≥
∨

z3∈[z1]ω [z2]ω
ηp̃(z3)

=
∨

MN∈[z1]ω [z2]ω
ηp̃(MN) ≥

∨
N∈[z2]ω

ηp̃(N)

implies ηp̃(z1z2) ≥ ηp̃(z2)
ηp(z1z2) =

∨
z3∈[z1z2]ω

ηp(z3) ≤
∨

z3∈[z1]ω [z2]ω
ηp(z3)∨

MN∈[z1]ω [z2]ω
ηp(MN) ≤

∨
N∈[z2]ω

ηp(N)

implies ηp(z1z2) ≤ ηp(z2)
implies that App(P�) is a P�

LI of S. Similarly, App(P�) is a P�
RI of S. �
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Theorem 4.5. Let ω be a CRω on semigroup S. If P� is a P�
BI of S. Then App(P�) is

a P�
BI of S.

Proof. Since ω is a CRω on the semigroup S, we have for all z1, z2, z3 ∈ S
[z1]ω[z2]ω[z3]ω ⊆ [z1z2z3]ω, now show that App(P�) =

(
ζp� , ηp�

)
is a P�

BI of S. Consider
the following
ζp̃(z1z2z3) =

∨
z∈[z1z2z3]ω

ζp̃(z) ≥
∨

z∈[z1]ω [z2]ω [z3]ω
ζp̃(z)

=
∨

abc∈[z1]ω [z2]ω [z3]ω
ζp̃(abc) =

∨
a∈[z1]ωb∈[z2]ωc∈[z3]ω

ζp̃(abc)

≥
∨

a∈[z1]ωc∈[z3]ω

{
ζp̃(a)

∧
ζp̃(c)

}
=

{ ∨
a∈[z1]ω

ζp̃(a)

}∧{ ∨
c∈[z3]ω

ζp̃(c)

}
implies ζp̃(z1z2z3) ≥ min

{
ζp̃(z1), ζp̃(z3)

}
ζp(z1z2z3) =

∨
z∈[z1z2z3]ω

ζp̃(z) ≤
∨

z∈[z1]ω [z2]ω [z3]ω
ζp(z)

=
∨

abc∈[z1]ω [z2]ω [z3]ω
ζp(abc) =

∨
a∈[z1]ωb∈[z2]ωc∈[z3]ω

ζp(abc)

≤
∨

a∈[z1]ωc∈[z3]ω
{ζp(a)

∨
ζp(c)}

=

{ ∨
a∈[z1]ω

ζp(a)

}∨{ ∨
c∈[z3]ω

ζp(c)

}
implies ζp(z1z2z3) ≤ max

{
ζp(z1), ζp(z3)

}
Next
ηp̃(z1z2z3) =

∧
z∈[z1z2z3]ω

ηp̃(z) ≥
∧

z∈[z1]ω [z2]ω [z3]ω
ηp̃(z)

=
∧

abc∈[z1]ω [z2]ω [z3]ω
ηp̃(abc) =

∧
a∈[z1]ωb∈[z2]ωc∈[z3]ω

ηp̃(abc)

≥
∧

a∈[z1]ωc∈[z3]ω

{
ηp̃(a)

∧
ηp̃(c)

}
=

{ ∧
a∈[z1]ω

ηp̃(a)

}∧{ ∧
c∈[z3]ω

ηp̃(c)

}
implies ηp̃(z1z2z3) ≥ min

{
ηp̃(z1), ηp̃(z3)

}
ηp(z1z2z3) =

∧
z∈[z1z2z3]ω

ηp̃(z) ≤
∧

z∈[z1]ω [z2]ω [z3]ω
ηp(z)

=
∧

abc∈[z1]ω [z2]ω [z3]ω
ηp(abc) =

∧
a∈[z1]ωb∈[z2]ωc∈[z3]ω

ηp(abc)

≤
∧

a∈[z1]ωc∈[z3]ω
{ηp(a)

∨
ηp(c)}

=

{ ∧
a∈[z1]ω

ηp(a)

}∨{ ∧
c∈[z3]ω

ηp(c)

}
implies ηp(z1z2z3) ≤ max {ηp(z1), ηp(z3)} �

Theorem 4.6. Let ω be a complete CRω on semigroup S. Let P� is a P�
BI of S. Then

App(P�) is a P�
BI of S.

Proof. Since ω is a CRω on the semigroup S, we have for all z1, z2, z3 ∈ S
[z1]ω[z2]ω[z3]ω ⊆ [z1z2z3]ω, we show that App(P�) =

(
ζp� , ηp�

)
is a P�

BI of S.

Consider the following
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ζp̃(z1z2z3) =
∧

z∈[z1z2z3]ω
ζp̃(z) ≥

∧
z∈[z1]ω [z2]ω [z3]ω

ζp̃(z)

=
∧

abc∈[z1]ω [z2]ω [z3]ω
ζp̃(abc) =

∧
a∈[z1]ωb∈[z2]ωc∈[z3]ω

ζp̃(abc)

≥
∧

a∈[z1]ωc∈[z3]ω

{
ζp̃(a)

∧
ζp̃(c)

}
=

{ ∧
a∈[z1]ω

ζp̃(a)

}∧{ ∧
c∈[z3]ω

ζp̃(c)

}
implies ζp̃(z1z2z3) ≥ min

{
ζp̃(z1), ζp̃(z3)

}
ζp(z1z2z3) =

∧
z∈[z1z2z3]ω

ζp̃(z) ≤
∧

z∈[z1]ω [z2]ω [z3]ω
ζp(z)

=
∧

abc∈[z1]ω [z2]ω [z3]ω
ζp(abc) =

∨
a∈[z1]ωb∈[z2]ωc∈[z3]ω

ζp(abc)

≤
∧

a∈[z1]ωc∈[z3]ω
{ζp(a)

∨
ζp(c)}

=

{ ∧
a∈[z1]ω

ζp(a)

}∨{ ∧
c∈[z3]ω

ζp(c)

}
implies ζp(z1z2z3) ≤ max

{
ζp(z1), ζp(z3)

}
Next
ηp̃(z1z2z3) =

∨
z∈[z1z2z3]ω

ηp̃(z) ≥
∨

z∈[z1]ω [z2]ω [z3]ω
ηp̃(z)

=
∨

abc∈[z1]ω [z2]ω [z3]ω
ηp̃(abc) =

∨
a∈[z1]ωb∈[z2]ωc∈[z3]ω

ηp̃(abc)

≥
∨

a∈[z1]ωc∈[z3]ω

{
ηp̃(a)

∧
ηp̃(c)

}
=

{ ∨
a∈[z1]ω

ηp̃(a)

}∧{ ∨
c∈[z3]ω

ηp̃(c)

}
implies ηp̃(z1z2z3) ≥ min

{
ηp̃(z1), ηp̃(z3)

}
ηp(z1z2z3) =

∨
z∈[z1z2z3]ω

ηp̃(z) ≤
∨

z∈[z1]ω [z2]ω [z3]ω
ηp(z)

=
∨

abc∈[z1]ω [z2]ω [z3]ω
ηp(abc) =

∨
a∈[z1]ωb∈[z2]ωc∈[z3]ω

ηp(abc)

≤
∨

a∈[z1]ωc∈[z3]ω
{ηp(a)

∨
ηp(c)}

=

{ ∨
a∈[z1]ω

ηp(a)

}∨{ ∨
c∈[z3]ω

ηp(c)

}
implies ηp(z1z2z3) ≤ max

{
ηp(z1), ηp(z3)

}
�

Theorem 4.7. Let ω be a CRω on semigroup S. If P� is a P�
II of S. Then App(P�) is

a P�
II of S.

Proof. Proof directly follow from theorem 4.5 �

Theorem 4.8. Let ω be a complete CRω on semigroup S. Let P� is a P�
II of S. Then

App(P�) is a P�
II of S.

Proof. Proof directly follow from theorem 4.6 �
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5. Conclusions

Cubic Pythagorean fuzzy sets are the generalization of cubic sets. In this paper, we
have presented the concept of rough cubic Pythagorean fuzzy sets in semigroups, which
can handle the vagueness in a proactive way than cubic sets. Then, we have extended
the notion of rough cubic Pythagorean fuzzy sets to the lower and upper approximations
of Pythagorean fuzzy left (right)ideals, bi-ideals, interior ideals in semigroups and also
discussed some of its related properties. We aim to extend this work to some algebraic
structures namely gamma semigroup, Po-gamma-semigroup, and subtraction semigroup.
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