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FIXED POINTS RESULTS ON A PARTIALLY ORDERED
MULTIPLICATIVE METRIC SPACES
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ABSTRACT. In the present paper, we show the existence of a fixed point for a monotone
mapping in partially ordered complete multiplicative metric space using a partial order
induced by an appropriate function ¢. Moreover, common fixed points for two and three
weakly comparable mappings are also proved in the same space.
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1. INTRODUCTION AND PRELIMINARIES

Bashirov et al. [1] introduced the concept of multiplicative metric on a nonempty set
X. Ozavsar et al. [2] gave the topological properties of multiplicative metric spaces. They
noticed that R, is a complete multiplicative metric space with respect to the multiplicative
metric. They also introduced the concept of multiplicative contraction mapping and prove
some fixed point theorems of multiplicative contraction mappings on multiplicative metric
spaces. He et al. [3] discussed the common fixed points of two pairs of weak commutative
mappings on a complete multiplicative metric space. Some recent results on mulplicative
metric spaces and its variants can be found in [8]-[11].

A common fixed point theorem for different mappings was obtained on a 2-metric space
in [4, 5]. Agarwal [6] proved some fixed point results for monotone operators in a metric
space endowed with a partial order using a weak generalized contraction-type mapping.

Our technique of proof is essentially different. In this paper, we show the existence of
a fixed point for a non-decreasing mapping in partially ordered complete multiplicative
metric space using a partial order induced by an appropriate function ¢ without using any
multiplicative contractive condition. Some examples are also given in order to illustrate
the effectiveness of our result. Moreover common fixed point for two and three mappings
satisfying the weakly comparable condition are also proved in the same space.
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Recall that if (X, <) is a partially ordered set and 7' : X — X such that for x,y € X,
x =y implies Tx <X T'y then a mapping F is said to be non-decreasing.

Definition 1.1. [1] Let X be a nonempty set. Multiplicative metric is a mapping d :
X x X — R satisfying the following conditions:

(1) d(z,y) > 1 for all xz,y € X and d(z,y) =1 if and only if x =y,

(2) d(z,y) = d(y,x) for all z,y € X,

(3) d(z, z) < d(z,y).d(y, z) for all z,y,z € X (multiplicative triangle inequality).
Definition 1.2. [2] Let (X, d) be a multiplicative metric space, {x,} be a sequence in X
and x € X. If for every multiplicative open ball Be¢(x), there exists a natural number N
such that n > N = x, € B(x), then the sequence {zy} is said to be multiplicative
convergent to x, denoted by x, —>. x(n — 00).

Lemma 1.1. [2] Let (X,d) be a multiplicative metric space, {x,,} be a sequence in X and
x € X. Then z, =« x(n — 00) if and only if (zy,x) =« 1(n — 00).

Theorem 1.1. [2] Let (X,dx) and (Y, dy) be two multiplicative metric spaces, f : X =Y
be a mapping and {x,} be any sequence in X. Then f is multiplicative continuous at the
point x € X if and only if f(x,) —« f(x) for every sequence {xy,} with x,, —. x(n — 00).

Definition 1.3. [2] Let (X, d) be a multiplicative metric space and {x,} be a sequence in
X. Then {z,} is a multiplicative Cauchy sequence if and only if d(xy,, xn) —+ 1(m,n —

Definition 1.4. [2] A monotone multiplicative bounded sequence in (R4, |.|*) is multi-
plicative convergent.

Definition 1.5. [2] We call a multiplicative metric space complete if every multiplicative
Cauchy sequence in it is multiplicative convergent to x € X.

Definition 1.6. [7] Let (X, <) be an ordered space. Two mappings f,g: X — X are said
to be weakly comparable if fx < gfr and gr < fgx for all x € X.

2. MAIN RESULTS

We first prove the following lemma:

Lemma 2.1. Let (X,d) be a multiplicative metric space and ¢ : X — R. Define the
relation < on X as follows:

2y e dz,y) < é(y)/o(x) (1)
Then = s partial order on X, called the partial order induced by ¢.
Proof. For all x € X, d(z,x) =1 = ¢(x)/¢(x) then z < x that is =< is reflexive.
Now for z,y € X s.t. x <y and y < x then
d(z,y) < ¢(y)/d(x) (2)
And
d(y,z) < ¢(z)/d(y) (3)

This shows that d(x,y) = 1 i.e.x = y. Thus < is antisymmetric.
Again for z,y,z € X s.t. x <y and y < z then

d(z,y) < ¢(y)/d(x) (4)
And
d(y, z) < ¢(2)/d(y) (5)
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We have W) ()
y z
d(z,z) < d(z,y).d(y,z) < —<. = ¢(2)/(x) (6)
() o(y)
Then x < z. Thus < is transitive.
And so the relation < is a partial order on X. ]

Example 2.1. Let X = [0,00) and d(x,y) = |z/y|* then (X,d) is a multiplicative metric
space.
Where

« _ Jaifa>1
|“’_{;z'fa<1 ™)
Then it is obvious that all conditions of multiplicative metric are satisfied.

Let ¢ : X — R, ¢(x) = 2x. Then for x,y € X

r 2y (z,y) < o(y)/o(x) (8)
And so

z/yl" < 2y/22 =y/x (9)
It follows that 1 <2,1/2<1,1=<1,3=<5 but3ﬁ 1 and 6 A5 ete.
Therefore X is a partially ordered space.

Now we prove our main theorems:

Theorem 2.1. Let (X,d) be a complete multiplicative metric space and ¢ : X — R a
bounded from above function and < is a partial order induced by ¢. Suppose f: X — X
be a continuous non-decreasing function with xqg =< fxg for some xg € X then f has a
fixed point in X.

Proof. Consider a point xg € X such that zg < fzg. We define a sequence z, s.t.
Tn = faxn—1. Then there exists 1 = fzg and continuing in this way we get a sequence z,,
which satisfies

T 222 2323... 3Tn X Tyl - (10)
That is, the sequence z,, is non- decreasing . By definition of <, we have
$(z0) < p(x1) < Pw2) < ... (11)

for all t > 0. In other words, the sequence ¢(z,,) is nondecreasing sequence of real numbers
for all ¢ > 0. Since ¢ is bounded from above, ¢(x,) is convergent and hence Cauchy. So,
for all € > 0 there exists ng € N such that for all m > n > ng, we have

d(P(zm), p(zn)) <€ (12)
or (o)
(T,
< €. 13
Since x,, =X x,, therefore by the definition of < we have
A, o) < 2Em) (14)

(¢(zn))

This shows that the sequence z,, is Cauchy in X and since X is complete, it converges to
a point z € X. Consequently by the continuity of f , we have fz = z. O

Now we prove the theorem based on the concept of weakly comparable mappings.
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Theorem 2.2. Let (X,d) be a complete multiplicative metric space and ¢ : X — R a
bounded from above function and < is a partial order induced by ¢. Suppose f,g: X — X
are two continuous and weakly comparable mappings then f and g have a common fized
point in X.

Proof. We define a sequence x,, in X s.t. xop4+1 = fro, and ro,4+2 = gxon+1. Since f and
g are weakly comparable, fzg < gfxg i.e. x1 = gxy or 1 =< xy for some xg € X. Again,
by weak comparability of f and g we have gz < fgxy i.e. x93 < x3 . Continuing in this
way we get a sequence x, such that

$1j$2j$3...j:ﬁnj$n+1... (15)
That is, the sequence x,, is non- decreasing.By definition of <, we have

P(x0) < d(21) < P(w2) < ... (16)

for all ¢ > 0. Since ¢ is bounded from above, ¢(x;,) is convergent and hence Cauchy. So,
for all € > 0 there exist ng € IN such that for all m > n > ng, we have

d(P(zm), ¢(zn)) <€ (17)
" Hlam)
ITm
o(@n) < €. (18)
Since x, = x;,, therefore by the definition of < we have
d(ZTp, Tm) < () <€ (19)

This shows that the sequence {z,} is Cauchy in X and since X is complete, it converges
to a point z € X. Since the sequences {z2,4+2} and {2,411} are subsequences of {z,}
therefore x9, — 2z and xop 11 — 2z with x9,4+1 = fxo, and zo,190 = gxrony1. Now since f
and g are continuous, we have z = fz and z = gz i.e. z = fz = gz. Hence z is common
fixed point of f and g.

O

We give an example to furnish the above theorem:

Example 2.2. Let X = Ry, d(z,y) = |z/y|* then (X,d) is a multiplicative metric space.

Where
« _ Jaifa>1
o _{ Lifa< 1 (20)
Then it is obvious that all conditions of multiplicative metric are satisfied.
And so (X, d) is an complete multiplicative metric space. Let ¢ : X — R be defined as
¢(x) = /5. Now define f,g: X — X as fr =22 and gr = = + 2.
It is clear that f and g are continuous and weakly comparable. And so, all the conditions
of theorem 2.4 are satisfied. Therefore f and g have a common fixed point.

Theorem 2.3. Let (X,d) be a complete multiplicative metric space and ¢ : X — R a
bounded from above function and = a partial order induced by ¢. Suppose f,g,h: X — X
are three continuous mappings s.t. the pairs {f,g} and {h, g} are weakly comparable then
f,9 and h have a common fixed point.

Proof. We construct a sequence x, in X such that z3, = frs,—1,3n—1 = gT3,—2 and
Z3n—2 = hxs,—3 for allm = 1,2,3... We have x1 = hxo and since the pair {h, g} is weakly
comparable, we have hxg =< g1 and so there exist zo = gx; such that z; < 9. Again



R. JAIN, R. KALATARASI, U. BAG: FIXED POINTS RESULTS ON A PARTIALLY ORDERED ... 1299

since z2 = gr1 and the pair {f, g} is weakly comparable, we have gx; < fxo and so there
exist x3 = F'xo such that xo < x3 . Continuing in this way, we get

1 T2 R x3... Ty =X Tpal--- (21)
That is, the sequence x,, is non- decreasing.By definition of <, we have
(o) < (1) < Pp(w2) < ... (22)
for all t > 0. there exist ng € N such that for all m > n > ng, we have
d(P(xm), p(xn)) <€ (23)
. O(am)
Tm
<€ 24
Since z, =X x,,, therefore by the definition of < we have
d(xn, Tm) < H@m) <€ (25)

(¢(zn))

This shows that the sequence {x,} is Cauchy in X and since X is complete, it converges
to a point z € X. Since the sequences {z3,} ,{x3,—1} and {x3,_2} are subsequences of
{zy} therefore x3, — z ,x3,-1 — 2z and 3,2 — 2z with z3, = fr3,-1 , T3n—1 = gT3n—2
and z3,_2 = hrs,_3. Now since f,g and h are continuous, we have z = fz,z = gz and
z=hzlie. z= fz=gz= hz. Hence z is a common fixed point of f,g and h. O

3. CONCLUSIONS

In the present paper we have defined a partial order on a multiplicative metric space.
Moreover, we have proved some fixed point theorems for weakly comparable mappings in
this partially ordered multiplicative metric space.
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