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SOME NEW GENERALIZED MODULAR RELATIONS

S. ALI*™*, M. K. MAHMOOD?, M. S. HAMEED!, §

ABSTRACT. In view of the Rogers-Ramanujan theta function, several researchers have
emphasized the subject of integer partitions and their generating functions for years.
The work has not dealt with in an inclusive and closed-form by now. Thus, these gen-
erating functions are extremely desirable to be developed in a generalized way. In this
paper, a novel methodology is proposed to build many new modular relations. By in-
corporating these new relations, generalized forms of regular partitions in the spirit of
Rogers-Ramanujan and Go6llnitz-Gordon functions with four, six, and nine dissections
are established. As an application of these generalized generating functions, an infinite
family of new congruences modulo 2 has also been developed.

Keywords: Modular relation, Rogers-Ramanujan functions, Gollnitz-Gordon functions,
Even-odd method.

AMS Subject Classification: 11P84.

1. INTRODUCTION

Without any loss, assume |¢| < 1 and k is any integer greater or equal to one. The
Pochhammer symbol is denoted by (p; ¢)x and defined by

k
(p r = [[A=pd™"). (05 )0 =1,

i=1
when k — oo, then Pochhammer symbol becomes g¢-shifted factorial (¢—Pochhammer
symbol). It is denoted by (p; ¢)oo and defined as

o0

(7 D)oo = [J(1 = pg"™") and (p1,p2, - ki @)oo = (01 Doo(P23 Do+ (P} Doo-
=1
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The well known Rogers-Ramanujan functions are given below (for detail, see [15, 10]),

o0 k2 1

— q —
“= kz_o (@ Ok (6 ®)oold?s 6o’ o

s qk2+k 1

H(q) = kzzo @ Dn = (% @)oo P)oo (2)

From Ramanujan forty identities, Rogers proved ten [11], Darling established one [9],
Watson proved eight of which two were proved earlier [7], Bressoud derived fifteen in [6]
and Biagioli [2], proved eight identifiers of remaining nine. Berndt et al. [3] proved 35
identities of Ramanujan’s forty identities using relations (1) and (2). The rest of five
identities have been proved in asymptotic expansions by applying ¢ — 1_ on either side.
Gollnitz and Gordon specified two analogous to (1) and (2) in [8, 5]. The following two
relations are called Gollnitz-Gordon functions.

S(q) _ i (_QQ q2)qu2 _ 1 (3)

= (0% )k (@3 ¢®)oo(ah; 4®)oc(d"s @®)oc’
o (6 P)k ke 1
Tq) =) 5 5 = : 4
@ kzo (¢% @i (0% 6®)oo(ah ¢*)o(a®; ¢%)oc @)

Chen and Huang [13, 14] used the notion of Rogers, Bressoud and Waston [6, 7] established
twenty one modular relations in S(q),7(¢) and nine in S(q),7T(q),G(q) and H(q).
The partitioning problem of an integer is a hard NP-Complete problem. To find the num-
ber of partition of any positive integer exactly is an open problem. But, many researchers
partially solve this problem. For as in [18]- [23], investigate the several clashes of integers
based partitions of integers and then proposed their application in graph labeling.

In this paper, we give some new modular relations in S(q),7(q),G(q) and H(q) by using
the notion of even-odd method. By incorporating these modular relations, few generalized
forms of regular partition have been established in four, six and nine dissections in the
spirit of Rogers-Ramanujan and Gollnitz-Gordon functions.

2. PRELIMINARIES

In order to give some new modular relations, first, we collect some well-known defini-
tions, lemmas, and theorems. The well-known Ramanujan’s theta function is defined in
4], as

fla,b) = 37 at R, b < 1. (5)
k=—0c0
The Jacobi triple product identity can be stated as
f(a,b) = (—a;ab) s (—b; ab) oo (ab; ab) . (6)
The special case of (5) by replacing a = —¢ and b = —¢? is

o0

F=a) = (=, =) = > (=DF¢ 2 = (4;6%)00 (6% 0*) oo (@ 6*) o, (7)

k=—00

in whole manuscript, fx means f(—q") for each positive integer k.
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Lemma 2.1. The following 2-dissections holds:

5 fafhfuo qfsffo

fi  fofsfa faof? (8)

and

f5  fafz n f3 f10.f10 (9)

fi f2fuo 1 f3fsfa0

Relations (8) and (9) have been proved in [17].
The following identity given by Ramanujan in [16] and Hirschhorn [12], with a simple
proof by means of relation (6).

(Q'Q) _ (q107q157q25;q25)00 _ q(q25,q25) _ q2 (q5aq207q25§q25)oo (10)
oo T o0
’ (2%, 4% ¢*) 0 ’ (49,4 ¢%)s0

Lemma 2.2. The following two results are true:

fi = f1S(=a%) — afsT(—¢*) (11)
and

1 R oy, Jio o

i fg,S( q )+qf§,T( q7). (12)

Xia and Yao proved relations (11) and (12) in [17].

Lemma 2.3. [17]. If ab = cd, then

f(a,b)f(c,d) = flac,bd)f(ad,bc) + af(b/c,ac*d)f(b/d,acd?). (13)

3. MAIN RESULTS

In this section, we propose some new relations involving Rogers-Ramanujan and Gollnitz-
Gordon functions. Later, these relations are incorporated to establish general expression
of ]{—i for any positive integer ¢ in 4—dissections, 6—dissections and 9—dissections.
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Theorem 3.1. The following relations in G(q), H(q), S(q) and T(q) are new.

G(@)H(¢)G(=9)H(=q) _ fafio
G*(q*)H?(q?) fafao’
H?*(—q)G*(¢*)H(q*) — G*(—q) H?(¢*)G(¢") _ 9 f2f20
H(q)G(q)H(¢*)G(q*)H(¢*)G(q*) f4f
G*(¢*)H (¢")H?(—q)G(—q) — H*(¢*)G(¢")G*(—9) H (—Q):qu2f20
H(q*)G(q*) H?(q*)G3(q?) B

G* (@ H*(¢*)G(¢") — H*(9)G*(¢*)H (¢") .y f2f20
H(—q)G(=q)H(¢*)G(¢*)H(¢*)G(q*) TrL
H3(¢*)G(¢")G*(¢)H(q) — G*(¢*)H (¢")H?(q )G(q):2qf2fzo
H(¢Y)G(q*) H3(¢*)G3(¢?) O
GQ(qIO) _ é
G**)S(—¢?)  f5
2(q5)G2(qu)T(_q2) _ qHQ(qlo)GZ(q5)S(_q2) f25
G2(¢°)S(—q*) H*(¢) S5
G*(¢") _f4f5f20
G*(—¢%)S(—¢?) fio
H?(—¢")G*(q" )(—qQ)—qHz(qlo)GQ(—q5)S(—q2): fsf20 13
G?(—q5)S(—q*)H*(—¢°) I3 f25f100”

T%(q)5*(¢%) + qS*()T*(¢?) _ fif3

T%(¢*)S*(q?) - hiffs
T*(-¢)$*(¢*) — aS* (=) T?(¢%) _ flfffg2
*(¢%)5%(¢%) 31
G*(q)G (") H?(¢°) — H*(9)H (¢")G(q 2) _ 2 f1f20
G*(¢*)H?(¢*)H (¢")G(q") It
H*(—q)H(¢")G*(¢%) - G*(—q)G(¢") H*(¢°) _ 9 f2f5f20
G*(¢*)H*(¢*)H (¢")G(q") Tr

(Gz(q)Hz(_q)+H2( 2(~q) ) H(q")GX(¢*) H*(¢®) Gla")
H2(qH)G*(¢*) H(¢*) G (q*)
)

G (9GP (= )Gz() 5(¢%) + H*( ) 2(—0)H?(¢")GO(¢?) _ 44°f5 fao
H2(q*)G*(¢*)H*(¢*)G?*(¢*)

foo_ fsfsfofafsefsifon n qfff5f4of2tf5tf8tf5)0t g f5.fs F30. 3 fst faor
h 13 130 fa0 fae F iy faor I3 fa f20 fau e Faoe 13 3o a0 fae o
! I3 fs fao S 3 Fse faot

I3fsfiofsefi

f4f170 .

(28)
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feo f8f220f2tf8tf230t+ faf3o For fst St foor q2f4flOf25f40f100f2tf5tf8tf20t
fi J2 s facfRoufaor 3 fos Froofae Sy faod 13 12 £330 f30 Fae fioe faor

_ tf8f§of£f5tf40t qt+1 f4f50f4tf5tf40t

1 I3 f5 fao fst fros I3 fas fr00 fse [y
v JEI10 35 f10 fTo0.f 20 S5t faoe
félfngfgﬁoféofStf%Ot ’

ft fs.f3 ot f5t fse fane ty Faf3 for f5t fae fae q2f4f O f35 f10.[ 30 fot fot fst fan
fi I3 f5 fa0 fat fig faot f2f25f100f4tf10tf40t fa I3 fa S f oo fat e faot
tf8f20f25t t+1 f4f50f25t t+2 f4 f10f25f40f100f25t

+q

(29)

f2f5f40 1 f§f25f100+q f2f5f8f20f50
P fs f30.fat Floe f3se Faor frooe 21 Saf3o fat froef2, faot for
12 f5.f10 fot fot fse Foou foo I3 fa5 f100 fot fst fanr [ 35

ot12 J1S10 35.J10 oo fae J2 Froe faoe [0

30
4 f2f5f8f20f5of2tf8tf20tf25t ’ ( )
fv _ Rfsfsffafsfsefsn f4f5f40f5tf8tf20t+qt fofs fe I3 f3 fot ot
ft f4figof40f22tfigotf40t f8f1of2tf10tf40t f4ffof40f§tf8tf120t
gt [i 151103 f5t faor (31)
fsfto 3 fsu o
ho fafs fa 30 fst Foor _qfff5f10f4of8tf5’0t+qt fofsfs 50 4S5
It faf10.f% fst fioufo0t faot fsf5tfioefo0t faoe fafyfa0 5 fast froot
_qt+1 f3f5f40f4tf§’0t _qztf2f5f8f4tf10tf25tf40tf100t
f8f120f§tf25tf100t f4f§of20f40f50f2tf5tf8t
2t+1f42f5f40f4tf10tf25tf40tf100t 32
+q fSf120f24tf5tf2tf8tf20tf50t ( )
N Rl sl f25f8tf20t_ 2f4f5f10f40f50f8tf20t
Tt fa iy fa03, 5t faor thf5tf40t f2f8f20f25f2tf5tf40t
+q t f2f5f8f20f4tf50t qt+1 f25f4tf50t _qt+2 f4f5f10f40f520f4tf530t
Jaf 3 fa0f3, fast foor I3, st froot fo S8 f301 35 13 fast froot
_thf2f5f8f20f4tf10tf25tf40tf100t s o5 f3: 10, 35110t fFoos
f4f§0f40f2tf5tf8tf20tf50t fﬁltfg’ththOtféOt
+q2t+2f4f5?flOf40ngf4tf10tf25tf40tf100t. (33)

f2f8f§)0f225fgthtf8tf2Otf50t

4. SOME USEFUL LEMMAS

To prove defining new modular relations in Theorem 3.1, for this we develop some lemmas
in this section.

Lemma 4.1. For |q| < 1, we have

fla,q") = f5
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and
7 Jfafie S(q) 3 5 Jafie T(q)
Proof. By utilizing (1) — (4), we have
Glg) = 1 _ (4 O)o(=0% P fladh)  _ fla,4)G()
(0:0% @)oo (0% 00)o(® ) f5(2, 6% ¢'0)os f5 ’
Hig) = 1 _ (=% q5)oo( 7% L *)oo fle, %)  _ fle* ) H(P)
(2 P (05 @0)c(d® ) f5(ah % ¢0)ec fs ’
It is nothing, but just(34). Now
S(q) = 1 _ (8 ®)oo(=0Y 6P)oo(=4"; )
(2,044 8% 0 (@% '%)0(d® ¢'%)oc(d™; ¢'%)
_ fla,qd") fs _ fla,d")8(%) S5
fafi6(¢% 6% ¢ ¢1%) fafie ’
T(g) = 1 _ (=0 P)eo(=0Y 6¥)oo(=0% oo
(4% 0% %) e  (4% ¢'9)0o(d®; ¢'9)0o(¢'Y; ¢'%) e
_ f@*, @) fs _ f(& )T () fs
faf16(q%, %, ¢'%; ¢'%)0 fafie ’
O
Lemma 4.2. For |q| < 1, we have
on L (fEfoH*q)  flH(¢?)
fod) = 5o~ Rrura) (36)
and
s 7 L fRhoG e  flG()
10 = 5 (Gew ~ Fow) 0

Proof. Putting, a = c = ¢*> and b = d = ¢® in (13),
(% d°) = Fld ) () + Fa,4)) F(1,4")

H2
ngg(( )) flOHE ;( ¢ q1°)20+2q2f(q,q9)(quf;2%0
_ 16 H(QQ) 2 9 fio

after some simplification, we have (36). Next take, a = ¢ = ¢ and b = d = ¢* in (13),
a0 = 1@ ) () + af (@ d") F(1,4")

G?(q G(q?
f52G2(< )) leOGEZ4§ (_q57 qm)go+2Qf(q3,q7)(qu7f2qOQO)oo

G(q2) f20
f215,G(¢%) fio

= 1 +2qf(¢*,q") 2
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Lemma 4.3. We have following two relations,

h (H(QQ)GQ(Q) B H2(Q)G(q2)>
(

s 2af3 \H(¢YG(¢®) H2(¢*)G(q")
and

s _ fafh (Hz(—Q)G((f)_H(q2)G2(—Q)>

f1 2qf3 fao N H2(¢?)G(¢*)  H(¢")G*(¢?) /"

Proof. We setting, a = —q, b= —¢*, ¢ = —¢? and d = —¢> in (13),
f=a, ="V [(=&* —¢*) = F(¢*, ") F(d",¢%) — af (@®, %) f(a.¢°)
by using (34), (35), (36) and (37), we have

f1f5 _ f5f10G2 f10G
2qH f20G2 foZOG )
2) (f5f10H2() f10 (q2) )
1)

B G(q
hospa@ ) RihHG
fl()<f§f10 H(¢*)G*(q) flo H(¢*)G(
2q f220G2 H(q4)G2(q ) f5f20 (q4) (
_f52f10 G(¢*)H?(q) f10 *)H (¢%)
[3,G? G(q")H?(q%) ~ f2f3, G(¢*)H (¢*)

o fh (H(qz)Gz(q) G(q* )HZ(Q))
;)

?)
*)

fifs =

)

4

fs 2af5 \H(@")G*(¢?)  G(g")H? (¢
by replacing ¢ by —¢ in (38) and using the relation,
1- —-q ) = 7
:1( (=9)™) h

m
in above equation we have (39).

5. PROOF OF THEOREM 3.1

Proof. By utilizing (34), we have

4 2 3 2 G(q) H(q)
fle, (") = f; G HP)
RS 2 Gla) H(q)
fifio — °G(¢?) H(¢?)
f5 f10G(q)H (q)

T h T RG@H@)
in (41) replacing ¢ by —¢ and using the relation (40), we obtain
fi G (-9)H(=q)
f5 farfHG(@®H(¢?)
By the product of (41) and (42),
fifs _ foafwG(=q)H(-q)G(q)H(q)
fsfi fafi0G(@*)H(¢*)G(¢*)H(q?)

1=

431

(38)

(39)

(40)
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This is (14). By using (39) and (41),

fuG@H (@) fafiy <H2(—Q)G(q2) H(q 2)GQ(—q))
LG(@)H(q®)  2q4f3f5, 2(q2)G(q4) H(q")G*(q?) /)

2q3 % _ (HZ(—q)G(q2 )G(q2)H )
fafio H?(¢*)G(q") 2(¢*)/ Glo)H
H*(—q)G*(¢%) ( )GQ(— ) 2af3f5

H(¢*)G(a)G(@)H(e)  H(G@AG(@9H()  fafly
after some simplification, we have (15). By the reciprocal of (42),

f5i _ [fRG)H ()
fi f3f20G(9)H(q) ’

(43)

by utilizing (39) and (43),
J1ft0G(®)H (¢%) _ fafto (HQ(—Q)G(qz) ~ H(
BfoG@)H(a)  2af3f35\ H*(¢*)G(¢*)  H(q")G*(¢?)

H*(—q)G(¢*)G(—)H(=q) _ H(P)G*(—a)G(-a)H(~q) _ 2af2fx
(¢%) figo ’
(

L

2)G2(—Q)>’

LS

H*(¢*)G(q")G(¢?) H (q?) H(q")G*(¢*)G(¢*) H
after some simplification, we get (16). Replacing by ¢ by —¢ in (15) and (16) and using
the relation (40), we get (17) and (18) respectively. By (10),

5= (¢ ¢, ¢*; ) b & 2(¢%, 4% 4% ¢*)oo
(¢°, 4% ¢*)oo (@0, 4% ¢®)oe
= f513s o [5fis

AP, ) 125~ f2(q'0, ¢%)’
by using(34),

_ G H*(¢") f5
fi = @) afos — ¢ 20 (44)
by (11) and (44),
2 2y _ G*(¢") f5 2 H*(¢") 5
f18(=q°) = afuT(—q") = G2(0) —qfs — ¢ ()
G2 10
G(Qq(qg)fS - Q(f25 +q H(Qq(q)) )a (45)
equating even and odd parts of (45),
9y G fs G*@)  _f
FSEO="Gw) 7 @dscd  h
and
HA¢0)f5 fs AT~ ()
f25+q 2 (Q) f4 ( )’ = f5 - f5 qHQ(q5) : (46)
by using (19) and (46), we have (20). Setting ¢ by —¢ in (19), (20) and using relation

(40), we have (21), (22) respectively. We set, a = ¢, b= ¢, ¢ =d = ¢* in (13)
fla, ) [ ) = f2(@*,¢°) + af(a.4"), (47)
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using (35) in (47),

2 _ fifie T?(q) +qf42f16 5%(q)

f1 13 T%(¢%) 13 S:q?)’
£ T*q) | S%*q)
M T5(q) * I52(g2) (48)

This is (23), after replacing ¢ by —¢ and utilizing relation (40) in (48), then we have (24).
By setting a = —¢q, b = —¢*, ¢ = —¢?, d = —¢> in (13), we have
f(=a, ="V f(=d* =¢*) = f(*,a") f(a",d°) — af(¢*,d*) f(a,4°), (49)

utilizing (34), (36), (37) in (49),
_ BRAGHQH(?) MG H(?)  BIRE (@G | flGd®)H ()

G H(¢Y)  ffnGaH(e')  fRH(@*)G(eY)  f3f0G e H (¢
after some simplification, we have (25) and then replacing ¢ by —¢ in (25) and using (40),
we get (26). By the product of (38) and (39),

2qf1fs

(50)

L hfs _ fafly <H(q2)G2(q) _ H*(9)G(¢%) )(Hz(—Q)G(qz) H(QQ)GQ(—Q)>
fs fi o 4¢3 f3o N\H(¢")G*(¢?)  H?(¢*)G(¢") ’
this yields,
G*(QH*(—q) _ H*(¢*)G*(9)G*(—q)
H(q")G(¢*)H (¢*)G(q*) H?(q*)G*(¢?)
_H(@H*(—9)G*(¢%) H*(q)G*(—a) 44’ f3f5
H4(¢*)G?(q*) H(q*)G(¢*)H(¢*)G(q*) fafly
This is (27) after simplification. We replacing ¢ by ¢' in (11),
fr = fuS(=¢*") = ¢ fuT(—¢*), (51)
taking product of (12) and (51),
f_ fifa it
bil /3 /3
—q' f§£4t5(—q2)T(—q2t) — qt“]?f‘é“T(—q%)T(—qQ), (52)
2 2

S(—=¢*)S(—¢*) + S(—=¢*)T(—q%)

by (44), we have
fl _ GQ(qlo) @7 ) H2(q10)

o T E T B
by using (38) and (53), we have
fafsf fiofi  G*(q™°) fos H?%(¢'%)
3 9 T 25—q<—+q 25)’
f4f10f40 f8f10 G (q ) f5 H (q )
equating the even and odd parts of (54), we obtain
G*(¢") _ fofsf
G2(q®)  fafiofao

and

fas +qH2(q10) _ Julf?
f5 H2(¢®)  fof?y’
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from (19) and (20),

Jfos N Ja 2 Hz(qm)
by using (57) in (56), we have
Ja o Jaof7 oy Jafs a0
T g?) = T(—¢?) =
I (=a%) TN (—a%) Ao (58)
replacing ¢ by ¢' in (58), we get
oty _ JaSsefaor
T'(—¢™) = Ful? (59)
by (19) and (55),
S(—a?) — fafsfs f3
(—¢°) RS (60)
(60) becomes, after replacing q by ¢
G(—g?t) — f2tf5tf8tf230t7 61
( 1 ) fztf%()tﬁmt ( )

by using (58)-(61), then we have following relations

aveq oy JafsfsfsoSafsifsi S g oy oy fafsfaofafsefaor
SO = Tt i T T P

2t o Jafsfaofouf5tfsefoon 2 oy oS5 fsfanfafsefaor
S = e Rt o) = T bt
by using (62) and (63) in (52),

fo  fifu (f2f5f8f230f2tf5tf8tf§)0t) n f42f4t(f4f5f40f2tf5tf8tf§0t)

A B\ Aol et )N sl fi o

_qtfffzxt <f2f5f8f230f4tf5tf40t> gt fifu <f4f5f40f4tf5tf40t>

f3 J3F3 a0 fae fios f3 faftofseftor 7

this is nothing but just (28). By replacing ¢ by —¢q in (44) and using the relation (40), we
have

1 GHd") iy . fafsy 2 H?(q") fafiy
fi G2=®)f3fsfao " £5 fas fro0 H(—°) f3 f5.fo0
by the product of (51) and (64), we have

(64)

fe _ fafiofuG*(4'%)S(=¢*) +qf4f§of4ts(—q2t) _q2f4f%0f4tH2(q10)S(_q2t)
1 13 f5f20G?(—4°) I3 fas f100 f3 f5 fa0H?(—q°)

_ ¢ fafio fnG? (¢")T (—¢*) _ gttt fafofuT(=¢*)

I3 15 f20G?(—¢°) 13 f25 f100
HQf4ff’0f4tH2(q10)T(—q2t)
+q f3fsfooH?*(—¢%) (65)
from (41),
H(¢*)  fifio G(q) (66)

H(qg)  fofs G(¢?)
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by replacing g by ¢° in (66), then replacing ¢ by —¢ and using the relation (40),

H(q") _ Jfsfs0 G(¢°) H(q") _ fiof25 f100 G(—¢°) (67)
H(¢%)  fiofes G(q'9) H(=¢%)  fsfaofs02 G(q'0)’
by taking square of (67), then using the reciprocal of (55) to replacing ¢ by —q,

H2(q10) _ f4f170f225f40f1200 (68)
HX (%) fafdfsfofs
by replacing ¢ by —¢q in (55),

G2 _ fafsfa

GA—¢*)  faffofao’ (69)
utilizing (59), (61), (68) and (69) we have the following relations,

G*(¢") 2t fofs 30 fat S5t fat foor
——5(— - ) 70
G2(—¢°) (=) f4f130f40fftf§0tf40t (70)
GQ(QIO) 2t f2f8f230f4tf5tf40t

T(— , 71
G2(—¢) (=) Jafiofaofse [ )
H?(¢") T(—g?) = Saflo S35 fa0 oo fae Fst faor (79)
H2(—q5) f2f52f8f250f§10f8tf120t ’
H?(¢") S(—g?) = f4f170f225f40f1200f2tf5tf8tf§0t' (73)
H?%(—¢5) f2f52f8f§r)ofglofftf%0tf40t

Using (59), (61) and (70)— (73) in (65), then after a little bit simplification, we have (29).
In (44), replace q by ¢,

G2(¢') f5 HQ(qlot)fm'

fi = W—Qf%t—qmm (74)

By the product of (64) and (74),
Lo _ GG fafsfiy | GH@ ) fafdofo 2 GH@ ) H () fafiofe

i GHPHGE(=a®) f3 fs S qGQ(q5t)f5’f25f100 4 G2 (P )H?(—q°) f3 f5.f20

—¢t G*(q") fafio ot _gtt! faf5o fast 1 gtt? H?(q"°) fafio It

G2(—q°) 3 f5 f20 13 fa5 f100 H2(—¢%) f3 fs fao’
_ 2w G (") H* (@) fafio fr 2t H?(q"") faf5 ft
G2(q=°)H?(q°") f3 f5 fa0 H2(q%) f3 fa5 f100”
2t+1Hz(qlot)HQ(qm)ﬁfE)tff’o (75)
H2(¢*)H*(—q°) f3 fs fa0
by replacing ¢ by —¢ in (68) and using the relation (40),
H?(¢') _ faf2 frofa0f3 (76)

H2(q5) fofsfoof3s

+q

Replace ¢ by ¢' in (55), (68), (69) and(76), we have
G

2(¢") _ G*d") _ fafsfiw (77)
G2(¢®)  G*H—q%)  fafiiSaor
H2(¢")  fachiocfdifaoefzor  H?(@")  faef 15350 100 S Fo0s (78)

H?(g™) B f2tf8tf§’0tf225t ’ H?(—¢%) B f2tf52tf8tf250tf§10t '
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By using (68), (69), (77) and (78), we have following relations.

GQ(qmt)GQ(qlo) f2f8f230f2tf8tf§0t (79)
G2(¢°")G*(—¢) Saf iy faofae i faot”

GQ(qwt)H2(qw) f4f170f225f40f1200f2tf8tf230t (80)
G2(q5t)H2(—q5) f2f52f8f250fé0f4tf§0tf40t ’

GQ(QIO)H2( Ot) f2f8f§0f4tf§0tf225tf40tf1200t (81)
G2(—¢%)H?*(—¢") Jafiofaofar f2, fee Fo for

H2(q10t)H2(q10) f4f170f225f40f1200f4tf10tf52tf40tf520t‘ (82)

H2%(¢>)H?(—q°) f2f52f8f§)0f540f2tf§)tf§0tf225t

Utilizing (68), (69) and (79) (82), we have (30). Utilizing the same fashion for the proofs
of (31), (32) and (33) O

Theorem 5.1. Ift =2m, m > 0, then

% 3

> San(2n)g = 22 (L2 g, Y (mod 2), (53)
n=0 m

0 3

Z Som(2n+1)¢" = ‘];310 (]{120’” — qu120m> (mod 2) (84)
n=0 m

and if t =2m+ 1, m >0, then

Z a1 (2)g" = Sofdmin g J10.f20m+10 (mod 2), (85)
f5fiom+s fi

Z Soma1(2n 4 1)q" = f108m 1 g J2f20m+10 (mod 2), (86)

= J1fiom+s I5

Where,

- n_ i
ZSt(n)q  fifsfse

Proof. By utilizing (28),

I3 Fao for fst foos . fafao S 3 faor

ist(n)qn _ f8f230f2tf8tf230t

P13 Fiofufinfion T fs Tttt fioe L F2fifiofs o
1 Ji S i faor o7
Bt i f (87)
Taking ¢t = 2m, m > 0 in (87),
- n Is oo famfrem faom £3 fao fam frem faom om  fsfafa, fsom
Som = _
2_ Sam(n)g 213 o fsmtB Fsom I3 s T fsm o fsom 0 J2fE fuofrom B
_ 2m+1 f2f40f82mf80m (88)

f§f8f120f16mf220m '
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By evaluating the even and odd parts of (88),

= T2 foo fam oo faom P23 oo fsm F oo

i SQm(2n)qn = f4f§0f2mf8mf230m m f4fi9)0f4%mf40m (89)
n=0

- n f§f20f2mf8mf§)0m m foQOmefALOm
Som (2 1 = — 90
,;) am{2 + 1)g P2 famfoomtiom T faS2 fsmfBom (50)

Employing the relation f2, = fa,,(mod 2) on (89) and (90), then we have (83) and (84).
For (85) and (86) taking t =2m + 1, m > 0 in (87) and then using same fashion. O

If we take m = 0 in (86), then we have the following result.

Corollary 5.1.

S1(2n 4+ 1) = 0(mod 2), where Z Si(n)q"

= — 91
n=0 f52 ( )

CONCLUSION

In this paper, we investigated some generalized form of f—i in four, six, and nine dissec-
tions by using the notion of Rogers-Ramanujan and Go6llnitz-Gordon functions. Moreover,
we developed some new families of congruences by using the proposed generalized forms
of % In future work, one can use these proposed generating relations in different kinds
of generating functions for partitions of an integer. Furthermore, one can generate the
sequence of generating functions of restricted partitions by means of proposed generating
relations.

ACKNOWLEDGMENTS

The authors want to express their gratitude to the anonymous referees for the compre-
hensive reading of the paper and their pertinent comments and suggestions, which helped
improve the manuscript.

COMPETING INTERESTS

All authors confirm that there are no competing interests between them.

REFERENCES

[1] Adiga C., Malpashree, R., (2016), The degree status connectivity index of graphs and its multiplicative
version, South Asian J. of Math., 6 (6), 288-299.

[2] Biagioli, A. J., (1989), A proof of some identities of Ramanujan using modular forms, Glasgow Math-
ematical Journal, 31(3), 271-295.

[3] Berndt, B. C., Choi, G., Choi, Y. S., Hahn, H., Yeap, B. P, Yee, A. J., Yi, J., (2007), Ramanujan’s
forty identities for Rogers-Ramanujan function-Introduction, Memoirs of the American Mathematical
society, 188(880).

[4] Berndt, B. C., (2012), Ramanujan’s notebooks: Part III, Springer Science & Business Media.

[6] Gordon, B., (1965), Some continued fractions of the Rogers-Ramanujan type, Duke Mathematical
Journal, 32(4), 741-748.

[6] Bressoud, D. M., (1978), Proof and generalization of certain identities conjectured by Ramanujan,
1741-1741.

[7] Watson, G. N., (1933), Proof of certain identities in combinatory analysis, St. Joseph’s Industrial School
Press.

[8] G ollnitz, H., (1967), Partitionen mit Differenzenbedingungen. Journal f' ur die reine und angewandte,
Mathematik, 1967(225), 154-190.



438 TWMS J. APP. AND ENG. MATH. V.13, N.2, 2023

[9] Darling, H. B. C., (1921), Proofs of certain identities and congruences enunciated by S. Ramanujan,
Proceedings of the London Mathematical Society, 2(1), 350-372.

[10] Rogers, L. J., (1893), Second memoir on the expansion of certain infinite products, Proceedings of the
London Mathematical Society, 1(1), 318-343.

[11] Rogers, L. J., (1921), On a type of modular relation. Proceedings of the London Mathematical Society,
2(1), 387-397.

[12] Hirschhorn, M. D., (2011), Ramanujan’s Most Beautiful Identity, The American Mathematical
Monthly, 118(9), 839-845.

[13] Chen, S. L., Huang, S. S., (2002), New modular relations for the G’ ollnitz-Gordon functions, Journal
of Number Theory, 93(1), 58-75.

[14] Huang, S. S., (1998), On modular relations for the G’ ollnitz-Gordon functions with applications to
partitions, Journal of Number Theory, 68(2), 178-216.

[15] Ramanujan, S., Rogers, L. J., (1919), Proof of certain identities in combinatory analysis, In Proc.
Cambridge Philos. Soc (Vol. 19, No. 214-216, p. 3).

[16] Ramanujan, S., (2000), Collected Papers, Cambridge University Press, Cambridge, 1927; reprinted
by Chelsea, New York, 1962; reprinted by the American Mathematical Society.

[17] Xia, E. X., Yao, X. M., (2012), Some modular relations for the G’ ollnitz-Gordon functions by an
even-odd method. Journal of Mathematical Analysis and Applications, 387(1), 126-138.

[18] Ali, S., Mahmood K., (2019), New numbers on Euler’s totient function with apllications, Journal of
Mathematical extension 14, 61-83.

[19] Mahmood, M. K., Ali, S., (2019), On Super Totient Numbers, With Applications And Algorithms To
Graph Labeling. Ars Combinatoria, 143, 29-37.

[20] Mahmood, M. K., Ali, S., (2017), A novel labeling algorithm on several classes of graphs, Punjab
Univ. j. math, 49, 23-35.

[21] Ali, S., Mahmood, M. K., Mateen, M. H., (2019), New Labeling Algorithm on Various Classes of
Graphs with Applications, In 2019 International Conference on Innovative Computing (ICIC) (pp.
1-6), IEEE.

[22] Ali, S., Mahmood, M. K., (2021), A paradigmatic approach to investigate restricted totient graphs
and their indices, Computer Science, 16(2), 793-801.

[23] Ali, S., Mahmmod, M. K., Falcén, R. M., (2021), A paradigmatic approach to investigate restricted
hyper totient graphs, AIMS Mathematics, 6(4), 3761-3771.

Shahbaz Ali received his degrees of M.Sc and M.Phil from the University of Punjab,
Pakistan. Presently, he is working as a lecturer of Mathematics at Khawaja Fareed
University of Engineering and Information Technology (KFUEIT) Rahim Yar Khan
and also pursuing his PhD degree in the Department of Mathematics, University of
Punjab under the supervision of Dr. Muhammad Khalid Mahmood. His area of
research is Number Theory, Combinatorics and Fuzzy Theory.

Muhammad Khalid Mahmood received his degrees of M.Sc., M,Phil., and PhD
from University of the Punjab, Pakistan. He has been working in Mathematics De-
partment, University of the Punjab, Pakistan since 2001. His educational background
has a silver medal, a gold medal and national talent scholarship and President UGC
scholarship. He has a vast teaching and research experience. His research areas are
Number Theory, Mathematical Modeling, Combinatorics and Fuzzy Theory.




ALI, MAHMOOD, HAMEED: SOME NEW GENERALIZED MODULAR RELATIONS 439

Muhammad Shazib Hameed received his M.Sc. and M.Phil. degrees from Ba-
hauddin Zakariya University, Multan Punjab, Pakistan. He is currently working on
his Ph.D. under the supervision of Dr. Zaheer Ahmad from Khwaja Fareed Univer-
sity of Engineering and Information Technology (KFUEIT), Rahim Yar Khan. He is
currently working as a Lecturer of mathematics at the same university. His research
interests include numerical analysis, fuzzy algebra, and fuzzy theory.




