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EXISTENCE, UNIQUENESS AND STABILITY RESULTS FOR
FRACTIONAL NONLINEAR VOLTERRA-FREDHOLM
INTEGRO-DIFFERENTIAL EQUATIONS

A. HAMOUD'*, M. OSMAN?Z, §

ABSTRACT. In this paper, we establish some new conditions for the existence and unique-
ness of solutions for a class of nonlinear Caputo fractional Volterra-Fredholm integro-
differential equations with integral boundary conditions. The desired results are proved
by using Banach and Krasnoselskii’s fixed point theorems. In addition, the Ulam-Hyers
stability and Ulam-Hyers-Rassias stability for solutions of the given problem are also
discussed. An example is presented to guarantee the validity of our results.
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1. INTRODUCTION

Recently, it has been proven that the differential models involving nonlocal derivatives
of fractional order arise in many engineering and scientific disciplines as the mathematical
modeling of systems and processes in many fields, for instance, physics, chemistry, aerody-
namics, electrodynamics of complex medium, polymer rheology, and so forth [13, 14, 26].
For instance, fractional differential and fractional integro-differential equations are an ex-
cellent tool to describe hereditary properties of viscoelastic materials and, in general, to
simulate the dynamics of many processes on anomalous media [4, 10, 11, 12, 15, 23].

Theory of fractional differential equations has been extensively studied by several au-
thors as Baleanu [1], Balachandran and Trujillo [3], Kilbas et al. [13], Lakshmikantham
and Rao [14], and also see [7, 8, 9].

The stability theory for functional equations started with a problem related to the
stability of group homomorphisms that was considered by Ulam in 1940 [24]. Afterwards,
Rassias [16] introduced new ideas e.g., by proposing to consider unbounded right-hand
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sides in the involved inequalities, depending on certain functions, introducing therefore
the so-called Hyers-Ulam-Rassias stability. Equation stability is an important subject
in the applications. Many authors investigated different types of stability of fractional
integro-differential equations, for instance, see [17, 18, 19, 20, 21].

Subsequently several authors have investigated the problem for different types of nonlin-
ear differential equations and integro-differential equations including functional differential
equations in Banach spaces. Very recently N’Guer’ekata [22] discussed the existence of
solutions of fractional abstract differential equations with nonlocal initial condition. The
nonlocal Cauchy problem is discussed by authors in [2] using the fixed-point concepts.
Tidke [23] studied the fractional mixed Volterra-Fredholm integro-differential equations
with nonlocal conditions using Leray-Schauder Theorem. Naimi et al. [15], studied exis-
tence, uniqueness and generalized Ulam stability for fractional integro-differential problem
with integral conditions by used the Krasnoselskii and Banach fixed point theorems.

Baleanu et al. [1], by using fixed-point methods, studied the existence and uniqueness
of a solution for the nonlinear fractional boundary value problem given by

°D'u(t) = A(t,u(t)), te J=1[0,T], 0 <v <1,
u(0) = u(T),u(0) = ru(n), w(T) = Pau(n), 0<n <T, 0<p <f2 <1

Devi and Sreedhar [5] used the monotone iterative technique to the Caputo fractional
integro-differential equation of the type

‘DYu(t) = A(t,u(t), ["u(t)), te J=1[0,T], 0 <v <1,
u(0) = up.

Wang and Zhou [25] studied the Ulam stability and data dependence for a Caputo
fractional differential given by

‘D"u(t) = A(t,u(t)), t € J =[a,+0), 0 <v <1,
u(a) = €.

Dong et al. [6] established the existence and uniqueness of solutions via Banach and
Schaude fixed point techniques for the problem given by

“Dyru(t) = A(t,u(t)) + /tB(t,s,u(s))ds, teJ=[0,T], 0<v <1,
0
u(0) = €.

Motivated by the above works, we will study a more general problem of Caputo frac-

tional integro-differential equations wich called Caputo fractional Volterra-Fredholm integro-
differential equation with integral boundary condition in Banach Space:

t 1
“DEPu(t) = A(t,u(t)) + /0 B(t, 5,u(s))ds + /0 C(t, s,u(s))ds + I, F (¢, u(t)), (1)
u(O):b/nu(s)ds, beR, 0<n<l, (2)
0

where CDgiB is the Caputo fractional derivative of order v+ 3, 0 < v+ <1, t € J :=
0,1, AAF: JxX — X, u:Q—R,and £ : J — L(f) is a random variable with
E(u?) < 00. B,C :J x J x X — X are continuous functions satisfying some conditions
which will be stated later. I, denotes the left sided Riemann-Liouville fractional integral
of order v.

The paper is organized as follows: Sect. 2, we present some notations, definitions
and results which are used throughout this paper. In Sect. 3, we use the fixed point
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techniques to prove the existence and uniqueness results for the problem (1)-(2). In Sect.
4, we establish the Hyers-Ulam stability of the problem (1)-(2) be also discussed. In Sect.
5, an example is presented to guarantee the validity of our results. Concluding remarks
close the paper in Sect. 6.

2. PRELIMINARIES

Here, we present some notations, definitions and results which are used throughout this
paper.

Let X, we denote the Banach space equipped with the norm ||.|| and C'(J, X), C™(J, X)
denotes respectively the Banach spaces of all continuous bounded functions and n times
continuously differentiable functions on J. In addition, we define the norm [14]

= t
lulle = maxu(t)],
for any continuous function v : J — X.

Definition 2.1. [26] The left sided Riemann-Liouville fractional integral of order v > 0
of a function u : J — X is defined as
I )
Yult) = —— t— )" ds,t
JY u(t) O /0( )" tu(s)ds, t € J,

where I' denotes the Gamma function.

Definition 2.2. [13] The left sided fractional derivative of uw € C™(J, X) in the Caputo
sense is defined by

‘Dgrul(t) = J§m’D™u(t)
mﬁ(t—S)m‘”‘lag&—wds, m—1<v<m,
875:”?)’ v=m, meN

Hence, we have
1) JYJ%u = JVu, w0 > 0.

_ i
2) I = marant’t,
3) Dg+ = %MB*”, v>0, fg>-1.

4) Jy.Dgu(t) = u(t) — u(a ) 0<1/<1
(5) Jg. Dyyult) = u(t) = L w0 =, 1> 0.

Definition 2.3. [26] The Riemann Liouville fractional derivative of order v > 0 is nor-
mally defined as

(
(
(
(

D u(t) = Dt Jg " u(t), m—1<v<m, meN

Theorem 2.1. [13] (Banach fized point theorem). Let (S,].||) be a complete normed space,
and let the mapping F : S — S be a contraction mapping. Then F has exactly one fized
point.

Theorem 2.2. [13] (Krasnoselskii fized point theorem). Let w be bounded, closed and
convex subset in a Banach space X. If T, Th : w — w are two applications satisfying the
following conditions:

1) Tix+Thy € w for every x,y € w;

2) Ty is a contraction;
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3) Ty is compact and continuous.
Then there exists a € w such that Tha + Tha = a.

Lemma 2.1. [6] Let u(t), A(t),q(t) € C(J,Ry) and let n(t) € C(J,R4) be nondecreasing

for which the inequality
t s
/A ds+/ A(s )/ q(r)u(r)drds,
0

holds for any t € J. Then

s

ult) < n(t) [1+ /0 tA(s)( /0 (A(r)+q(r))dr)ds]

3. EXISTENCE AND UNIQUENESS RESULTS

In this section, we shall give an existence and uniqueness results of Eq.(1), with the
condition (2). Before starting and proving the main results, we introduce the following
hypotheses:

(A1) For any t € J and u,v € X, (t,s) € G ={(t,s) : 0 < s <t < 1}, there exist positive
constants Ly, Ly, L3 and Ly such that

|A(t,u) — A(t,v)|| < Laflu — o,
[ F(t,u) — F(t,v)|| < Laflu — v,
|B(t,s,u) — B(t,s,v)| < Ls|lu— v,
IC(t, s,u) — C(t,s,v)]| < Ly|Ju —v||,

with L = max{Ll, Lo, Ls, L4}
(A2) Assume that A, B,C and F satisfy

JA(E, w)ll < pa (@) Jull,
1E @ u)ll < pat)||ull,
1B(t; s, u)l| < pa(®)]ull,
1O, s, w)l| < pa(t)]ull,

where pu; € L*(J,Ry), i =1,2,3,4,t€ J,ue X and (¢,s) € G.
(A3) Let t € J, and the functions A, F, B and C are continuous on J. Then there exist
positive constants N1, Ny, N3 and Ny such that

[AE w(@)] < Lallul + Ny,
It u(®))]] < Lalull + N,
[1B(t, s, u)ll2 < La|jul| + Ns,
IC(E, s, u)ll2 < Laflull + Na.
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Lemma 3.1. Let0 <v+8<1, b# % and u € C(J, X) is called a solution of the problem
(1)-(2) <= u satisfies

L — gwtB-1 s 1
u(t) = /O(tr(y)_:ﬁ)[fl(s,u(s))—i—/o B(s,r,u(r))dr—i—/o C(s,r,u(r))dr

—l—/os WF(T,U(T))CZ?"} ds

b [T (n—r)tP r 1
+1—b77/0 T(v+B+1) [A(““(r)H/O B<T:Uau(o))d0+/0 C(r,0,u(o))do

T (T’ o U)u—l
—i—/o WF(O’,U(O’))dU] dr. (3)

Proof. Let uw € C(J,X) be a solution of the problem (1)-(2). Firstly, we show that u is
solution of integral equation (3). By 2.2, we obtain

17Dl Pu(t) = u(t) — u(0). (4)

In addition, from equation in (1) and Definition 2.1, and use the assumption (4) of 2.2,
we have

157 Dy ()
t 1
= Igfﬁ<A(t,u(t))+/O B(t,s,u(s))ds—l—/o C(t,s,u(s))ds + 3+F(t,u(t))>ds

= [T sty + [ Bt [ Cloratar

s (5 _ 7.)1/71
+ /0 T F(r,u(r))dr] ds. (5)

By substituting (5) in (4) with nonlocal condition in problem (3), we get the following
integral equation

t — 3 v+p—1 s 1
u(t) = /O(tI‘(l/)—I—B)[A(S’U(S))+/O B(s,r,u(r))dr—l—/o C(s,r,u(r))dr

s (8 _ ,,,,)I/—].
+/O WF(T,U(T))dT} ds + u(0). (6)
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From integral boundary condition of our problem with using Fubini’s theorem and after
some computations, we get:

u(0) = b/onu(s)ds

= b/on [/OS (SF_(:)_:Jr;)l [A(r,u(r)) + /OTB(T, o,u(o))do

+ /1 C(r,o,u(o))do + /OT (T}g/);_lF(a, u(a))da} dr} ds + bnu(0)

_ // _yf; L A(r u(r))drds

V_:;ﬁ 1/ B(r,o,u(o) da—i—/ C(r,o,u(0))do]drds

af [t
o o e

_ / / (&= D) Al ()

I'(v+p)

+b/ / Uf; 1ds[/0TB(r,a,u(a))dadr+/01 C(r, 0, u(o))dodr
A

F(o,u(o))dodrds 4+ bnu(0)

S — ’I” u+ﬁ 1 r (7“ . O_)V—l
b S /0 o Flo,u(o)dodr +bu(0),
that is
b n -r) ”+ﬁ T
u(0) = 1b7)/0 NCEES)) [A —l—/ B(r,o,u(0))do
/ C(r,o,u(c d0+/ ! _(; F(o ,u(a))do}dr. (7)
0

Finally, by substituting (7) in (6) we find (3). Conversely, from 2.2 and by applying the
operator CDSfB on both sides of (3), we find

¢ 1
Cngﬁu() = CngBIgfﬁ<A(t,u(t))+/0 B(t,s,u(s))ds—i—/0 C(t, s, u(s))ds

IV F( ult )))ds +¢ D u(0)

= A(t,u(t))—l—/o B(t,s,u(s) d5+/ C(t,s,u(s))ds + Iy, F(t,u(t)), (8)

this means that u satisfies the equation in the problem (1)-(2). Furthermore, by substi-
tuting ¢ by 0 in integral equation (3), we have clearly that the integral boundary condition
in (2) holds. Therefore, u is solution of problem (1)-(2), which completes the proof. O
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Theorem 3.1. Assume that the assumptions (A1) and (A2) are satisfied and if

plloo 4 llpsllzoe + lpallne | llp2llLeB(v +1,v 4 8)
F'v+p8+1) I'(v+1DI(v+pB)
+ [b[[| 1 | Loon” TP + [l || sl oo n” TP+ + [l || pal| oo TP H!
1 —bn|l'(v+ 5+ 2)
Blllpoll o™ PR + Ly + 8+ 1) _ (©)
[1=bpD(v+ I+ B+1) — 7

K =

+

and

v+pB+1 2v+B+1
|b| 3n n Blv+1Lv+p+1) <1 (10)

M= by [F(u+6+2) B YOS NP ES I

Then the problem (1)-(2) has at least one solution u(t) on J.

Proof. Consider the operator Y : By, — By, by

- t (t _ S)l/+5*1 s 1
YTu(t) = /OW[A(S,U(S))+/O B(s,r,u(r))dr—i—/o C(s,r,u(r))dr

S(s—r)rt b " (n—r)tP
+/0 WF(T’ U(T‘))dr] ds+ 13, /0 T(v+B+1)

r 1
X[A(r,u(r))+/0 B(r,a,u(a))da—l—/o C(r,o,u(c))do

+ /OT (T_J)V_IF(o,u(o))da} dr. (11)

For any function v € C(J, X) we define the norm
lully = max{e™[lu(t)] : t € [0, 1]},
and consider the closed ball
By = {u € C(J,X) such that ||ul; < ¢}
For any ¢ € [0,7]. It is easy to see that the operator T is well-defined.

Let us define the operators T1, T2 on By, as follows

t — s v+5—1 s
Tiu(t) = A%[A(S,U(S))-F/O B(s,r,u(r))dr

1 s (8 _ ,,,.)I/*l
+/0 C(s,r,u(r))dr—i—/o WF(T,U(T))dT}dS, (12)

and

— P\t r
Tou(t) = 1_bbn /On F((77V+B)+1) [A(r,u(r))+/o B(r, 0, u(0))do

1 r (T‘ _ O_)u—l
+ /0 C(r, 0, u(o))do + /0 TF(a,u(a))da}dr. (13)
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For u,v € By, t € J and by the assumption (A2), we find

IN

IN

IN

| T1u(t) + Tou(t)]]

E(p_ gB-l
/(t(v):ﬁ)['A(S“ ||+/ I1B(s, 7, u(r))||dr

[ 10ttt [ E2 o

n ( _TV—i—B r
i [ R g A eI+ [ 1B o vt lde

/|Wravw o+ [ =2 (o, v(0)) do] dr
1

)
_8V+,3 s 1
[ e + [ st + [ syt

S(s—r)rt
+/0 T (s)uu(mudr}ds

u—mn/ V+B+D WM>H+A/m&ww@mw

" (r—o)p!
# [ oo+ [ o) to)do]ar

t (t . S)V+B_1 [ s
————— | |1l poe ||ul|1€® + ||| roe || ul[1 (e® — 1
/0 (v + 5) [ 21][ oo ||| (|23 o ||l 1. ( )
¥ (s — T‘)V_l

oo 3—1 oo
e (e >+mmurwh/ o

|1—bn\/ y+5+1 |’M1HL<>0||U||1€ + |3 Loe||v][1(e" — 1)

"o
+lpal[zoe[[v]]1 (" —1)+|!u2HLoo||v||1/ e"da}dr.
0 ['(v)

erdr} ds
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Therefore,
1w+ Yoy
A [ =
+H,U4HL°°”UH1( e—1) ’”2‘|L°°|’U\1/8(31:<73;1€e:dr}d8

u+ﬁ

|1—b77] 0 l/+5+1

-1 T(r—g v—1 e’
ot E 2+l ol [ DS o] ar

(" —1)
)[HMHLOOHUHl + (|3l e [[v ]2 5

I'(v)
l1llzoe + [l o + [l 22| 2o /1 VB4 v
< 1-— d
= ¢[ T(v+B8+1) ISR )
bl | e o 4 (b ||| oo TP - [b][|pra| oo TP
11— (v +p+1)
[b][[ 2| /" VB v
_ d ]
Tt + DR s gD Jy 7T
- lpallzoe + sl + llpalle | llpellreB(v +1,v+ B)
'v+p6+1) Flv+1DI(v+ 5)
|b|||M1||L<><>77”+6Jrl + bl ]| oo O A [b]||pra| e O
1 —bn|T'(v+ 8+ 2)
+ bl gl oo™ TP B(w + 1w + B+ 1)}
1—blT(v+1I'(v+5+1)
< .

This implies that (Yiu + Yov) € By,. Here we used the computations

1
/ (1- s)”+’8+1s”ds =pv+1,v+05)
0

n
/ (n— )" Prvdr = PR+ 1Lv + B+ 1),
0

and the estimations: ‘Z—: <1,%

<15 et < 1. Now, we establish that T is a contraction
mapping. For u,v € X and t € J, we have
IITzu T2U( il

_ r V+6
1 — b77| / (v+pB+1) [HA(T’ u(r)) — A(r, v(r))||

/ |B(r,o,u(o)) — B(r,o,v(0))||do + ; |IC(r,o,u(o)) — C(r,0,v(0))||do

(T_O-) — o, V(0 g |ar
+ [ (o)) - Flos vl o]
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T
—olhe” + [ Lylu—vlied
H—wﬂ/ V+5+ [ﬂm mﬂz+A allu — vl e do

(e - 1)

[l = vl

<
r(r_o.)u—l
—|—/ Lillu —wv 1e"da+/ ~ L Isllu—vl|1e%do]|dr
[ Liflu ol ) el elhetdol
b (n—r)” . .
< [ [Pl vl + £l = (e~ 1)
" (r—o)pr!
Lilu — -1 ————L|ju— %do | dr.
Ll =vlh(e = 1)+ [ L= ol e7do]ar
Thus,
I2u(t) mm»
r e’
< Llju—v|li— + L|ju —
< O (e o &+ £l
(-1, [0 e
+Llju - v +OA—TGT—MM—vad4m
< BILp s g Ly s )
- 1=y lT(v+p+2) Fv+1)I'(v+B8+1)

Then since LK < 1, T4 is a contraction mapping. The continuity of the functions A, B, C
and F' implies that the operator Y is continuous. Also, T1By C By, for each u € By,

i.e., T1 is uniformly bounded on B, as

[Tru()]l

t (t . S)u—f—ﬁ—l
A I'(v+5)

[IAGueDl+ [ 1Bl dr

1 s (8_7,.)1/—1
+ [t )+ [ E I P aras

which implies that

t (t o S)quﬁfl P ( s
Ml < [ S [l G + sl el

—1 88_741/7167‘
oy [T s
o T e

I'(v+5)

(e
+| pall oo ||l 1

S

IN

11l zoe + ||psll oo + [|pall Loo

(v)

e’ —1)

(v)
2|l B(v + 1,v + )

d
VK
0.

VANPAN

Fv+p+1)

v+ 1)I'(v+pB)

Finally, we will show that (T1By) is equi-continuous. For this end, we define

A= sup
(s,u)€J X By,

B= sup
(s,r,u)EGX By,

[A(s; w)ll;

F= sup
(s,u)€J X By,

(s, wll,

/ |B(s,r,u)||dr, C = sup / |C (s, r,u)||dr.
(s,r,u)EGX By

(14)
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Let for any u € By, and for each t1,t2 € J with ¢; < t5, we have:
[(Tru)(tr) — (Tru)(t2)||

ta _ g8l s
[ et + [ 1B ) lar

IN

1 S (g—rp v—1
+ e nalar+ [ St ds
t1 [(tl _ S)I/-‘rﬁ—l _ (tg _ S)V+,3—1]
+ v+ )
T.)I/ 1

1 S (s—r)V-
= [ce e+ [ ELD— P aras

/:2 (tzrzys—)::;ﬁ)_l [f_l +B+C+ Ff’/) /08(8 - r)”fldr] ds

t1 — s v+pB—1 _ — s v+pB—1 _ B B n s
+/0 [t =) O +(;2) ) ] [A +B+C+ Ff;) /0 (s — T)”_ldr} ds

t2 A U - —
L@Ulwﬂp+3+c+n;1&

B(ty — s)V AL — (tg — )V HA1]
+A NOE)

[IAGueDl + [ 1B () dr

IN

IN

ds

M+B+O+faiﬁps

} |:2(t2 . tl)zx-l-ﬁ + tllerﬁ o t;+5:|

IN

1 o F
—— A+ B+(C+ —
F(u+6+1)[ I'(v+1)
—>0asty — to,

this means that |Yiu(t2) — Yiu(t1)| — 0, which implies that (Y By) is equi-continuous,
then Yy is relatively compact on By. Hence by Arzela-Ascoli theorem, Y1 is compact on
By. Now, all hypothesis of Theorem 2.2 hold, therefore the operator T has a fixed point
on By. So the problem (1)-(2) has at least one solution on J. This proves the theorem.
([l

Theorem 3.2. Assume that the assumptions (A1) and (A3) are satisfied and if LK < 1.
Then the problem (1)-(2) has a unique solution on J.

Proof. Let the operator T as in Theorem 3.1. Define
Ry ={u e C(J, X): [lul| <9}

We fix ¢ > {25 where N = max{Ni, No, N3, Na}, such that Ny = sup,c ;s [|A(t,0)],

Ny = SUDte g HF(tvO)Ha N3 = SuP(¢ s)eG HB(ta 370)”7 Ny = SuP(t,s)ec ||C(t, 370)”'
Firstly, we will prove that TR, C Ry. For any u € Ry, we have
t (t _ S)V—"_B_l S
loewol < [ S 1A @) + [ 1B nat)ar
1

1 s (S _ 7‘)'/_
+/0 ||C(S,r,u(r))|]dr+/0 WMF(T,U(T))”&F ds
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|1—bn/ ,,+5+1[||A(ru H+/||Brcru())||da

/ 1C(r, 0, u(o Hda—l—/r(r;(ay))y—HF(a,u(a))Hda}dr
(L + N)K
.

Hence, TRy, C Ry.

IA A

Secondly, We shall show that T : R, — Ry is a contraction. From the assumption
(A1) we have for any u,v € Ry, and for each t € J

_ s)quﬁ*l

ot - ool < [ (t(+ﬂ>

/ |B(s,r,u(r)) — B(s,r,v(r))|dr

[A(s; u(s)) = A(s, v(s))|

_|_/0 |C(s,r,u(r)) — C(s,r,v(r))|dr

S(s—r)yr!
+/ WHF(T‘ u(r) = F(r,o(r))|dr|ds

n V+ﬂ

—i—/ HB(T’,O’,U(O’)) —B(r,a,v(a))”da
0

HA(T»U(T)) — A(r,o(r))|

1
+/0 |C(r,o,u(0)) = C(r,o,v(0))|do

" (r—o)r1
+/0 WHF(U,U(U))—F(U,U(U))Hda}dr

< LK|u—v.

Since LK < 1, it follows that Y is a contraction, from Theorem 2.1, then there exists
u € C(J,X) such that Yu = wu, which is the unique solution of the problem (1)-(2) in
C(J, X). This proof is completed. O

4. ULAM-HYERS STABILITY

In this section, we establish the Hyers-Ulam stability of the problem (1)-(2).
We say that the problem (1)- (2) has the Hyers-Ulam stability, if for all ¢ > 0 and all
function v € C(J, X) satisfying

t — s v+p—-1 S
o(t) = /O@F(V:_ﬂ)[A(s,v(s))—i-/o B(s,r,v(r))dr

1 s (S _ ,’,,)l/—].
+/0 C(s,r,v(r))dr+/0 WF(T,U(T))dT ds
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b n (77 — r)VJFﬁ r
+1 — bn/o F(V + B8+ 1) [A(T7U(T)) +/0 B(’f’, O',U(o’))do'

1 4 (7, o a)l’_l
—I-/O C(r, a,v(a))da—i—/o WF(J,U(O’))dU} dr. (15)

We define the nonlinear continuous operator A : C(J, X) — C(J, X), as follows

t 1
Bolt) = Dy o(t) - B Pt o(0) = Atv(0) — [ Bltos,o(o)ds — [ Clt.s,ofs))ds.
0 0
Definition 4.1. [19] For each € > 0 and for each solution v of the problem (1)- (2), such
that
[Av]| <, (16)

the problem (1), is said to be Ulam-Hyers stable if we can find a positive real number o
and a solution u € C(J, X) of the problem (1), satisfying the inequality

[u—2| < ae, (17)
where € is a positive real number depending on €.

Definition 4.2. [20] Let m € C(RT,R") such that for each solution v of the problem (1),
we can find a solution u € C(J, X) of the problem (1) such that

llu(t) —v(t)]| < me*, t e (18)
Then the problem (1), is said to be generalized Ulam-Hyers stable.

Definition 4.3. [19] For each € > 0 and for each solution v of the problem (1) is called
Ulam-Hyers-Rassias stable with respect to © € C(J,RT) if

|Av(t)]| < eO(t), t € J, (19)

and there exist a real number a > 0 and a solution v € C(J, X) of the problem (1) such
that

lu(t) - v(@)]| < ae.0(1), t € J (20)
where €, 1s a positive real number depending on €.

Theorem 4.1. Assume that (A1) holds, with LK < 1. The problem (1) is both Ulam-
Hyers and generalized Ulam-Hyers stable.

Proof. Let w € C(J,X) be a solution of (1), satisfying (3) in the sense of Theorem 3.2
Let v be any solution satisfying (16). Lemma 3.1 implies the equivalence between the
operators A and T — Id (where Id is the identity operator) for every solution v € C(J, X)
of (1) satisfying LK < 1. Therefore, we deduce by the fixed-point property of the operator
T that:

[o(t) =uw@I = [lv(t) = To(t) + To(t) = u(®)]]
= lo(t) - Tv( )+ To(t) = Tu(t)]]
< [To(t) = Tu@) + IITU( )=o)

< LE[u—v| +e
because LK < 1 and € > 0, we find

lu —off <

€
1- LK’
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Fixing €, = =75, and a = 1, we obtain the Ulam-Hyers stability condition. In addition,

the generalized Ulam-Hyers stability follows by taking me = —7%. O

Theorem 4.2. Assume that (A1) holds with L < %, and there exists a function © €
C(J,R") satisfying the condition (19). Then the problem (1) is Ulam-Hyers-Rassias stable
with respect to ©.

Proof. We have from the proof of Theorem (4.1),
lu(t) —v(@)] < e.O(), t € J.

where €, = ;=55 This completes the proof. O

5. EXAMPLE

Example 5.1. Consider the fractional Volterra-Fredholm integro-differential equation
(1) with condition

0.2
u(0) = 3/0 u(s)ds,

where v =08 =10.2, b =3, n =0.2. By the above, we find that K = 0.2248, K; = 1.44809.
To illustrate our results in Theorem 3.1 and Theorem 4.1, we take for u,v € X =

R* and ¢ € [0,1] the following continuous functions: A(t,u(t)) = W, F(t,u(t)) =

(3_7:72%’ B(t,s,u(s)) = e_;ft)u(s), C(t,s,u(s)) = WU(S) Then, we get

L =0.0555, K; = 1.4489, LK; =0.0805 < 1, K =0.2248 < 1, LK = 0.0125.

All assumptions of Theorem 3.1 are satisfied. Hence, there exists at least one solution on
[0,1].
By take the same functions, we result the assumption

LK =0.0125 < 1,

then there exists a unique solution on [0, 1].
In order to illustrate our stability result, we consider the same above example:

LK =0.0125 < 1.

This implies that the problem is Ulam-Hyers stable, then it is generalized Ulam-Hyers
stable. It is Ulam-Hyers-Rassias stable if there exists a continuous and positive function.

6. CONCLUDING REMARKS

In this paper, we studied the existence and uniqueness of solutions for a class of nonlinear
Caputo fractional Volterra-Fredholm integro-differential equations with the integral con-
ditions. In addition, the Ulam-Hyers stability and generalized Ulam-Hyers stability for
solutions of the given problem are also discussed. The desired results are proved by using
via using Banach and Krasnoselskii fixed point theorems.

Remark 1. By taking C' =0 and [ u(s)ds = 1, in the problem (1)-(2), the results of
reference [6] appear as a special case of our results. Also, by taking B = 0 in the problem
(1)-(2), the results of reference [25] appear as a special case of our results.
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