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DECOMPOSITION OF TENSOR PRODUCT OF COMPLETE GRAPHS
INTO CYCLES AND STARS WITH FOUR EDGES

A. P. EZHILARAST', M. ILAYARAJA? A. MUTHUSAMY'*, §

ABSTRACT. In this paper, we prove that the necessary conditions are sufficient for the
existence of a decomposition of tensor product of complete graphs into cycles and stars
with four edges.
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1. INTRODUCTION

All graphs considered here are finite and simple. Let P, C,, S, and K,, denote a path,
cycle, star and complete graph on n vertices and K, ,, denotes a complete bipartite graph
with m and n vertices in the parts. Let K,,) denote a complete m-partite graph with

n vertices in each part. We denote the cycle C} with vertices x1,xs, -,z and edges
T1X2, " , Tk—1Tk, TLT1 AS (wle ---x) and a star Spyq consists of a center vertex xg and
k end vertices x1, 2, -+ , Tk as (xo;x1, X2, -+, Tp).

For two graphs G and H, we define their tensor product, denoted by G x H, as follows:
the vertex set is V(G) x V(H) and the edge set is

E(GxH) = {(g,h)(g,h)]gg € E(G)andhh' € E(H)}.

If E(G) can be partitioned into subsets E1, Es, ..., Ej such that the subgraph induced
by E; is H;, for all ¢, 1 < i < k, then we say that Hy,..., H; decompose G and we write
G=H{ & ---® Hg. For 1 <1 <k, if H; 2 H, we say that G has a H-decomposition and
it is denoted by H|G. If G can be decomposed into g copies of H; and r copies of Ha,
then we say that G has a {qH1,rHs}-decomposition. If such a decomposition exits for all
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g and r satisfying trivial necessary conditions, then we say that G has a {H, Ha} {ar}”
decomposition or complete {Hy, Ha}-decomposition.

The study of {H1, Ha} -decomposition has been introduced by Abueida and Daven [1].
Moreover, Abueida and O’Neil [2] have settled the existence of { H1, Hy} -decomposition of
K., (\) when {Hy, Ho} = {S,,,Cy} for n = 3,4, 5. Priyadharsini and Muthusamy [10] estab-
lished necessary and sufficient conditions for the existence of { Hy, Hs }-multidecomposition
of AK,, where Hy, Hy € {Cy, P,,S,}. Lee [6], gave necessary and sufficient conditions
for the decomposition of K,,, into at least one copy of each Cj, and Si. Jeevadoss and
Muthusamy [5] have obtained necessary and sufficient conditions for the existence of a
decomposition of product graphs into paths and cycles with four edges. Pauline Ezhilarasi
and Muthusamy [8] have obtained the necessary and sufficient conditions for the existence
of a decomposition of product graphs into paths and stars with three edges. Ilayaraja
et.al, [4] and Pauline Ezhilarasi and Muthusamy, [9] proved the existence of {Ps,Ss}-
decomposition of product graphs. Many other results on decomposition of graphs into
distinct subgraphs involving cycles and stars have been proved in [6,7,11-13]. In this
paper, we establish necessary and sufficient conditions for the existence of a complete
{Cy, S5 }-decomposition of K, x K.

To prove our results we state the following:

Theorem 1.1. [3] Let q and r be non-negative integers and n > m > 0. Then there exists
a complete {Cy, S5 }-decomposition of Ky, ,, if and only if one of the following holds:

(1) ¢ #0,2 and r # 1 when m,n =2 (mod 4);

(2) q,r # 1 when myn =0 (mod 2);

(3) ¢ #1 and g > % (or ) when m(or n) is odd and n(or m) =0 (mod 4).

Theorem 1.2. /5] If m = 0 (mod 4), then K,, has a {(m/4)Ky, (m? — 4m)/8)Cy}-
decomposition.

Remark 1.1. If G and H has a complete {Cy, S5 }-decomposition, then GUH = G & H
has a complete {Cy, S5}-decomposition.

Remark 1.2. If two stars with four edges have same end vertices, then they can be de-
composed into two cycles on four edges. i.e., {(ap;x1, -+ ,24), (a1;21, - ,24)} gives
{(z1a0720121), (x300240123)}. We denote such pair of stars as (ag,a1;x1, - ,24).

2. BASE CONSTRUCTIONS

In this section we prove some basic Lemmas which are required to prove our main result.

Lemma 2.1. Let ¢ and r be non-negative integers. Then there exists a complete {Cy, S5 }-
decomposition of K55 — I, with g =0 orr = 0.

Proof. Let V(G) = {1, ,x5}U{y1, -+ ,ys}. Now, {(x1;¥y2,y3,Y4,¥5), (¥2: Y1, Y3, Y4, ¥5),

(73391, Y2, Y4, Y5), (24391, 2,93, Y5), (T5391, Y2, y3,y4) } and {(y2a1y324), (Yaz1y522),
(y12yszs), (y173ys5T4), (yoxsysws)} respectively gives required stars and cycles. O

Lemma 2.2. There exists a complete {Cy, Ss}-decomposition of Kgg — I, for all non-
negative integers q,r with r # 1.

Proof. Let V(G) = {x1,--- ,z9} U{y1, -+ ,y9}. We can write Kgg — I = 2(Ks5 — 1) &
2K44. By Lemma 2.1 and Theorem 1.1, K55 — I and K44 have a complete {Cy, S5}-
decomposition and hence G has a complete {Cl4, S5 }-decomposition except (¢, ) € {(1,17),
(3,15),(15,3)}. Now, by Remark 1.2, the cycles and stars

{(x3yszays), (x1,23;Y2,Y1,y7,Y8), (5,3, Y4, Y6, Y7), (Z6; Y2, Y4, Y5,Y9), (7;Y4,Y5,Ys, Y9),
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(378;2427213,3/4,2/5)’ (5U9§2/3>y4;y57y8)7 (3/15552,953,3567358), (y1§x47$57$7;339)7
(yg;x4,x5,x7,$9), (y3;$2,$4,$6,$7), (y6;$2,$7,$8,x9), (y7;334,x6,x8,x9),

(y8; w2, 24, 5, T6), (Yo; T3, T4, T5,28), (L1393, Y5, Y6, ¥9), (2254, Ys,y7,Y0)} gives a required
decomposition for (¢,r) € {(1,17),(3,15)}.

For (¢,r) = (15,3), the required decomposition is {(x1;y2, 4,5, ¥6), (T2;¥y1,Ys5, Y6, Y7),
(w3591, Y2, Y4, y7), (02y375Y4), (Tay225Y1), (T1Y3T4Y9), (T3YsT5Y9), (T3Y6Tays), (T1Y8Tay7),

(z2y86Y9), (T7Y578Y9), (T5y6sy7), (T7yY6Toys), (T6ysToy7), (Tey1T7Y2), (T8Y329Y4),
(x6y3x7ya), (x8y179y2)}. Hence Kgg9 — I has a complete {C4, S5 }-decomposition. O

Theorem 2.1. Let q and r be non-negative integers. There exists a complete {Cy, S5}-
decomposition of Kp, — 1 form = 1 (mod4) withr # 1 and ¢ = 0 or r = 0 when
n =>5.

Proof. When n = 5,9, the proof follows from Lemmas 2.1 and 2.2.

When n > 9, le n = 4k + 9, k € Z* and V(G) = V(K,,, — I) = X UY, where
X =A{zo,z1, - ,xap+8} and Y = {yo,y1, - , Yak+s}. Partition the sets {z1,z2, -+, T4x}
and {y1,y2, -+ ,yax} into 4-subsets X; and Y;, where ¢ = 1,2,---  k respectively. Then
G X;U{zo},YiU{yo}] = K55 —1I and G[X;,Y;] = K44 for all i # j. Therefore, K, , — I =
k:(K575 — I) D k(kﬁ — 1)K474 D (K979 — I) D 2]€K874. By Theorem 1.1, Lemma 2.2 and
Remark 1.1, k(k — 1)K44 @ (K99 — 1) @ 2kKg4 can be decomposed into « copies of
Cy and 4k% + 12k + 18 — « copies of S5, where 0 < a < 4k% + 12k + 18. By Lemma
2.1, k(K55 — I) can be decomposed into 55 copies of Cy and 5(k — () copies of S5 with
0 < B8 < k. Hence by Remark 1.1, K, , — I can be decomposed into ¢ copies of C4 and
r(= n(k 4+ 2) — q) copies of S5 with 0 < ¢ < n(k + 2). Thus K,,, — I has a complete
{C4, S5 }-decomposition. O

Lemma 2.3. Let ¢ and r be non-negative integers. Then there exists a complete {Cy, S5 }-
decomposition of P3 x Ks, with ¢ =0 orr =0.

Proof. Let V(P3x K3) = {x;; : 1 <4,5 < 3}. Now, the cycles and stars {(x1,122,223,122,3),

(1222173 2%23), (71,3%21733%2,2)} and {(22,1; 71,2, 713,232, 733), (T2,2; 1,1, 71,3, T3,1,

x33), (T2,3;%1,1,%1,2, 23,1, %3,2)} respectively gives the required decomposition of P3 x K.
]

Lemma 2.4. Let ¢ and r be non-negative integers. Then there exists a complete {Cy, S5 }-
decomposition of Py x Ky with r # 1.

Proof. Let V(P3; x K5) = {x;; : 1 <1i < 3,1 < j <5}. Then the required complete
{C4, S5 }-decomposition is given below:
(1) ¢ =10 and r = 0. The required cycles are
(961,1332,4353,3362,5), ($1,29€2,5963,4332,1), (961,3%2,4333,1962,5), (961,4162,5563,2562,1)7
(X1,102,223.4%2.3), (T1,2%2,3T35%2.4), (T1,522,1233%22), (T1,322,1235T2,2),
(T1,4220731%2,3), (X1,522,3732%2.4)-
(2) ¢ =8 and r = 2. The required cycles and stars are
(IE1,1332,4CB3,35U2,5), ($1,2£U2,5333,4£II2,1), (£U1,3!E2,4$3,11L‘2,5), (551,4362,5963,2332,1)7
(X1,102,223.4%2,3), (1202323 5%24), (T1,4T22%31023), (T1,5223%32%725),
(2,15 21,3, 715,733, 235), (T2,2; 71,3, 71,5, £3,3, T3,5)-
(3) ¢ =7 and r = 3. The required cycles and stars are
(T1,102,473,1%2,5), (T1,2T25234%2,1), (T1,3T25233%2,1), (T1,4T25232%2,1),
(T1,422731%2,3), (T1,5T23232%24), (T1,5T2,1235%2,2), (T2,2;T1,1, 1,3, 3,3, L3.4),
(w2,3;1,1, 21,2, T24, T25), (T2,45T12,21,3,733,T35)-
(4) ¢ = 6 and r = 4. The required cycles and stars are
(1,102,473 3%25), (T1,2025234%2,1), (T1,3024%31%25), (T1,4T25232%2,1),
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(961,3332,1353,5362,2), (561,5362,1363,3@,2), (952,2; T1,1,L1,4, 23,1, iU3,4),
(332,3;901,1,361,2,331,4,9655), (962,4;1»'1,2,%1,5,$3,2,$3,5), (332,3;963,17303,27333,4,363,5)-
(5) ¢ =5 and r = 5. The required cycles and stars are
(IE1,1332,4$3,35€2,5), (1‘1,2$2,5$3,4IE2,1, $1,2)a ($1,3$2,4333,11‘2,5), (331,41‘2,55E3,2£172,1),
(x1,5T2,12733%2,2), (T2,1;%1,2, 21,3, ¥34,%3,5), (T2,2;T1,3,L1,4,L3,1,L35),
(2,3; 1,4, 21,5, 23,1, %3,2), (T2,4;%1,1,%1,5,%3,2,%33), (T2,5;T1,1,L1,2,L33,L34)-
(6) ¢ =4 and r = 6. The required cycles and stars are
(1,102,473 3%25), (T1,2T25234%2,1), (T1,3024%31%25), (T1,4T25232%2,1),
(902,1;96‘1,3,561,5,903,3,»’63,5), (932,2;$1,3,901,5,933,37563,5), (1‘2,2;931,1,$1,4,1?3,1,933,4),
(w2,3;1,1, 21,2, 01,4, T1,5), (T2,45T12,%15,732,235), (T2,3;23,1,232,734,T35)-
(7) ¢ =3 and r = 7. The required cycles and stars are
(r1,1722034%23), (T12723235T24), (T1,3224733%22), (T2,15T12,21,3, 1,4, T15),
(w2,1;732, 23,3, T34, 735), (T2,2;T14,%15,73,1,235), (T2,3;T14,%1,5,73,1,232),
(w2,4521,1, 215,231, 32), (T2,51,1,%1,2,71,3,T14), (T2,5;23,1,232,733,T34)-
(8) ¢ =2 and r = 8. The required cycles and stars are
(21,322,123 5%22), (T1521233%22), (T2,1;%1,2,214,232,23.4),
(22,2511, 214,231, 234), (L23;21,1,%1,2,21,4,%1,5), (2,3;231,32,234,235),
(2,45 11,212,213, T1,5), (L24;231,232,233,235), (T2,5;21,1,%1,2,%1,3,21.4),
(22,5531, 232,233, T34).
(9) ¢ =0 and r = 10. The required stars are
(962,1;$1,2,$1,3,961,4,3?1,5), (37271;963,2,963,37333,4,963,5), (3?2,2;331,1,961,3,2?1,4,961,5),
(22,2, 3,1, 23,3, €34, %3,5), (T2,3;%1,1,%1,2,1,4,%1,5), (T2,3;231,L32,L34,L35),
(x2,4;211,%1,2, 21,3, Z1,5), (T2,4;%31,%32,%33,%35), (T2,5;%1,1,%1,2,21,3,L1,4),
(w25; 3,1, 3,2, 3,3, T3.4)-
Thus the Lemma holds. O

Lemma 2.5. Let ¢ and r be non-negative integers. Then there exists a complete {Cy, S5 }-
decomposition of Py x Ky, for all odd n > 3 with r # 1.
Proof. When n = 3,5, the proof follows from Lammas 2.3 and 2.4. For n > 5,

n—>5 n—3
>(P3><K3)€B< 5 >K2,4 & (P3x Ks)

P3><K :<

n—3
@ { ZG:%KZA},Z =0 (mod 2)>4.

By Lemmas 2.3 and 2.4, P3 x K3 and P3 x K5 have a complete {Cy, S5 }-decomposition.
Also, by Theorem 1.1, K5 4 and K; 4 have a complete {Cl4, S5 }-decomposition. Hence, by
the remark 1.1, the graph P x K, has the desired decomposition. O

Lemma 2.6. There exists a complete {Cy, S5}-decomposition of K4 x Ky, for all non-
negative integers q,r with r > 4.

Proof. Let V(K4 x Ky) = {x;j: 1 <14,j <4}. We prove this in two cases as follows:
Case 1: ¢ even.

First we decompose K4 x K4 into 1855 as follows:

(561,1, T3,15L2,2, L2 4, 902,3,564,3), ($1,2, T3,2;L2,1, 223, $2,4,934,4), (CL"1,3, T3,3;L2,1, 222, 1?2,4,934,1),
(561,4, T3,4522,1,22,2,2.3, 964,2), {(934,1; €22,223,L24, $3,4), (904,2; L2,1,L2,3,L24, 963,3),

(4,33 2,2, X2,1, T2,4, ¥3,4), (Ta4;%22,%23,%2,1,%33), (T1,15 23,3, T34, T4,2,T4,4),

(1,2; 23,3, X34, T4,1,%4,3), (£1,33 23,1, 234,242, %44), (T1,4;233,232,T4,1,24,3),

(3,15 T1,2,T1,4, 24,2, Ta4), (T32;T1,1,%1,3,T4,1,24,3)}. By Remark 1.2, the above stars give
required even number of cycles with ¢ < 8.



630 TWMS J. APP. AND ENG. MATH. V.13, N.2, 2023

By applying Remark 1.2 in the following decomposition, we get the required number of
cycles and stars for ¢ > 8.

{($3,1$1,2$3,4$1,3), ($4,1$1,3$3,2$1,4), ($4,1$2,23€4,4$3,2)a (1?4,1%2,41‘4,2333,4)» ($4,2$1,4$3,1332,3)>
(:134,4561,2%4,1%2,3), ($1,17 T3,1522,2, 2,4, 4,2, 964,4% (1‘1,2, 23,25 22,1, 22,3, T4,1, 1‘4,3),
(£E1,3,IL‘3,3;$2,2,$2,4,$4,2,5U4,4), (1131,4,1‘3,4;$2,1,$2,3,$4,1,$4,3), (561,1;ZL‘2,31‘3,2,$3,4,$4,3),
(2,13 21,3, ¥3,3, T4,2, Ta,4), (X333 21,1, 21,2, T1,4,24,1), (T4,3;T2,1,T22%24,23,1)}-

Case 2: ¢ odd.

By applying Remark 1.2 in the following decomposition, we get the required number of
cycles and stars for ¢ =1, 3, 5.

{(z2124202 4743), (71,2, 7223233, T34, T4,1,%4,3), (T1,4,T24; 231,732,733, T4,1),

(1,13 2,2, X2,4, 3,2, ¥4,3), (T1,2; 2,1, %23, T2.4,%3,1), (1,35 2,1, 2.2, T2.4,234),

(1,43 22,1, T2,2, ¥2,3, ¥4,3), (2,13 23,2, 23,3, L34, %44), (2,35 21,1, 23,1, T4,2,T4,4),

(3,13 21,3, ¥2,2, ¥4,3, T4,4), (2323213, 22,3, T4,3, T44), (335 1,1, T4,1,T4,2,T4,4),

(3,43 %1,1, ¥2,3, ¥4,2, ¥4,3), (T4,13%1,3, 22,3, 23,2, 234), (T4,2; 21,1, 21,3, T14,23,1),
(xa,45211,21,2,21,3,T22)}-

By applying Remark 1.2 in the following decomposition, we get the required number of
cycles and stars for ¢ = 7,9, 11.

{(z1 022123 2%2,3), (21,322,203 3%2.4), (€1,104,2%1,323,2), (T1,204,3%1,4733), (T2,204,123274,3),
(332,1334,4153,1%4,2), (1172,4334,233374334,3)7 (172,27372,3;331,1,$1,4,Jf3,17f133,4)7

(1,2, 01,35 3,1, T34, T4,1, Ta4)s (T1,15233, T34, T4,3,Ta4), (T1,4503,1, 232, T4,1,T4,2),

(2,15 71,3, 1,4, 4,3, Taa), (T2,43 01,1, 21,2, T4,1,T4,2), (T4,1; 2,3, T2,4, T3,3, T3,4),

(4,2; 21,231, %2,3,%3,3), (Ta,4;T22,223,232,233)}.

For ¢ = 13, the required decomposition is given below.

{(aa21 303.421,1), (T4,221,1033%2,1), (€4,371,4%2,323,4), (T4,4012%4,172,3), (T2,3%1,222,44,2),
(363,3362,4%4,1302,2)7 (363,4364,1363,2372,1), (304,2903,4962,2563,1)7 (364,4963,2302,3903,1), ($2,1$1,3$2,2$1,4)7
($3,1$1,3UC3,2$1,4), (364,1:101,3!134,2361,4), (9U4,3902,1£U4,4£B2,2)7 (961,1;1'2,2,362,3,%2,4,353,2),

($1,2; T21,%3,1,23,3, 953,4), (162,4; Z1,3, 23,1, 23,2, $4,3), (963,3; T1,4,%4,1,24,2, 164,4),

(43521,1, 21,2, 3,1, T32) }- a

Lemma 2.7. There exists a complete {Cy, Ss}-decomposition of Cy x Cy, for all even
integer ¢ > 0.

Proof. Let V(Cy x Cy) = {z;; : 1 <i,j <4}. The Ss-decomposition of Cy x Cy is given
below.

(1,1, 23,13 T2,2, T2 4, 4,2, T44), (T1,2, 32 2,1, 723, T4,1,74,3),

(713,335 2,2, T24, T4,2,T44), (T1,4, 7345221, 72,3, T4,1,243).

By Remark 1.2, the pair of stars given above gives the required decomposition. O

Lemma 2.8. There exists a complete {Cy, Ss}-decomposition of Cy x Ky, for all even
integer q > 0.

Proof. Let V(Cy x K4) = {x;j : 1 <i,j < 4}. The Ss-decomposition of Cy x Ky is given
below.

(71,1, %315 T2,2, T2.4, T23, T4.3), (T1,2,732; 2,1, 223, T2.4, T4,4),
(331,3,953,3;562,17332,2,952,4,364,1), (331,4,953,4;562,1,332,2,952,3,164,2)7

(4,2, 24,45 T1,1, 71,3, 23,1, 233), (T4,1,74,3;21,2,T14,73.2,23,4)-

By Remark 1.2, the pair of stars given above gives the required decomposition. ]

Lemma 2.9. There exists a complete {Cy, S5}-decomposition of P3 x Kg, for all non-
negative integers q,r with r > 3.

Proof. Let V(P3 x Kg) = {z;; : 1 <i<3, 1<j<6}. First we decompose P3 x K¢ into
1555 as follows:



A. P. EZHILARASI, M. ILAYARAJA, A. MUTHUSAMY: {C4, S5}-DECOMPOSITION OF K,, x K, 631

(722,245 71,1, 71,3, 3,1, 233), (T2,5,2,6; 21,1, T1,3, 73,1, T3,3),
(331,6,963,6;$2,17$2,2,332,3,902,4), (331,5,963,5;902,173?2,2,962,4,902,6),

(71,4, 73,45 T2,1, 2,2, 2.3, 26), (T1,2, 73,25 T2,3, T2,4, T2,5, T2,6),

{(z21; 212, 21,3, 232, 33), (2,3, 21,1, 21,5, 23,1, 235), (T2,5;T1,4,T1,6,L34,236) ]}

The above pairs of stars gives required even number of cycles and the following set of cycle
and stars gives the required decomposition for the remaining choices of ¢.

{(z1 022573 2723), (72,1, 22,65 21,2, 1,4, 32, 234), (T2,1,T22; 21,3, 71,6, L33, 23,6)
(562,2,902,3;931,1,I1,4,953,1,$3,4), ($2,4,902,5;931,1,5'31,3,953,1,55‘3,3),
(561,5,903,5;962,1,562,2,962,4,962,6), (552,3;$1,5,$1,6,$3,5,$3,6), (332,4;551,2,$1,6,$3,27553,6)7
(562,5;901,4,931,6,563,4,903,6), (932,6;561,1,:E1,3,933,1,~’C3,3)}- U
Lemma 2.10. There exists a complete {Cy, S5}-decomposition of K4 x Kg, for all non-
negative integers q,r with r > 9.

Proof. Since K4 x Kg = 3(P3 x Kg) and P3 x Kg has a complete {Cy, S5 }-decomposition
(by Lemma 2.9), by Remark 1.1, K4 x K¢ has a complete {Cy, S5 }-decomposition. ]

Lemma 2.11. There exists a complete {Cy, S5}-decomposition of K5 x Kg, for all non-
negative integers q,r with r # 1.

Proof. Since K5 x K¢ = 5((P3\E(3S5) @ 3S5) x Kg), as in Lemma 2.9 we have a re-
quired decomposition of 5((P3\FE(3S5)) x Kg). Now, we decompose 3S5 x Kg into 1555-
decomposition as follows:

(361,1, T4,15%3,2,23,3, L5,2, 365,3), (331,3, T43;%3,1,L3,5,T5.1, 965,5), (331,5, T45523,4,L3,65L5,4, $5,6)7
{(w2,15 21,2, 21,3, 73,2, T33), (T4,1521,2, 71,3, T2,2, T2,3), (T5,15 2,2, T2,3, 73,2, 73,3) }
{(w2,3521,1, 21,5, 23,1, T35), (T4,3521,1, 01,5, T2,1, T2,5), (U531 T2,1, T3, 23,1, T3,5) }y

{(wa55 014,216,034, 736), (Ta55%1,4,T1,6,224,%2,6), (555 T24,T2,6, 3,4, 3,6)}. From the
stars {(22,15 21,2, 71,3, 3,2, 73,3), (T41521,2, 01,3, 02,2, ¥23), (T513 22,723, 732,733)} We
have the cycles {(21,2%2,121,374,1), (¥2,204,122,3%51), (T32751733%21)}-

So from the above pair of stars and 3-sets of stars we can get a complete {Cy,Ss}-
decomposition of 355 x K¢ (Remark 1.2). Hence by Remark 1.1, K5 x K¢ has a complete
{C4, S5 }-decomposition. O

Lemma 2.12. Letm =0 (mod 2) andn =1 (mod 4). There exists a complete {Cy, S5} -
decomposition of K, x Ky, where q and r are non-negative integers with r % 1.

Proof. When n = 5, if m = 4,6 the proof follows from Lemmas 2.10 and 2.11. So, let
m > 6 and m = 2k. Now,

K x Kp = Ko x K5 = (K4 X K5) @ Koy X K5 & Kyg(-2) X Ks
=Ky x K5 ®@ Kyp_9) X K5 @ 5Kyg(x—2)-

By Theorem 1.2 and Lemma 2.10, K4 x Kj and Kjg(_9) have a complete {Cy, S5}-
decomposition. By applying the above recursive relation to Ks_9) X K5, we have a
complete {C4, S }-decomposition of Ky;_g) X K5. Hence by Remark 1.1, Ky, x K, has a
complete {Cy, S5 }-decomposition.

When n > 5, K, x K, = ™20 ([, . — ). By Theorem 2.1 and Remark 1.1, K, x K,
has a complete {C4, S5 }-decomposition. O

Lemma 2.13. Letm =0 (mod 4) andn =3 (mod 4). There exists a complete {Cy, S5 }-
decomposition of K, X K,, where q and r are non-negative integers with r # 1.

Proof. We can write, K, x K, = ™™=1)(p, x K,,). By Theorem 1.1, P3 x K, has a
complete {C4, S5}-decomposition and hence by Remark 1.1, K, x K, has a complete
{C4, S5 }-decomposition. O




632 TWMS J. APP. AND ENG. MATH. V.13, N.2, 2023

Lemma 2.14. Letm =1 (mod 4) andn =1 (mod 2). There exists a complete {Cy, S5 }-
decomposition of K, X K,, where q and r are non-negative integers with r # 1.

Proof. Since K,, x K, = K,, X K,;,, by applying similar proof of Lemma 2.12, we get a
required decomposition for m > 5.

When m =5, K,;, x K,, can be written as 5(P3 x K,). By Theorem 1.1 and Remark 1.1,
K, x K, has a complete {C}y, S5 }-decomposition. ]

Lemma 2.15. Let m,n =0 (mod 4). There exists a complete {Cy, S5 }-decomposition of
K, x K, where q and r are non-negative integers with r % 1.

Proof. By Theorem 1.2, K, can be viewed as () Ky ® (Lszlm)Czl and K, can be viewed
as (3)Ky & (51)Cy. So,

K, x K, = @(K4 x Kq) @ mn(m — 4)(n — 4) (Cy x Cy)
16 64
mn(m +n — 8) (Cy x K3).

32
Now, by Lemmas 2.6 to 2.8, K4 x K4, Cy x C4 and Cy x K4 have a complete {Cy, S5}-

decomposition. Hence by Remark 1.1, K,, x K, has a complete {Cy, S5 }-decomposition.
O

Lemma 2.16. Letm =0 (mod 4) andn =2 (mod 4). There exists a complete {Cy, S5 }-
decomposition of K, X K,, where q and r are non-negative integers with r # 1.

Proof. Let m =4k and n = 4l + 2. When [ =1,
K, x K, = Ky x Kg = (K4 X K6) &} (K4(k—1) X KG) & (K4,4(k—1) X K6)
= (K4 x K¢) @ (Kypr-1) % Ko) ® 6Ky 20k-1)-

By Theorem 1.1 and Lemma 2.10, Kj420x—1) and K4 X Kg have a complete {Cy, S5}-
decomposition. By applying the above recursive relation to Ky_1) X K¢, we have a
complete {C4, S }-decomposition of K41y X Kg. Hence by Remark 1.1, K, x Kg has a
complete {Cy, S5 }-decomposition.
When [ > 1,
Kp X Knp =Ky X Ky @ Ky X Kyg-1y42 © K X K4q-1)424
=Km X Ky @& Ky X Kyq-1y12 & mE(_1)41-2) 4-

By Theorem 1.1 and Lemma 2.15, K (,,_1)(41—2)4 and K, x K4 have a complete {Cy, S5 }-
decomposition. Also, by applying the above recursive relation to K, X Ky_1)42, we have
a complete {Cy, S5}-decomposition of K, x Ky_1y4o. Hence by Remark 1.1, K, x Kp
has a complete {Cy, S5 }-decomposition. O

3. MAIN RESuLT
In this section we prove our main result as follows.

Theorem 3.1. Let g and r be non-negative integers. Then K,, X K, has a complete
{C4, S5 }-decomposition if and only if one of the following holds.
(1) m=0 (mod 2) andn =1 (mod 4);
2) m=0 (mod 4) and n=3 (mod 4);
1 (mod 4) andn=1 (mod 2);
=0 (mod 4);
0 (mod 4) and n =2 (mod 4).
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Proof. Necessity. Since K, x Ky is (n — 1)(m — 1)-regular with mn vertices, 4|"§* (m —
1)(n — 1). The values of m and n satisfying the above condition fallen in one of the
following:

(1) m=0 (mod 2)and n=1 (mod 4),
(2) m=0 (mod4) and n =3 (mod 4),
(3) m=1 (mod4) and n=1 (mod 2),
(4) myn=0 (mod 4),
(5) m=0 (mod 4) and n =2 (mod 4).
Sufficiency. Sufficiency follows by Lemmas 2.12 to 2.16. g

4. CONCLUSION

In this paper, we proved that the necessary condition mn(m — 1)(n —1) =0 (mod 8)
is sufficient for the existence of a decomposition of tensor product of complete graphs into
cycles and stars with four edges. Further, research on the existence of such decomposition
of product graphs into cycles and stars of higher length [ > 4 is under progress.
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