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MIDDLE GRAPH OF SEMIRING VALUED GRAPHS
A. TAMILSELVI**, M. PONNI!, §

ABSTRACT. In this paper, we define middle graph of semiring valued graph M(GS) and
study the regularity of M(G®°) where G° is the semiring valued graph (or simply S-
valued graph).
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1. INTRODUCTION

The middle graph M(G) of a graph G is an intersection graph Q(F') on the vertex set
V(@) of any graph G. Let E(G) be an edge set of G and F = V'(G) U E(G), where V'(G)
indicates the family of all one vertex subsets of the set V(G). This concept was introduced
by T. Hamada and I. Yoshimura [1] and studied by V.R. Kulli and H.P. Patil.

Jonathan S. Golan, was the first person who introduced the notion of S-valued graphs
where he defined a function g : V' xV — S such that g(vi,ve) # 0. Here V is the vertex set
of a graph G and S is a semiring. Golan consider the S-valued graph by assinging values
to the edges only. Further, M.Rajkumar, S. Jeyalakshmi and M. Chandramouleeswaran
precisely studied the graphs whose vertices and edges are assigned values from the semiring.
However, they assign values to every vertex of G and the edges of G are assigned values
according to the minimum value of vertices incident with the edges.

This motivated us to study the middle graph of graphs whose vertices and edges are
assigned values from the semiring S. However, we assign values to every vertex of a middle
graph of S-valued graph as same as in S-valued graph whenever vertex lies in G. Otherwise
we assign the value of the vertex to be the value of its corresponding edge. We also assign
the value for edges in M(G) in relation to values of vertices incident with that edges.

2. BASIC DEFINITIONS

In this section, we recall some basic definitions from the theory of semirings and .S-
valued graphs. [2].
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Definition 2.1. [1] Let G = (V, E) be a graph with E # (). The middle graph of a graph
G, denoted by M(G), is the graph whose vertex set is Vs and edge set is Eyp, where
Vi =V U{e! = [vi,v)] : (vi,v;) € E} and Epp = {(e, f) : € and f are adjacent}.

Note: Adjacent in the sense that the corresponding edges are adjacent in G (in case of
both vertices are edges). Otherwise, one is a vertex and the other is an edge incident with
it.

Example 2.1. Middle graph of the graph G.

G M(G)

Definition 2.2. A semiring (S,+,) is an algebraic system with a non-empty set S to-
gether with two binary operation + and . such that

1. (S,+) is a commutative monoid.

2. (S,-) is a semigroup.

3. For all a,b,ce S;a-(b+c¢)=a-b+a-cand (a+b)-c=a-c+b-c.
4.0-x=2-0=0,Vx es.

Example 2.2. (Mayxo(R"),+,) - Set of all 2 x 2 matrices whose entires are positive real

numbers forms semiring under matriz addition and matriz multiplication which is not a
TIng.

Definition 2.3. Let (S,+,-) be a semiring. =< is said to be a Canonical preorder if for
a,be S;a=X0bif and only if there exist c € S such that a +c=b.

Example 2.3. Let us take a semiring N U {0}. 1 < 2 because there exists 1 € IN U {0}
such that 1+1=2. But 1 £ 0.

Example 2.4. Let (S,+,-) be a semiring with binary operations ‘+’and *.’defined by the
following Cayley tables.

+10lalb|c -1 0lalb|c
0|10la|b|c 0101000
a lalal|lblc al0|alala
b|b|b|blc blO0|la|al|a
clclcleld clO0|lalala

Clearly, 0 20,0=2a,0=b,0<c¢c,a=a,a=ba=¢c,b=<bb=<c,c=<cc=b.
Definition 2.4. Let G = (V,E) be given graph with both V,E # 0. For any semiring
(S,+,-), a semiring-valued graph (or a S- valued graph), G°, is defined to be the graph
G% = (V,E,0,v), where 0 : V — S and v : E — S is defined to be
min{o(x),o(y ifo(x) Xo(y) oro(y) 2 o(x
w(%y):{ {o(z),0(y)} (z) 2 a(y) oro(y) 2 o(x)

0 otherwise
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Remark 2.1. The vertices and edges of G° are the vertices and edges as in its underlying
graph G. Since every semiring posses a canonical pre-order, o, are well defined. In
general, both vertices and edges of a S-valued graph have values in the semiring S, called
S-values. We call o, a S-vertex set and 1), a S-edge set of S-valued graph G5 .

Example 2.5. Consider the semiring with the canonical pre-order = given in Erample
2.4. Let G = (V, E) be the graph with V = {vi,v2,v3,v4} and E = {(v1,v2), (v1,v3),
(v3,v4)}. Corresponding to the graph G, we define the S-graph G° as follows:

Define o : V. — S and ¢ : E — S by o(v1) = o(v3) = a;0(v2) = b;o(vs) = ¢ and
P(vr,v2) = P(vr,v3) = P(v3, 1) = a.

U1 v1(a)

a a

Vo U3 V4 va(b) v3(a) vy(c)
G G°

Definition 2.5. Let G° = (V,E,0,%) be S-valued graph. A S-walk vg — v, in G° is an
alternating sequence of vertices and edges (vo, (o)), (e§,¥(e})), (v1,a(v1)), (€2,1(€2)),

y (Un—1,0(vn=1)), (€} _1, (el _1)), (vn, 0 (vn)), beginning and ending with vertices vy and
vy, respectively, such that v;—1 and v; are end vertices of the edge 671;71, 1< <n.

If (v, 0(v0)) = (vn,0(vy)), then the vg — v, S-walk is said to be a closed S-walk.

A vy — v, S-walk is a S-trial if any two edges in it are distinct. That is, in a S-trial,
vertices may be repeated but all the edges are different.

A vy — vy, S-walk is a closed S-trial (or a S-tour) if (vo,o(vy)) = (vn,0(vy)) and any
two edges in it are distinct.

A vy — v S-path in GY is a S-trial in which all the vertices are distinct.

A S-closed path, that is (v, o (vg)) = (vn,0(vy)) in a S-path, is called a S-cycle.
Definition 2.6. [2] Ifo(v) = a, Yv € V and some a € S, then the corresponding S-valued
graph G is called vertex reqular S-valued graph. If Y(vi,v5) = a, Y(v;,v5) € E and some
a € S, then the corresponding S- valued graph G° is called edge regular S-valued graph.

An S-valued graph G is said to be S-reqular if it is both a vertex reqular and an edge
reqular S-valued graph.

Lemma 2.1. [2] If G° is vertex reqular S-valued graph, then G° is edge regular S-valued
graph.

3. MIDDLE GRAPH OF S-VALUED GRAPHS M (G?)

In this section, we define the middle graph of S-valued graph and discuss some of its
properties.
Definition 3.1. Let G = (V, E) be a graph, G° = (V, E,0,) be a semiring valued graph
and M(G) = (Var, Epy) be a middle graph of G. Define M(G®) = (Vas, Exr,onr, ¥ar)
where o 2 Vyr — S and Y : Eyp — S are defined by

ot (v) = o(v) fveV
M Y(vi,v;) fv=el €Vy\V

nrle, f) = {min{oM(e)mM(f)} if onr(e) = on(f) or o (f) < onrle)

0 otherwise
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Remark 3.1. (1) The vertices and edges of M(G®) are the vertices and edges as in
its underlying middle graph M(G). Since every semiring posses a canonical pre-
order, oy, Yy are well defined. In gemeral, both vertices and edges of a S-valued
graph have values in the semiring S, called S-values. We call oyr, a S-vertex set
and Py, a S-edge set of S-valued graph M(G?).

(2) The number of vertices of the middle graph of S-valued graph G is twice the number
of vertices of G. i.e., |Var|ls = 2|V|.

(8) The number of edjes of the middle graph of S-valued graph G is twice the number
of edjes of G. i.e., |En|s = 2|E|.

Example 3.1. Consider a semiring as in Example 2.4. The middle graph M(G®) of the
S-valued graph G° is given by:

vi(a)

v2(b) v3(c)
GS

Theorem 3.1. The middle graph of S-cycle has atleast two S-cycles.

Proof. Consider the cycle C,, = v1, (v1,v2),v2,...,Un, (v1,v,),v1. Then we can construct
the cycles in M (C,,) as follows:

A =1, (v1,€2), €2, (e2,v2),v2, (v2,€3), -+, (€7 _1,Vp), Un, (Vn, €}), €}, (e}, v1),v1 and

B = 6%7 (6%’ 6%)’ 6%’ (egv 6%)7 6%, e ’ezfla (62717 e?), 6711’ (6?7 e%), 6%'

It is easy to observe that the S-cycle A corresponding to the cycle A is a Cégna S-cycle
and the S-cycle B corresponding to the cycle B is a C7, S-cycle. Therefore M (C?) has
atleast two S-cycles. O

Theorem 3.2. The middle graph of S-path has atleast two S-path.

Proof. Consider the path P, = vy, (v1,v2),v2, -+, (Up—1,0p), vn. Then we can construct
the paths in M(P,) as follows:

Q = v, (v1,€2), €2, (e2,v2),v2, (v2,€3),- -+, (€"_1,vp), v, and

R = 6%7 (e%v e%)a e%? (637 6%)? e%, ) (62357 62—1)7 62—1

Let us take the S-paths Q° and R® corresponding to the paths @ and R. It is easy
to observe that Q% is a Py, ;, S-path and R® is a P2 |, S-path. Therefore M(P5) has
atleast two S-paths. O

Definition 3.2. Let M(G®) = (Vir, Ear, oar, ) be the middle graph of S-valued graph
G% = (V,E,0,v). A S-valued graph M(H®) = (Pyr, Lag, Tar, Yar) s said to be S-subgraph
of M(G®) if H = (P, L) is a subgraph of G with Ta; C oar and yar C .

That is, Tm C op = Tm(v) = om(v), Yo € Py and vy C Ymr = ym(vi,v;) =
Y (vi, v5), Y(vi,v5) € L.
Definition 3.3. Let M(G®) = (Var, Ear,oa,00) be a middle graph of S-valued graph.
A S-valued graph M(H®) = (Pyr, Ly, Tar, Yar) is said to be S-subgraph of M(G®) induced
by Py if H is a subgraph of G with Pyy C Vi, Ly C Epr, mar(v) = op(v), Yu € Py and
'yM(vi,vj) = 1/)M(Ui,vj), V(vi,vj) S LM.
Example 3.2. Consider the S-valued graph G° and its corresponding its middle graph
M(G?®).
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11‘1(60 a v2(a) 7.)1(a)a a q wvy(a)

(O} (b) b V4 (b)
GS

Consider the semiring with canonical pre-order = as given in Fxample 2.4. Let
M(G) = (Var, Enr), where Vi = {v1,v2,v3,v4, €2, €3, €3, e} } and
Ey = {(7)1, 6%), (6%7 1)2), (1)27 6%), (65257 U3)7 (U37 6%), (6%, U4>7 (1)4, 6%)7 (eéllv 1)1), (6%7 e%), (6%,
4y (.2 4
€s), (e1,€1)}-
Consider the subgraph M (H) of M(G) such that Py = {v1,vs,vs, €}, €3} and
Ly = {(Ub e%)? (64117 U4)7 (U37 eg)v (ega U4)}'
Define mar(v1) = ma(va) = a,7a(vs) = b and TM(eil) = 7rm(e3) = a. Therefore,
v (V) = opr(v) for every v € Pyr. Hence Tap C opy.
Now define vas : L — S as follow ypr(vi,ef) = min{oy (v1), o0 (e)} = min{a, a}.
Similarly, yar(el, va) = yar(vs, €3) = v (€3, va) = a. Therefore vy < s
Thus the S-subgraph M(H®) = (P, Lag, Tar, ¥ar) is given by

v1(a)

Ug(b)a a U4(CL)

Definition 3.4. Let G° = (V, E, 0,1) be a S-valued graph and M (H®) = (Pyr, Ly, Tar, Yar)
be a S-subgraph of M(G®) = (Vas, Ear,on,¥ar). M(H®) is said to be a spanning S-
subgraph of M(G®) if Pyy = Vg, Lar C Eng, ar(v) = oar(v), Yo € Py and Y (vi, v5) =
Y (vi, v5), Y(vi,v5) € L.

Example 3.3. Consider the middle graph M(G®) of S-valued graph as in Example 3.2.
The spanning S-subgraph M(H®) of M(G?) is given by:

vi(a) @ va(a)
a a
a a
a

v3(b) b v4(b)

Definition 3.5. Let G° = (V, E,0,v) be a S-valued graph where (S,+,.) is a semiring
with canonical preorder <. For any s € S, Ms(G) = (o3,,%5%) is a crisp graph with vertex
set o5, ={v e Vi :s Xop(v)} and edge set Y3, = {(vi,v;) € Epr s < har(vi,v5)}.
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Example 3.4. Let S be the semiring as in Example 2.4 and let M(GS) s given by:

ul@ v2(c)  wifa) €d(@)  oo(c)
KA ] 4
es(c
@ '®; L J
v3(c) va(c) v3(c) 6§ (c) v4(c)
G° M(G®)

Suppose s = b. Then
ol ={ve Vi :b=<oyv)} = {vo,v3,04,€3, €3, €5}
o ={(e,f) € Bt : b 2 vmle, )}
= {(v2,€3), (€3, v3), (v3, €5), (€5, va), (€3, va), (v2, €3), (€3, €3). (€3, €3), (€3, €3)}

Therefore the required crisp graph My(G) corresponding to M(G®) is
v3

e3 3‘21

~
2 e vy

Theorem 3.3. Let G° = (V, E,0,v) be a S-valued graph. If M(H®) is a S-subgraph of
M(G®), then My(H) is a S-subgraph of My(G), for any s € S.

Proof. Let G° = (V, E,0,%) be a S-valued graph. Let M(H®) = (Py, Ly, Tar, Yur) be
a S-subgraph of M(G®) = (Var, Ear, o, 1ar) such that Pyy € Vi, Lys € Eng,mar C o
and yar C Y. ie., Ti(v) X op(v), for all v € Pyr, and yar(vi,vj) < ¢ar(vi,v5) for all
(vi,vj) € Ly. Let s € S, Mg(H) = (13;,73) and Ms(G) = (05,,1¢3,), where
T]?/[:{IUEPM:SjTM(U)}er?\/[:{(evf) € Ly s 2ymle f)}
oSy ={veViy:s=<oy(v)} and ¢35, ={(e, f) € E: s < ymle, f)}.

Let v e 15, = s X my(v) R opm(v) = s 2 opm(v) = v € o};. Therefore 73, C 03,.

Let (e, f) € viy = s 2 yule, f) 2 vumle, f) = s 2 Yumle, f) = (e, f) € ¢3;. Therefore
Vi C Vi

Hence M;(H) is a S-subgraph of M(G). O

4. REGULARITY OF M(G®)

In this section, we study the regularity on M (G®).

Lemma 4.1. If M(G®) is vertex reqular S-valued graph, then M(G®) is edge reqular
S-valued graph.

Proof. Since M(G®) = (Var, Epr, 001, %0s) is vertex regular S-valued graph, ops(v) =
for all v € Vj; and for some a € S. Let (u,v) € Ejs be arbitrary. Then vy (u,v)
min{oy (u), opr(v)} = min{a,a} = a. This proves M(G®) is an edge regular S-value
graph.

Il o

O a
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Remark 4.1. Converse of above lemma is not true. The following M(G®) is an edge
reqular S-valued graph but not vertex reqular S-valued graph.

v1(a)

Lemma 4.2. M(G®) is vertex reqular S-valued graph if and only if G° is vertex reqular
S-valued graph.

Proof. Assume M (G®) is vertex regular S-valued graph. Then oy (v) = a, Vo € Vyy. In
particular, o(v) = a, Yo € V. Therefore G° is vertex regular S-valued graph.

Conversely assume that G° = (V, E, 0,) is a vertex regular S-valued graph, o(v) = a
for all v € V and for some a € S. By lemma 2.1, G° is an edge regular S-valued graph and
Y(vi,v;) = a for all (vs,v;) € E. By definition 3.1, oa(v) = a for all v € Vjy. Therefore
M(G®) is vertex regular S-valued graph. O

Lemma 4.3. M(G®) is edge regular S-valued graph if and only if G° is edge reqular
S-valued graph.

Proof. Assume M (G?®) is edge regular S-valued graph. Then v/ (e, f) = a, ¥(e, f) € Ex.
By definition 3.1,

. — mindou(e). o _ min{o(e),Y(f)} ifeeV,feVy\V
pue [y = mintou(e) ow ) {mm{we),w(f)} e/ € Vi \V

By the hypothesis, we have min{c(e),¥(f)} =a, Ve € V,f € Vjy \ V. Since e and f are
adjacent in M(G?), f is an edge incident with e. So we have ¥)(f) < o(e). This implies
Y(u,v) = a, V(u,v) € E. Hence G¥ is an edge regular S-valued graph.

Conversely assume that G is edge regular S-valued graph. Then v (u,v) = a, V(u,v) €
E and for some a € S. Let (e, f) € Epr, where e, f € V.
Case(i) Ife € Vi \V, f € Viy\V, then Y (e, ) = min{on(e), onm(f)} = min{y(e), ¥(f)} =
min{a,a} = a.
Case(ii) Let e € V, f € Vay \ V. f is an edge incident with e, since e and f are adja-
cent in M(G®). So we have ¥(f) < o(e). Consider ¥ps(e, f) = min{oa(e),on(f)} =
min{o(e),y(f)} = ¢(f) = a.
In all cases, we have ¢y (e, f) = a. Hence M(G®) is edge regular S-valued graph. O
Theorem 4.1. M(G®) is S-regular if and only if G is S-reqular.

Proof. Assume M (G®) is S- regular. Then o/(v) = a for all v € V); and for some a € S.
That is, o(v) = a for all v € V. Therefore G¥ is vertex regular S-valued graph. By lemma
2.1, G° is edge regular S-valued graph. Hence G° is S-regular.

Conversely if G° is S-regular graph, then o(v) = a for all v € V and by lemma 2.1,
Y (vi,vj) = a for all (v;,v;) € E and for some a € S. By definition 3.1,

o(v) forveV
op(v) = j
P(vi,v5) forv=e € Vy\V
o (v) = a for all v € V. This implies M(G?®) is vertex regular S- graph. By lemma 4.1,
M(G®) is an edge regular S- graph. Hence M(G®) is a S- regular graph. O
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