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PAIR DIFFERENCE CORDIAL LABELING OF SOME UNION OF

GRAPHS

R. PONRAJ1∗, A. GAYATHRI2, S. SOMASUNDARAM2, §

Abstract. Let G = (V,E) be a (p, q) graph.
Define

ρ =

{
p
2

if p is even
p−1
2

if p is odd

and L = {±1,±2,±3, · · · ,±ρ} called the set of labels.
Consider a mapping f : V −→ L by assigning different labels in L to the different ele-
ments of V when p is even and different labels in L to p-1 elements of V and repeating a
label for the remaining one vertex when p is odd. The labeling as defined above is said
to be a pair difference cordial labeling if for each edge uv of G there exists a labeling
|f(u)− f(v)| such that

∣∣∆f1 −∆fc
1

∣∣ ≤ 1, where ∆f1 and ∆fc
1

respectively denote the
number of edges labeled with 1 and number of edges not labeled with 1. A graph G
for which there exists a pair difference cordial labeling is called a pair difference cordial
graph. In this paper we investigate the pair difference cordial labeling behavior of the
union of some graphs like path, cycle, star and bistar graph.
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1. Introduction

In this paper we consider only finite, undirected and simple graphs.Cordial labeling was
introduced by cachit[1]. Subsequently several authors studied cordial related labeling
[2,3,8,9]. The notion of pair difference cordial labeling of a graph was introduced in [6]
and the pair difference cordial labeling behavior of several graphs like path, cycle, star, tri-
angular snake, alternate triangular snake,quadrilatral snake, alternate quadrilatral snake,
butterfly have been investigated in [6,7]. In this paper we investigate the pair difference
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cordial labeling behavior of the union of some graphs like path,cycle,star and bistar graph.

2. Preliminaries

Definition 2.1. The union of two graphs G1 and G2 is the graph G1 ∪ G2 with V (G1 ∪
G2) = V (G1) ∪ E(G2) and E(G1 ∪G2) = E(G1) ∪ E(G2).

Definition 2.2. The subdivision graph S(G) of a graph G is obtained by replacing each
edge uv by a path uvw.
a

Definition 2.3. The graph Fn = Pn +K1 is called the fan graph.

Definition 2.4. A wheel is the graph Wn = Cn +K1 where Cn is the cycle u1u2 · · ·unu1
and V (K1) = {u}, u is the central vertex of the wheel.

Definition 2.5. The graph G1�G2 is the graph obtained by taking one copy of G1 and n
copies of G2 and joining the ith vertex of G1 with an edge to every vertex in the ith copy
G2, where G1 is graph of order n.

Definition 2.6. The graph Cn �K1 is the called the crown graph.

Definition 2.7. The graph Pn �K1 is the called the comb graph.

Definition 2.8. The bistar Bn,n is the graph obtained by joining the apex vertices of two
copies of K1,n.

3. Pair difference cordial labeling

Definition 3.1. Let G = (V,E) be a (p, q) graph.
Define

ρ =

{
p
2 if p is even
p−1
2 if p is odd

and L = {±1,±2,±3, · · · ,±ρ} called the set of labels.
Consider a mapping f : V −→ L by assigning different labels in L to the different ele-
ments of V when p is even and different labels in L to p-1 elements of V and repeating
a label for the remaining one vertex when p is odd. The labeling as defined above is
said to be a pair difference cordial labeling if for each edge uv of G there exists a label-
ing |f(u)− f(v)| such that

∣∣∆f1 −∆fc
1

∣∣ ≤ 1, where ∆f1 and ∆fc
1

respectively denote the
number of edges labeled with 1 and number of edges not labeled with 1. A graph G for
which there exists a pair difference cordial labeling is called a pair difference cordial graph.

Theorem 3.1. K1,n ∪ Pn is pair difference cordial.

Proof. Let V (K1,n) = {u, ui : 1 ≤ i ≤ n} and E(K1,n) = {uui : 1 ≤ i ≤ n}. Let Pn be the
path z1z2 · · · zn.
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Define the map f : V (S(K1,n))→ {±1,±2, · · · ,±n} by

f(u) = 2

f(ui) = i 1 ≤ i ≤ n
f(zi) = −i 1 ≤ i ≤ n− 2

f(zn−1) = −n
f(zn) = −n+ 1.

Clearly ∆f1 = n,∆fc
1

= n−1. Therefore f is a pair difference cordial labeling of K1,n∪Pn.
�

Theorem 3.2. S(K1,n) ∪ Pn is pair difference cordial.

Proof. Let Pn be the path z1z2 · · · zn. Let V (S(K1,n)) = {x, xi, yi : 1 ≤ i ≤ n} and
E(S(K1,n)) = {xxi, xiyi : 1 ≤ i ≤ n}. Note that S(K1,n) ∪ Pn has 3n + 1 vertices and
3n− 1 edges.

Case 1. n ≡ 0 (mod 4).
Define the map f : V (S(K1,n) ∪ Pn)→ {±1,±2, · · · ,±3n

2 } by

f(x) = −3n

2

f(xi) = 2i 1 ≤ i ≤ n

2

f(xn+2i
2

) = −2i 1 ≤ i ≤ n

2

f(yi) = 2i− 1 1 ≤ i ≤ n

2

f(yn+2i
2

) = −2i+ 1 1 ≤ i ≤ n

2
.

Assign the labels (n + 1), (n + 2) respectively to the vertices z1, z2 and assign the labels
−(n+1),−(n+2) respectively to the vertices z3, z4. Next assign the labels (n+3), (n+4)
respectively to the vertices z5, z6 and assign the labels −(n+ 3),−(n+ 4) respectively to
the vertices z7, z8. Proceeding like this until we reach zn.

Case 2. n ≡ 1 (mod 4).
Define the map f : V (S(K1,n) ∪ Pn)→ {±1,±2, · · · ,±3n+1

2 } by

f(x) = −3n− 1

2

f(xi) = 2i 1 ≤ i ≤ n+ 1

2

f(xn+2i+1
2

) = −2i 1 ≤ i ≤ n− 1

2

f(yi) = 2i− 1 1 ≤ i ≤ n+ 1

2

f(yn+2i+1
2

) = −2i+ 1 1 ≤ i ≤ n− 1

2
.

Assign the labels (n + 2), (n + 3) respectively to the vertices z1, z2 and assign the labels
−(n),−(n + 1) respectively to the vertices z3, z4. Next assign the labels (n + 4), (n + 5)
respectively to the vertices z5, z6 and assign the labels −(n+ 2),−(n+ 3) respectively to
the vertices z7, z8. Proceeding like this until we reach zn−1.Finally assign the label −3n+1

2
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to the vertex zn.

Case 3. n ≡ 2 (mod 4).
Assign the labels as in case 1 to the vertices x, xi, yi(1 ≤ i ≤ n) and zi, (1 ≤ i ≤ n − 2).
Lastly assign the labels −3n

2 ,
3n
2 respectively to the vertices zn−1, zn.

Case 4. n ≡ 3 (mod 4).
Assign the labels as in case 1 to the vertices x, xi, yi(1 ≤ i ≤ n) and zi, (1 ≤ i ≤ n − 3).
Finally assign the labels 3n+1

2 ,−3n−3
2 ,−3n−1

2 respectively to the vertices zn−2, zn−1, zn.
The Table 1 given below establish that this vertex labeling f is a pair difference cordial of
S(K1,n) ∪ Pn.

Nature of n ∆fc
1

∆f1

n is odd 3n−1
2

3n−1
2

n is even 3n
2

3n−2
2

Table 1

�

Theorem 3.3. K1,n ∪K2,n is pair difference cordial if and only if n ≤ 4 .

Proof. Let V (K1,n) = {u, ui : 1 ≤ i ≤ n} and E(K1,n) = {uui : 1 ≤ i ≤ n}. Let
V (K2,n) = {v, w, vi : 1 ≤ i ≤ n} and E(K2,n) = {vvi, wvi : 1 ≤ i ≤ n}. Obviously
K1,n ∪K2,n has 2n+ 3 vertices and 3n edges.

Case 1. n = 1, 2, 3, 4.
The Table 2 and Table 3 shows that K1,n ∪K2,n is pair diffrence cordial for n = 1, 2, 3, 4.

n u u1 u2 u3 u4
1 1 2
2 3 −3 2
3 4 −3 3 −4
4 4 3 5 −4 −5

Table 2

n v w v1 v2 v3 v4
1 −1 1 −2
2 2 −2 1 −1
3 2 −2 1 −1 3
4 2 −2 1 −1 3 −3

Table 3

Case 2. n ≥ 5.
Suppose f is a pair difference cordial labeling of K1,n∪K2,n. Assume that f(u) = l1, f(v) =
l2, f(w) = l3 then the maximum value of ∆f1 is attained when f(ui) = l1 − 1, f(uj) =
l1 + 1, f(vk) = l2 − 1, f(vl) = l2 + 1, f(vm) = l3 − 1, f(vn) = l3 + 1 for some i, j, k, l,m
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and n. Therefore ∆f1 ≤ 2 + 2 + 2. That is ∆f1 ≤ 6. This implies ∆fc
1
≥ 3n − 6. Hence

∆fc
1
− ∆f1 ≥ 3n − 12 > 1, a contradiction. Therefore K1,n ∪ K2,n is not pair difference

cordial for n ≥ 5. �

Theorem 3.4. K1,n ∪ S(K1,n) is pair difference cordial if and only if n ≤ 6 .

Proof. Let V (K1,n) = {u, ui : 1 ≤ i ≤ n} and E(K1,n) = {uui : 1 ≤ i ≤ n}. Let
V (S(K1,n)) = {x, xi, yi : 1 ≤ i ≤ n} and E(S(K1,n)) = {xxi, xiyi : 1 ≤ i ≤ n}. Clearly
K1,n ∪ S(K1,n) has 3n+ 2 vertices and 3n edges.

Case 1. n = 1, 2, 3, 4, 5, 6.
The Table 4, Table 5 and Table 6 shows that S(K1,n) ∪K1,n is pair diffrence cordial for
n = 1, 2, 3, 4, 5, 6.

n u u1 u2 u3 u4 u5 u6
1 −1 −2 −3
2 −2 −1 −3
3 −4 5 −3 −5
4 −6 5 7 −5 −7
5 −7 7 8 −5 −6 −8
6 −9 8 9 10 −7 −8 −10

Table 4

n x x1 x2 x3 x4 x5 x6
1 2 1 3
2 4 −4 3
3 4 2 4 −2
4 6 2 4 −2 −4
5 7 2 4 6 −2 −4
6 7 2 4 6 −2 −4 −6

Table 5

n y1 y2 y3 y4 y5 y6
1 4 −4
2 2 1
3 1 3 −1
4 1 3 −1 −3
5 1 3 5 −1 −3
6 1 3 5 −1 −3 −5

Table 6

Case 2. n ≥ 7.
Suppose f is a pair difference cordial labeling of K1,n ∪ S(K1,n). Assume that f(u) =
l1, f(xi) = li then the maximum value of ∆f1 is attained when f(ui) = l1−1, f(uj) = l1+1
and f(yk) = l2−1, f(yl) = l2 + 1 for some i, j, k and l.Therefore ∆f1 ≤ 2 +n. This implies
∆fc

1
≥ 2n − 2. Hence ∆fc

1
−∆f1 ≥ n − 4 > 1, a contradiction. Therefore K1,n ∪ S(K1,n)

is not pair difference cordial for n ≥ 7. �
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Theorem 3.5. K1,n ∪K1,n is pair difference cordial if and only if n ≤ 4.

Proof. Let V (K1,n) = {u, ui : 1 ≤ i ≤ n} and E(K1,n) = {uui : 1 ≤ i ≤ n} be the
vertex set and edge set of first copy . Let the vertex set of second copy of K1,n be
{x, xi : 1 ≤ i ≤ n} and the edge set be {xxi : 1 ≤ i ≤ n}. Note that K1,n∪K1,n has 2n+ 2
vertices and 2n edges.

Case 1. n = 1, 2, 3, 4.
The Table 7 and Table 8 shows that K1,n ∪K1,n is pair diffrence cordial for n = 1, 2, 3, 4.

n u u1 u2 u3 u4
1 3 1 2
2 1 2 3
3 2 1 3 4
4 2 1 3 4 5

Table 7

n x x1 x2 x3 x4
1 −3 −1 −2
2 −1 −2 −3
3 −1 −2 −3 −4
4 −2 −1 −3 −4 −5

Table 8

Case 2. n ≥ 5.
Suppose f is a pair difference cordial labeling of K1,n∪K1,n. Assume that f(u) = l1, f(x) =
l2 then the maximum value of ∆f1 is attained when f(ui) = l1 − 1, f(uj) = l1 + 1 and
f(xr) = l2 − 1, f(xs) = l2 + 1 for some i, j, r and s. Therefore ∆f1 ≤ 4.This implies
∆fc

1
≥ 2n− 4. Hence ∆fc

1
−∆f1 ≥ 2n− 8 > 1, a contradiction. Therefore K1,n ∪K1,n is

not pair difference cordial for n ≥ 5. �

Theorem 3.6. The union of bistar Bn,n and the path Pn , Bn,n ∪ Pn is pair difference
cordial if and only if n ≤ 5.

Proof. Let Pn be the path z1z2 · · · zn. Let V (Bn,n) = {x, y, xi, yi : 1 ≤ i ≤ n} and
E(Bn,n) = {xxi, yyi : 1 ≤ i ≤ n} ∪ {xy}. Obviously Bn,n ∪ Pn has 3n+ 2 vertices and 3n
edges.

Case 1. n = 1.
First assign the labels 2,−1 to the vertices x, y respectively. Next assign the labels 1,−2
to the vertices x1, y1 respectively. Now assign the label 1 to the vertex z1.
Case 2. n = 2.

First assign the labels 2,−2 to the vertices x, y respectively. Next assign the labels
1, 4,−1,−3 respectively to the vertices x1, x2, y1, y2. Finally assign the labels −4, 3 to the
vertices z1, z2 respectively.
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Case 3. 3 ≤ n ≤ 5.
Define the map f : V (Bn,n ∪ Pn)→ {±1,±2, · · · ,±

⌊
3n+2

2

⌋
} by

f(x) = 2

f(y) = −2

f(x1) = 1

f(x2) = 3

f(xi) = f(xi−1) + 1 3 ≤ i ≤ n
f(yi) = −f(xi) 1 ≤ i ≤ n.

Next consider the vertices zi, 1 ≤ i ≤ n. Table 9 gives the vertex labels to the vertices
zi, 1 ≤ i ≤ n for n = 3, 4, 5.

n u1 u2 u3 u4 u5
3 5 −4 −5
4 6 7 −6 −7
5 7 8 −7 −8 −7

Table 9

Case 3. n ≥ 6.
Suppose f is a pair difference cordial labeling of Bn,n ∪ Pn. There are two cases arises.
Subcase 1.n is even.
The maximum number of edges with the label 1 among the vertex labels 1, 2, 3, · · · , n2
respectively to the vertices zi, 1 ≤ i ≤ n

2 is n
2 − 1 and the maximum number of edges

with the label 1 among the vertex labels −1,−2,−3, · · · ,−n
2 to the vertices zi, 1 ≤ i ≤ n

2
respectively is n

2 − 1. Also assume that f(x) = l1, f(y) = l2 then ∆f1 = 4. Therefore
∆f1 ≤ (n2−1)+(n2−1)+4 = n+2. This implies ∆fc

1
≥ 2n−2. Hence ∆fc

1
−∆f1 ≥ n−4 > 1,

a contradiction.
Subcase 2.n is odd.
In this case one vertex label is repeated. This vertex labels gives maximum one edge with
label 1. Therefore ∆f1 ≤ (n−1

2 − 1) + (n−1
2 − 1) + 5 = n+ 2. This implies ∆fc

1
≥ 2n− 2.

Hence ∆fc
1
−∆f1 ≥ n− 4 > 1, a contradiction. Hence Bn,n ∪ Pn is pair difference cordial

if and only if n ≤ 5. �

Theorem 3.7. Fn ∪ Pn is pair difference cordial for all values of n.

Proof. Let Pn be the path z1z2 · · · zn . Let V (Fn) = {x, xi, : 1 ≤ i ≤ n} and E(Fn) =
{xxi, : 1 ≤ i ≤ n} ∪ {xixi+1 : 1 ≤ i ≤ n − 1}. Clearly Fn ∪ Pn has 2n + 1 vertices and
3n− 2 edges.
First assign the labels 1, 2, 3, · · · , n to the vertices z1, z2, z3, · · · , zn respectively and assign
the label −1 to the vertex x. Now consider the vertices xi, 1 ≤ i ≤ n.There are four cases
arises.
Case 1. n ≡ 0 (mod 4).
Assign the labels −1,−2 to the vertices x1, x2 respectively and assign the labels −4,−3
respectively to the vertices x3, x4. Now assign the labels −5,−6 to the vertices x5, x6
respectively and assign the labels −8,−7 to the vertices x7, x8. Proceeding like this until
we reach xn. In this process the vertex xn get the label −n+ 1.
Case 2. n ≡ 1 (mod 4).
As in case 1, assign the labels to the vertices xi, 1 ≤ i ≤ n. Here note that the vertex xn
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get the label −n.
Case 3. n ≡ 2 (mod 4).
As in case 1, assign the labels to the vertices xi, 1 ≤ i ≤ n. In this method the vertex xn
get the label −n.
Case 4. n ≡ 3 (mod 4).
As in case 1, assign the labels to the vertices xi, 1 ≤ i ≤ n. Note that the vertices xn−1, xn
get the label −n+ 1,−n.
The Table 10 given below establish that this vertex labeling f is a pair difference cordial
of Fn ∪ Pn.

Nature of n ∆fc
1

∆f1

n is odd 3n−1
2

3n−3
2

n is even 3n−2
2

3n−2
2

Table 10

�

Theorem 3.8. Fn ∪ S(K1,n) is pair difference cordial for all values of n.

Proof. Let V (S(K1,n)) = {x, xi, yi : 1 ≤ i ≤ n} and E(S(K1,n)) = {xxi, xiyi : 1 ≤ i ≤ n}.
Let V (Fn) = {u, ui, : 1 ≤ i ≤ n} and E(Fn) = {uui, : 1 ≤ i ≤ n}∪{uiui+1 : 1 ≤ i ≤ n−1}.
Note that Fn ∪ S(K1,n) has 3n+ 2 vertices and 4n− 1 edges. There are two cases arises.
Case 1.n is even.
Define the map f : V (Fn ∪ S(K1,n))→ {±1,±2, · · · ,±3n+2

2 } by

f(u) = 3n+ 2

f(x) = −(3n+ 2)

f(ui) = i 1 ≤ i ≤ n

2

f(un+2i
2

) = −f(ui) 1 ≤ i ≤ n

2

f(xi) =
n+ 4i

2
1 ≤ i ≤ n

2

f(xn+2i
2

) = −f(xi) 1 ≤ i ≤ n

2

f(yi) =
n+ 4i− 2

2
1 ≤ i ≤ n

2

f(yn+2i
2

) = −f(yi) 1 ≤ i ≤ n

2
.

Example 3.1. A pair difference cordial labeling of F6 ∪ S(K1,6) is shown in Figure 1.
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Figure 1

Case 2.n is odd.
Define the map f : V (Fn ∪ S(K1,n))→ {±1,±2, · · · ,±3n+1

2 } by

f(u) = −(3n+ 1)

f(x) = −(3n− 1)

f(ui) = i 1 ≤ i ≤ n+ 1

2

f(un+2i+1
2

) = −f(ui) 1 ≤ i ≤ n− 1

2

f(xi) =
n+ 4i− 1

2
1 ≤ i ≤ n+ 1

2

f(xn+2i+1
2

) = −f(xi) 1 ≤ i ≤ n− 1

2

f(yi) =
n+ 4i− 3

2
1 ≤ i ≤ n+ 1

2

f(yn+2i+1
2

) = −f(yi) 1 ≤ i ≤ n− 1

2
.

The Table 11 given below establish that this vertex labeling f is a pair difference cordial
of Fn ∪ S(K1,n).

Nature of n ∆fc
1

∆f1

n is odd 4n
2

4n−2
2

n is even 4n
2

4n−2
2

Table 11

�
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Example 3.2. A pair difference cordial labeling of F7 ∪ S(K1,7) is shown in Figure 2.

Figure 2

Theorem 3.9. Fn ∪ Fn is pair difference cordial for all values of n.

Proof. Let V (Fn) = {x, y, xi, yi : 1 ≤ i ≤ n} and E(Fn) = {xxi, yyi : 1 ≤ i ≤ n} ∪
{xixi+1, yiyi+1 : 1 ≤ i ≤ n− 1}. Clearly Fn ∪ Fn has 2n+ 2 vertices and 4n− 2 edges.
Define the map f : V (Fn ∪ Fn)→ {±1,±2, · · · ,±(n+ 1)} by

f(x) = n+ 1

f(y) = −(n− 1)

f(xi) = i 1 ≤ i ≤ n
f(yi) = −i 1 ≤ i ≤ n− 1

f(yn) = −(n+ 1).

Here ∆f1 = ∆fc
1

= 2n− 1. Hence Fn ∪ Fn is pair difference cordial for all values of n.
�

Theorem 3.10. (Cn �K1) ∪ (Pn �K1) is pair difference cordial for all values of n.

Proof. Let V ((Cn � K1) ∪ (Pn � K1)) = {xi, yi, ui, vi : 1 ≤ i ≤ n} and E((Cn � K1) ∪
(Pn � K1)) = {xixi+1, xiui, yivi : 1 ≤ i ≤ n} ∪ {yiyi+1 : 1 ≤ i ≤ n − 1}. Obviously
(Cn �K1) ∪ (Pn �K1) has 4n vertices and 4n− 1 edges.
Define the map f : V (Fn ∪ Fn)→ {±1,±2, · · · ,±(n+ 1)} by

f(xi) = i 1 ≤ i ≤ n
f(yi) = −i 1 ≤ i ≤ n
f(ui) = 2n− i+ 1 1 ≤ i ≤ n
f(vi) = −2n+ i− 1 1 ≤ i ≤ n.
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Since ∆f1 = 4n
2 and ∆fc

1
= 4n−2

2 , f is a pair difference cordial labling.
�

Theorem 3.11. Wn ∪ S(K1,n) is pair difference cordial for all values of n.

Proof. Let V (S(K1,n)) = {x, xi, yi : 1 ≤ i ≤ n} and E(S(K1,n)) = {xxi, xiyi : 1 ≤ i ≤ n}.
Let V (Wn) = {x, xi, : 1 ≤ i ≤ n} and E(Wn) = {xxi, : 1 ≤ i ≤ n} ∪ {xixi+1 : 1 ≤ i ≤
n− 1} ∪ x1xn . Note that Wn ∪ S(K1,n) has 3n+ 2 vertices and 4n edges. There are two
cases arises.
Case 1.n is even.
Define the map f : V (Wn ∪ S(K1,n))→ {±1,±2, · · · ,±3n+2

2 } by

f(x) =
n+ 2

2

f(y) = −n+ 2

2

f(xi) = i 1 ≤ i ≤ n

2

f(xn+2i
2

) = −f(xi) 1 ≤ i ≤ n

2

f(yi) =
n+ 4i

2
1 ≤ i ≤ n

2

f(yn+2i
2

) = −f(yi) 1 ≤ i ≤ n

2

f(zi) =
n+ 4i+ 2

2
1 ≤ i ≤ n

2

f(yn+2i
2

) = −f(zi) 1 ≤ i ≤ n

2
.

Case 2.n is odd.
Define the map f : V (Wn ∪ S(K1,n))→ {±1,±2, · · · ,±3n+1

2 } by

f(x) =
n+ 3

2

f(y) = −n+ 1

2

f(xi) = i 1 ≤ i ≤ n+ 1

2

f(xn+2i+1
2

) = −f(xi) 1 ≤ i ≤ n− 1

2

f(yi) =
n+ 4i+ 3

2
1 ≤ i ≤ n− 1

2

f(yn+2i−1
2

) = −f(yi) 1 ≤ i ≤ n− 1

2

f(zi) =
n+ 4i+ 1

2
1 ≤ i ≤ n− 1

2

f(zn+2i−1
2

) = −f(zi) 1 ≤ i ≤ n− 1

2

f(yn) = −n+ 3

2

f(zn) = −n+ 1

2
.
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In both cases, these vertex labeling gives that ∆f1 = ∆fc
1

= 2n. Hence Wn ∪ S(K1,n) is
pair difference cordial.

�

Example 3.3. A pair difference cordial labeling of W8 ∪ S(K1,8) is shown in Figure 3.

Figure 3

4. Conclusions

In this paper, we have studied about the pair difference cordial labeling behavior of
union of some graphs. Investigation of the pair difference cordiality of some other special
graphs are the open problems.
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