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PAIR DIFFERENCE CORDIAL LABELING OF SOME UNION OF
GRAPHS

R. PONRAJ'*, A. GAYATHRI?, S. SOMASUNDARAM?, §

ABSTRACT. Let G = (V, E) be a (p,q) graph.

Define
_ {12’ if p is even
P=19 p—

P_L if pis odd

and L = {£1,42,43,--- ,£p} called the set of labels.

Consider a mapping f : V — L by assigning different labels in L to the different ele-
ments of V when p is even and different labels in L to p-1 elements of V and repeating a
label for the remaining one vertex when p is odd. The labeling as defined above is said
to be a pair difference cordial labeling if for each edge uv of G there exists a labeling
|f(u) — f(v)| such that |Af — Age| <1, where Ay, and Ajye respectively denote the
number of edges labeled with 1 and number of edges not labeled with 1. A graph G
for which there exists a pair difference cordial labeling is called a pair difference cordial
graph. In this paper we investigate the pair difference cordial labeling behavior of the
union of some graphs like path, cycle, star and bistar graph.

Keywords: Path, star, cycle, bistar, comb, fan.

AMS Subject Classification: 05C78.

1. INTRODUCTION

In this paper we consider only finite, undirected and simple graphs.Cordial labeling was
introduced by cachit[1]. Subsequently several authors studied cordial related labeling
[2,3,8,9]. The notion of pair difference cordial labeling of a graph was introduced in [6]
and the pair difference cordial labeling behavior of several graphs like path, cycle, star, tri-
angular snake, alternate triangular snake,quadrilatral snake, alternate quadrilatral snake,
butterfly have been investigated in [6,7]. In this paper we investigate the pair difference
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cordial labeling behavior of the union of some graphs like path,cycle,star and bistar graph.

2. PRELIMINARIES

Definition 2.1. The union of two graphs G1 and Gy is the graph G1 U Ga with V(G U
G2) = V(G1) U E(G2) and E(G1 UGy) = E(G1) U E(G2).

Definition 2.2. The subdivision graph S(G) of a graph G is obtained by replacing each
edge uv by a path uvw.
a

Definition 2.3. The graph F,, = P, + K1 is called the fan graph.

Definition 2.4. A wheel is the graph W, = Cp, + K1 where C,, is the cycle uius - - - Uy Uy
and V(K1) = {u}, u is the central vertex of the wheel.

Definition 2.5. The graph G1 ® G» is the graph obtained by taking one copy of G1 and n
copies of Go and joining the it vertex of G1 with an edge to every vertex in the it copy
Go, where G1 is graph of order n.

Definition 2.6. The graph C,, ® K; is the called the crown graph.
Definition 2.7. The graph P, ® K; is the called the comb graph.

Definition 2.8. The bistar By, ,, is the graph obtained by joining the apex vertices of two
copies of K1 .

3. PAIR DIFFERENCE CORDIAL LABELING

Definition 3.1. Let G = (V, E) be a (p, q) graph.
Define
N if p is even

P72t ifpis odd
and L = {£1,+2,43,--- ,+p} called the set of labels.
Consider a mapping f : V — L by assigning different labels in L to the different ele-
ments of V when p is even and different labels in L to p-1 elements of V and repeating
a label for the remaining one vertex when p is odd. The labeling as defined above is
said to be a pair difference cordial labeling if for each edge uv of G there exists a label-
ing |f(u) — f(v)| such that }Afl —Aye| <1, where Ay, and Aje respectively denote the
number of edges labeled with 1 and number of edges not labeled with 1. A graph G for
which there exists a pair difference cordial labeling is called a pair difference cordial graph.

Theorem 3.1. K, U P, is pair difference cordial.

Proof. Let V(K1) = {u,u; : 1 <i<n}and E(Ky,)={uy; : 1 <i<n}. Let P, be the
path z129 - - - zp,.
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Define the map f: V(S(K1,)) = {£1,£2,--- ,£n} by
fw) =2
fui) = 1<i<n
f(zi) = 1<i<n-—2
f(zn-1) = —n
f(zn) =—n+1.
Clearly Ay, =n,Age = n—1. Therefore f is a pair difference cordial labeling of K7 ,, U P,.

]
Theorem 3.2. S(K;,)U P, is pair difference cordial.

Proof. Let P, be the path z12z9---2,. Let V(S(K1,)) = {z,zi,yi : 1 < i < n} and
E(S(Kiy)) = {zxi,ziy; - 1 < i < n}. Note that S(K;,)U P, has 3n + 1 vertices and
3n — 1 edges.

Case 1. n =0 (mod 4).
Define the map f: V(S(K1,)U P, ) — {£1,£2,--- a:l:%n} by

flz) =

n

= 1< < —

) <ish
f(@nsn) = - 1§z§g
n

(1): 1§1§§
Flyaen) = 2+ 1 1§i§g.

Assign the labels (n + 1), (n + 2) respectively to the vertices z1, z2 and assign the labels
—(n+1),—(n+2) respectively to the vertices z3, z4. Next assign the labels (n+3), (n+4)
respectively to the vertices zs5, zg and assign the labels —(n + 3), —(n + 4) respectively to
the vertices 27, z3. Proceeding like this until we reach z,.

Case 2. n =1 (mod 4).
Define the map f : V(S(K1,) U P,) — {£1,£2, -+, £35H} by

3n—1
f(@) =— 5
flzi) =21 1§z’§n;1
f(@ntgier) = —2i 1§Z§g%i
flyi) =2i =1 léignzl
f(y%):—Qiqu 1§i§n;1

Assign the labels (n + 2), (n + 3) respectively to the vertices z1, z2 and assign the labels
—(n), —(n + 1) respectively to the vertices z3,z4. Next assign the labels (n +4), (n + 5)
respectively to the vertices z5, 2z and assign the labels —(n 4 2), —(n + 3) respectively to
the vertices z7, zg. Proceeding like this until we reach z,,_1.Finally assign the label —%
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to the vertex z,.

Case 3. n =2 (mod 4).
Assign the labels as in case 1 to the vertices z,x;,y;(1 < i < n) and z;,(1 < i < n—2).

Lastly assign the labels —37”, 37” respectively to the vertices z,_1, 2.

Case 4. n =3 (mod 4).

Assign the labels as in case 1 to the vertices z,z;,y;(1 <7 < n) and z;,(1 <i <n—3).
Finally assign the labels 3"2+ L _3n=3 _3n-l regpectively to the vertices zn_2, Zn_1, Zn.
The Table 1 given below establish that this vertex labeling f is a pair difference cordial of

S(Kl,n) U P,.

Nature of n | A | A
fl fl
n is odd sn—l 1 3n-1

32 3 2 2
n is even 7” ”T_
TABLE 1

Theorem 3.3. K1, U K, is pair difference cordial if and only if n < 4 .

Proof. Let V(K1) = {u,u; : 1 < i < n} and E(Ky,) = {uu; : 1 < i < n}. Let
V(K2y) = {v,w,v; : 1 < i < n} and E(Kyy,) = {vv,wy; : 1 < i < n}. Obviously
K1, U K>, has 2n + 3 vertices and 3n edges.

Case 1. n=1,2,3,4.
The Table 2 and Table 3 shows that K, U Ks, is pair diffrence cordial for n = 1,2, 3, 4.

Uy | U2 | us Uy

niu

111 2

2131-3| 2

3141-3| 3|4

414 3 |5 |—-4|-5
TABLE 2

-2 1 ]|-1

Sl w3
NI DN DO

|

[\V]

—_

|

—

w

-2 1 |-1]3]-3
TABLE 3

Case 2. n > b.

Suppose f is a pair difference cordial labeling of K ,UK> j,. Assume that f(u) = {1, f(v)
la, f(w) = I3 then the maximum value of Ay is attained when f(u;) = li — 1, f(uy)
Lh4+1flog) =l—1,f(n) =la+ 1, flvp) =13 —1, f(vy) = I3+ 1 for some i,7,k,l,m
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and n. Therefore Ay <2+ 24 2. That is Ay < 6. This implies Aff > 3n — 6. Hence
A fe = Ay > 3n —12 > 1, a contradiction. Therefore K, U Ks, is not pair difference
cordial for n > 5. O

Theorem 3.4. K, US(K1,) is pair difference cordial if and only if n <6 .
Proof. Let V(K1) = {u,u; : 1 < ¢ < n} and E(Kj,) = {uu; : 1 < i < n}. Let

V(S(Kin)) = {z, 25,y : 1 <i <n}and E(S(K1,)) = {zz;,ziy; - 1 <i < n}. Clearly
K1, US(Kq ) has 3n + 2 vertices and 3n edges.

Case 1. n=1,2,3,4,5,6.
The Table 4, Table 5 and Table 6 shows that S(K7,) U K, is pair diffrence cordial for
n=123,4,5,6.

n u ui u9 us U4 us Ue
1-1]-2|-3

2| -2|-1]-3

3] —-4]1 5 | -3|-5

41-6| 5 | 7 |-=5|—-7

5| =71 7| 8 |-5|—-6|-8
6/-9] 8|9 |10]|-7|-8]|-10

TABLE 4

n|xr| ry | x| I3 T4 Is5 L6

112113

214 -413

314 2 |4 ]-2

416 2 |4 |-2|—-4

5171 2 |46 |-2|-4

6|72 |46 |—-2|—-4|—-6
TABLE 5

Y| Y2 | Y3 | Y4 | Y5 | Ye

114 |—-4

2121

3111 3 |-1

411 3 |—-1]-3

5111 3 5 | —1]-3

6|11 3 5 | —-1]-3| -5
TABLE 6

Case 2. n > 1.

Suppose f is a pair difference cordial labeling of K, U S(Kj,). Assume that f(u) =
l1, f(z;) = l; then the maximum value of Ay, is attained when f(u;) = 11 —1, f(u;) =i +1
and f(yx) =lo—1, f(y1) = la+1 for some 4, j, k and [.Therefore Ay < 24n. This implies
Afe > 2n — 2. Hence Age — Ay > n —4 > 1, a contradiction. Therefore K1, U S(Kin)
is not pair difference cordial for n > 7. g
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Theorem 3.5. K, U K, is pair difference cordial if and only if n < 4.

Proof. Let V(K1) = {u,u; : 1 < i < n} and E(Ki,) = {uy; : 1 < i < n} be the
vertex set and edge set of first copy . Let the vertex set of second copy of Ki, be
{z,x; : 1 <i < n} and the edge set be {zz; : 1 <i < n}. Note that K, UK, has 2n+2
vertices and 2n edges.

Case 1. n=1,2,3,4.
The Table 7 and Table 8 shows that K , U K}, is pair diffrence cordial for n = 1,2, 3, 4.

njiu|lu |ug | U3 | uqg

11312

211213

3121134

412111311415
TABLE 7

n T X xI9 T3 Tq

1|-3|—-1]-2

2| -1|-2|-3

3| -1|-2|-3|—-4

4| -2 |-1|-3|—-4]-5
TABLE 8

Case 2. n > b.

Suppose f is a pair difference cordial labeling of K1 ,UK7 ;. Assume that f(u) =11, f(z) =
I then the maximum value of Ay, is attained when f(u;) =i — 1, f(u;) = 1 + 1 and
f(xr) = 1o =1, f(xs) = Iz + 1 for some 7,5, and s. Therefore Ay < 4.This implies
Aff > 2n — 4. Hence Aff — Ay > 2n — 8 > 1, a contradiction. Therefore K1, U Ky, is
not pair difference cordial for n > 5. O

Theorem 3.6. The union of bistar By, and the path P, , By, U P, is pair difference
cordial if and only if n < 5.

Proof. Let P, be the path z129---2,. Let V(B,,) = {z,y,2z;,y; : 1 < i < n} and
E(Bpn) = {zxi,yyi - 1 <i <n}U{zy}. Obviously B, , U P, has 3n + 2 vertices and 3n
edges.

Case 1. n = 1.

First assign the labels 2, —1 to the vertices x,y respectively. Next assign the labels 1, —2
to the vertices z1,y; respectively. Now assign the label 1 to the vertex z;.

Case 2. n =2.

First assign the labels 2, —2 to the vertices x,y respectively. Next assign the labels
1,4, —1, —3 respectively to the vertices x1,xs2,y1,y2. Finally assign the labels —4, 3 to the
vertices 21, z9 respectively.
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Case 3. 3 <n <5.
Define the map f: V(B , UP,) — {£1,£2,--- ,+ L‘?m;ﬂ} by

f(z) =2

fly) =-2

flz1) =1

f(z2) =3

f(@i) = f(zi1) +1 3<i<n
fyi) = —f(2:) 1<i<n.

Next consider the vertices z;,1 < i < n. Table 9 gives the vertex labels to the vertices
zi,1 <i<mnforn=345.

n|u | uy | us | uq | us

3|5 |—-4]-5

416 | 7 |-6|-7

5|1 71| 8 | =7|-8]—-7
TABLE 9

Case 3. n > 6.
Suppose f is a pair difference cordial labeling of B,,,, U P,,. There are two cases arises.
Subcase 1.n is even.

The maximum number of edges with the label 1 among the vertex labels 1,2,3,---,%5
respectively to the vertices z;,1 < i < 5 is § — 1 and the maximum number of edges
with the label 1 among the vertex labels —1, -2, —3,--- , =% to the vertices 2;,1 <i < §

respectively is § — 1. Also assume that f(z) = 1, f(y) = l2 then Ay = 4. Therefore
Ap < (5-1)+(5—1)+4 = n+2. This implies Age > 2n—2. Hence Aye—Ay > n—4 > 1,
a contradiction.

Subcase 2.n is odd.

In this case one vertex label is repeated. This vertex labels gives maximum one edge with
label 1. Therefore Ay, < (252 — 1) + (%2 — 1) + 5 = n+ 2. This implies Age > 2n — 2.
Hence A fe— Ay >n—4>1, a contradiction. Hence B,, ,, U P, is pair difference cordial

if and only if n <5. t
Theorem 3.7. F, U P, is pair difference cordial for all values of n.

Proof. Let P, be the path z129---2, . Let V(F,) = {z,z;,: 1 <i < n} and E(F,) =
{zz;,: 1 <i < n}U{zizig1: 1 <i<n-—1}. Clearly F,, U P, has 2n + 1 vertices and
3n — 2 edges.

First assign the labels 1,2, 3, - ,n to the vertices z1, 29, 23, - - - , 2, respectively and assign
the label —1 to the vertex z. Now consider the vertices x;,1 < ¢ < n.There are four cases
arises.

Case 1. n=0 (mod 4).

Assign the labels —1, —2 to the vertices z1, xo respectively and assign the labels —4, —3
respectively to the vertices x3,x4. Now assign the labels —5, —6 to the vertices x5, x4
respectively and assign the labels —8, —7 to the vertices x7, zg. Proceeding like this until
we reach x,. In this process the vertex x,, get the label —n + 1.

Case 2. n =1 (mod 4).

As in case 1, assign the labels to the vertices x;,1 < i < n. Here note that the vertex z,,
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get the label —n.

Case 3. n =2 (mod 4).

As in case 1, assign the labels to the vertices z;,1 < ¢ < n. In this method the vertex z,
get the label —n.

Case 4. n =3 (mod 4).

As in case 1, assign the labels to the vertices x;, 1 < ¢ < n. Note that the vertices x,_1, T,
get the label —n + 1, —n.

The Table 10 given below establish that this vertex labeling f is a pair difference cordial
of F,, UP,.

Nature of n | Age | Ap

n 1s odd —3"2_1 3n=3
3n—2 3In—2

n is even 5
TABLE 10

Theorem 3.8. F,, U S(K ) is pair difference cordial for all values of n.

Proof. Let V(S(K1,)) ={z,2zi,yi : 1 <i<n}and E(S(K1,)) = {zzi,ziy; - 1 <i<n}.
Let V(F,) = {u,u;,: 1 <i<n}and E(F,) = {uu;,: 1 <i<n}pU{wuitr:1<i<n-—1}.
Note that F,, U S(K} ) has 3n + 2 vertices and 4n — 1 edges. There are two cases arises.

Case 1.n is even.
Define the map f: V(F, US(K1,)) — {£1,£2,--- ,:|:3”—2+2} by

f(u) =3n+2

f@) = ~(3n+2)

flus) =i 1<ict
flunsai) = — f(u;) 1<i< g

f(ﬂci)_nj;lZ 1§i§g
f(@usa) = — f(x:) 1<i<g

f(yi)—nju;z 2 1§z§g
fynsai) = —f(ys) 1<i< g

Example 3.1. A pair difference cordial labeling of Fs U S(K1) is shown in Figure 1.
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1l A

FIGURE 1

Case 2.n is odd.
Define the map f : V(F, US(K1,,)) = {£1,£2,-- ,£32H} by

Flu) = (3 +1)

fla) = —(@3n—1)
1
flug) =i 1<i<
-1
Flumesies) = — f(u) 1<i<
2
n+4;—1 n-+1
i) = ———"- 1< <
J () 5 < < 5
-1
f@nizinn) = —f(x:) 1<i< o=
47 — 1
g =23 1<i<™t
2 2
. —1
f(ynizin) = = f(yi) 1§z§n2

The Table 11 given below establish that this vertex labeling f is a pair difference cordial
of F,, U S(KL”)

Nature of n | Age | Ap
1

n is odd 47" 4”—;2

n is even 47" 4”—;2
TABLE 11
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Example 3.2. A pair difference cordial labeling of Fr U S(K7 7) is shown in Figure 2.

1l Il

FIGURE 2

Theorem 3.9. F,, U F, is pair difference cordial for all values of n.

Proof. Let V(F,) = {z,y,zi,y; : 1 < i < n} and E(F,) = {zz;,yy; : 1 < i < n} U
{zizit1, viviy1 : 1 <i <n—1}. Clearly F,, U F,, has 2n + 2 vertices and 4n — 2 edges.
Define the map f: V(F, UF,) = {£1,£2,--- ,+=(n+ 1)} by

fle)=n+1
fly) =—-(n-1)
flai) =i 1<i<n
f(yi) = —i 1<i<n-—1
flyn) = —(n+1).
Here Ay = A o= 2n — 1. Hence F}, U F,, is pair difference cordial for all values of n.

O
Theorem 3.10. (C,, ® K1) U (P, ® K1) is pair difference cordial for all values of n.

Proof. Let V((C,, ® K1) U (P, ® K1)) = {zi,yi,us,v; : 1 < i < n} and E(C, ® K1) U
(P, ® K1)) = {zizit1, xui, g0 2 1 <@ < npU{yyir1 : 1 < i < n—1}. Obviously
(Cn © K1) U (P, ® K1) has 4n vertices and 4n — 1 edges.

Define the map f: V(F, U F,) — {£1,£2,--- ,+=(n+ 1)} by

f(xi) =1 1<:<n
flyi) = —i 1<i<n
flui))=2n—i+1 1<i<n
fvi)==-2n+i—-1 1<i<n.
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Since Ay = 47” and Age = 4”2_ 2 fis a pair difference cordial labling.

Theorem 3.11. W,, U S(K ) is pair difference cordial for all values of n.

Proof. Let V(S(K14)) ={z, 25,y : 1 <i<n}and E(S(K1,)) = {zz;, ziy; 0 1 < i< n}.
Let V(Wy,) = {z,2;,: 1 <i <n}and E(W,) = {zx;,: 1 <i<n}U{zizip:1<i<
n—1} Uzz, . Note that W;, U S(K ) has 3n + 2 vertices and 4n edges. There are two
cases arises.

Case 1.n is even.
Define the map f : V(W,, U S(K1,)) — {£1,£2,--- , £35:2} by

f(z:): n—2{—2
n-+2

Fly)=-—

i) =i 1<i<g
f(x"+2l)__f(x1) 1§1§g

f(yi) nZM 1§¢§g
f(y"+2z) __f(yz) 1 SZS%

) = 5 1<i<?
f(yni2i) = —f(2) 1<i< g

Case 2.n is odd.
Define the map f : V(W,, U S(K1)) — {£1,£2,--- , £3%5H} by

fla)="23

n+1

fly) =~ 5
flx) =i 1§Z.§n—2i—1
f@nigu) = = (@) 1<i<
f(yi):% 1Si§n;1
-1
f(y%):_f(yz) 1§Z‘§n2
fley = "FEED 1zizn!
f(Z%):—f(zl) 1§Z§7’L;1

n+3

f(yn):_ 5

f(zn):_n+1
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In both cases, these vertex labeling gives that Ay, = Ay = 2n. Hence W, U S (K1)
pair difference cordial.

Example 3.3. A pair difference cordial labeling of Ws U S(K1 ) is shown in Figure 3.

FIGURE 3

4. CONCLUSIONS

In this paper, we have studied about the pair difference cordial labeling behavior

union of some graphs. Investigation of the pair difference cordiality of some other special

graphs are the open problems.
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