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COINCIDENCE POINT RESULTS FOR HYBRID PAIR OF MAPPINGS
ON A DISLOCATED METRIC SPACE ENDOWED WITH AN
ARBITRARY BINARY RELATION

S. K. MOHANTA™, P. BISWAS?, §

ABSTRACT. We introduce the notion of generalized S-contraction of Nadler type and
prove some new coincidence point results for hybrid pair of mappings in 0-complete dis-
located metric spaces endowed with an arbitrary binary relation. Our results generalize,
extend and unify several well known comparable results including Nadler’s fixed point
theorem in the setting of dislocated metric spaces. As some applications of our main
result, we can obtain several important fixed point results of multi-valued mappings sat-
isfying some contractive type conditions of Kannan type, Fisher type etc. in this new
framework. Moreover, we provide some examples to justify that the generalization is
proper.

Keywords: dislocated metric, 0-completeness, generalized S-contractions, coincidence
point.
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1. INTRODUCTION

Banach contraction principle [9] is one of the most impressing results in fixed point
theory. Because of its simplicity and usefulness it has become a popular tool for solving
various problems in nonlinear analysis. Several authors successfully extended this cele-
brated result in diverse ways. In 1994, Matthews [25] gave the concept of a partial metric
space while studying denotational semantics of data flow networks and proved the well
known Banach contraction principle in this setting. Complete partial metric space is a
useful framework to model several complex problems in theory of computation. The works
of [3, 5, 12, 18, 19, 21, 31] are viable and have opened new avenues for application in differ-
ent fields of mathematics and applied sciences. In recent investigations, the study of fixed
point theory for multi-valued mappings takes a vital role in many aspects. In this context,
Nadler [28] proved that every multi-valued contraction on a complete metric space has a
fixed point. Since then, many authors including Gordji [16], Berinde [10], Pathak [29] and
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others [13, 14, 27] studied lots of different types of fixed point theorems for single-valued
and multi-valued contractions. In 2000, Hitzler and Seda [20] introduced the concept of
dislocated metric space as a generalization of partial metric space and obtained an impor-
tant characterization of the Banach contraction principle. After that, Amini-Harandi [17]
initiated the notion of metric-like spaces. Karapinar et al.[22] noticed that the notions
of dislocated metric spaces and metric-like spaces are exactly the same. Subsequently, E.
Karapinar and others [1, 2, 15, 23, 24] considered Sehgal type contractions, F-contractive
mappings, conditionally F-contractions and established some fixed point results in dis-
located metric spaces. The study of fixed point theory combining a binary relation is a
new development in the domain of contractive type multi-valued theory. The aim of this
article is to introduce the notion of generalized S-contraction of Nadler type involving an
arbitrary binary relation and obtain some new coincidence point results for such class of
functions in dislocated metric spaces.

2. PRELIMINARIES

Let (X, d) be a metric space, CL(X) be the family of all nonempty closed subsets of X
and C'B(X) be the family of all nonempty closed and bounded subsets of X. For A, B €
CB(X), define H(A, B) = max{supd(z, B), supd(y, A)}, where d(z, B) = inf{d(z,y) :

€A yeB
y € B}. Then H is called Pompeiu-Hausdorff metric on CB(X). Let T : X — CB(X)
be a multi-valued mapping. If there exists A € (0,1) such that H(Tz,Ty) < Ad(x,y)
for all z, y € X, then T is called a multi-valued contraction. Detailed information about
the Pompeiu-Hausdorff metric can be found in [11]. In this section, we recall some basic
definitions, notations and crucial results in dislocated metric spaces.

Definition 2.1. [20] Let X be a nonempty set. A function o : X x X — [0,00) is said
to be a dislocated metric (or a metric-like) on X if for any x,vy, z € X, the following
conditions hold:

(01) o(z,y) =0 =z =y;

(02) O-(xv y) = O'(y,:L’),‘

(03) o(z,y) <o(z,2) +0(z,y).
The pair (X, o) is then called a dislocated metric (or metric-like) space.

It is valuable to note that a partial metric [25] is also a dislocated metric but the
converse is not true, in general. A trivial example of a dislocated metric which is also a
partial metric is given by o(z,y) = max{z, y}, for all z, y > 0.

The contrary situation can be illustrated by the following example.

Example 2.1. [7] Let X = {1, 2, 3} and consider the dislocated metric o : X x X — [0, 00)
given by
9
1,2) =0(2,1) = —
(12 =02 )= o
7

0(2,3)=0(3,2) = %, 0(1,3) =0(3,1) = 10

Since 0(2,2) # 0, o is not a metric and since 0(2,2) > o(1,2), o is not a partial metric.

o(1,1) =0, 0(2,2) =1, 0(3,3) =

Wl N

In a dislocated metric space (X, o), we define an open o-ball B,(z,r) for z € X and
r > 0 as follows:

By(z,r)={y e X :|o(z,y) —o(z,z) |< r}.

We now visualise the open o-balls in a particular case.
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Example 2.2. Let X := [0,1] and o(z,y) = x +y on X. Then (X,0) is a dislocated
metric space. In this case, for a € X, r > 0, we have By(a,r) = (a —r,a+71)N X.

Definition 2.2. [22] Let (X, 0) be a dislocated metric space. A subset A C X is said to
be o-open if for any a € A, there exists € > 0 such that By(a,e) C A. Also, C C X is a

o-closed subset of X if X \ C is a o-open subset of X. The family of all o-open subsets of
X will be denoted by 7.

Theorem 2.1. 7, defines a topology on (X, o).

Remark 2.1. It is worth mentioning that the open o-balls are not necessarily o-open sets
and the topology 7, is not even Ty. Also, the collection of open o-balls may not form a
base for a topology on X.

We cite an example in support of the above remark.
Example 2.3. Let X = {a,b,c,d} and o : X x X — [0,00) be given by
o(a,a) =0o(b,b) =5, o(c,c) =o0(d,d) =6, o(a,b) =0(b,a) =5, o(b,c) =0(c,b) =4
o(e,d) =o(d,c) =6, o(a,d) =0o(d,a) =7, o(b,d) =0(d,b) =7, o(a,c) =0(c,a) =4

Then, (X,0) is a dislocated metric space.
The open o-balls centred at a and radius € > 0 are as follows:

{a,b}, if 0<e<l,
Bs(a,e) = ¢ {a,b,c}, if 1<e<2,

| {a,b,¢,d},  if  e>2.
The open o-balls centred at b and radius € > 0 are as follows:

{a,b}, if 0<e<l,

Ba(ba 6) = {CL, b7 C}a ’Lf I<e< 27

{a,b,c,d}, if €e>2.
The open o-balls centred at ¢ and radius € > 0 are as follows:
{e,d}, if 0<e<2,
By(c,e) =
{a,b,c,d}, if €e>2.
The open o-balls centred at d and radius € > 0 are as follows:
{c,d}, if 0<e<l,
B,(d,e) =
{a,b,c,d}, if e>1.
Therefore, the family of all o-open subsets of X are

7o = {0, {a, b}, {c,d},{a,b,c,d}}.
Moreover, we see that the open o-balls are not o-open sets as the open o-ball By (a, %) =
{a,b,c} is not a o-open set. Also, for the pair a, b, there exists no o-open set containing
one of the points but not containing the other. This ensures that the topology T, is not
even Tj.
Finally, we note that the collection of open o-balls may not form a base for a topology on
X. Forinstance, we consider the open o-balls B,(a,2) = {a, b, ¢}, Bs(b,3) = {a, b, ¢, d}.
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Then, ¢ € By(a,2) N By(b,3) but there exists no € > 0 such that By(c,e) C By(a,2) N
By (b,3).

Remark 2.2. Let (X, 0) be a dislocated metric space, (x,,) be a sequence in X and xz € X.
Then (xy) converges to x with respect to(w.r.t.) 7, if lim o(x,,z) = o(z,x).
n—oo

Suppose that lim o(x,,z) = o(x,z). We shall show that v, - x w.r.t. 7,. Let U € 7,
n—oo

and x € U. Then there exists € > 0 such that B,(x,e¢) C U. By hypothesis, there ezists
no € N such that | o(zp,x) — o(x,z) |< € for all n > ng. This ensures that x, € By(x,¢€)
for all n > ng and hence x,, € U for all n > ng. Therefore, (x,) converges to x w.r.t. 7,
on X.

Definition 2.3. [6] Let (X,0) be a dislocated metric space and let (xy,) be a sequence in
X. Then

(i) (xn) converges to a point v € X if lim o(zy,x) = o(x,x). This will be denoted
n—oo

as lim x, = x or z, — x(n — 00).
n—oo

(13) (zn) is called a o-Cauchy sequence if lm o(zp,xm) erists and is finite.
n,M—00

(1it) (X,0) is said to be complete if for each o-Cauchy sequence (x,) in X, there is
some x € X such that im o(x,,z) =o(z,x) = lm o(zn, zm).
n—00 n,M—00

Definition 2.4. A sequence (x,) in (X, o) is called 0-Cauchy if

lim o(zp,2m) =0.
,Mm—00

The space (X, 0) is said to be 0-complete if every 0-Cauchy sequence in X converges to a
point x € X such that o(x,z) = 0.

Lemma 2.1. Let (X,0) be a dislocated metric space.
(a) (see[22]) If o(xp,z) = 0(z,2) =0 as n — oo, then o(xy,y) — o(z,y) as n — oo
for each y € X.
(b) If (X, 0) is complete, then it is 0-complete.

The converse assertion of (b) may not hold, in general. The following example supports
the above remark.

Example 2.4. [30] The space X = [0,00) N Q with the dislocated metric o(x,y) =
max {x, y} is 0-complete, but it is not complete. Moreover, the sequence (x,,) with x,, =1
for each n € N is a o-Cauchy sequence in (X, o), but it is not a 0-Cauchy sequence.

Definition 2.5. Let (X,0) be a dislocated metric space and A C X. The interior of A,
denoted by A° or Int(A) is the union of all o-open sets contained in A. Clearly, Int(A)
is always a o-open set. Moreover, A is o-open if and only if A = Int(A).

Definition 2.6. Let (X,0) be a dislocated metric space and A C X. The closure of A,
denoted by A or cl(A) is the intersection of all o-closed subsets of X which contains A.
Clearly, cl(A) is always a o-closed set. Moreover, A is o-closed if and only if A = A.

The following theorem can be obtained in a way similar to that in metric spaces.

Theorem 2.2. Let (X,0) be a dislocated metric space and A be any nonempty subset of
X. Then, A is o-closed if and only if for any sequence (zy) in A which converges to x,
we have x € A.
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Theorem 2.3. Let (X,0) be a dislocated metric space, A be a o-closed subset of X and
reX. Ifo(z,A) =0, then x € A, where o(x,A) = inf{o(x,y):y € A}.

Proof. Let o(x,A) = 0. Then for any € > 0, there exists z. € A such that o(z,z.) <
€. Therefore, for all n > 1, there exists x, € A such that o(x,z,) < % Hence,

lim o(x,x,) = 0. Again, o(x,z) < 20(z, z,) ensures that o(x,z) = 0. Thus, lim o(z,z,) =
n—oo n—oo

o(x,x) = 0. This means that (x,) converges to x. By applying Theorem 2.2, it follows
that x € A. m

We now give an example to show that the converse of the above property is not true,
in general.

Example 2.5. Let X = {a, b} and define 0 : X x X — [0,00) by
2, if x=y=a,
o(z,y) =
1, otherwise.
Then (X, 0) is a dislocated metric space. We consider X as a o-closed set and compute
o(a,X) =min{o(a,a), o(a,b)} = 1.
Thus, we find that a € X but o(a, X) # 0.

Definition 2.7. [8] Let (X, 0) be a dislocated metric space and A be a nonempty subset
of X. The subset A is said to be bounded if there exist xg € X and M > 0 such that
a € By(xo, M) for alla € A.

Let (X, o) be a dislocated metric space and CB?(X) be the set of all nonempty closed
bounded subsets of X. An element x € X is said to be a fixed point of a multi-valued
mapping T : X — 2% if x € Tx, where 2% denotes the collection of all nonempty subsets
of X. For A, B € CB?(X), define

H,(A,B) = max{supa(x B),supo(y,A)},
€A yeB
where o(z, B) = inf{o(z,y) : y € B}. Such a map H, is called the Hausdorff dislocated
metric induced by the dislocated metric o.

Lemma 2.2. [8] Let (X,0) be a dislocated metric space. For all A, B, C € CB?(X), we
have the following:
(i) Hy (A, A) = sup{a(a A):ae A};
(ii) Ho(A, B) = Hy(B, A);
(i) H,(A,B) = 0 — A=B;
(iv) Hy(A, B) < H,(A,C) + H,(C,B).

Lemma 2.3. Let (X,0) be a dislocated metric space. For any A, B € CB?(X) and any
x,y € X, we have the following:

(i) o(x,B) < o(x,b) for any b € B;

(ii) o(z,B) < Ho(A, B) for any x € A;

(iii) o(z, A) < o(z,y) +0(y, A).

Proof. (i) and (i7) are obvious. We now prove part (iii). For any z, y € X and a € A, we
have
o(z,a) < o(x,y) +0(y,a).
This implies that,
o(x,A) <o(x,a) <o(x,y) +o(y,a)
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and hence o(z, A) < o(x,y) + o(y, A). O
Lemma 2.4. [8] Let A, B€ CB?(X) and a € A. Then for all e > 0, there exists a point
b € B such that o(a,b) < H,(A, B) + €.

Let (X, o) be a dislocated metric space, p be a binary relation over X and S = pUp~1.
Then for z, y € X, xSy < (zpy or ypz). In fact, xSy = ySz for z, y € X.

Definition 2.8. (X, 0,5) is called reqular if the following condition holds:
If the sequence (uy,) in X and the point u € X are such that u,Sun41 for alln > 1 and

lim o(up,u) = o(u,u) =0, then there exists a subsequence (uy,) of (u,) such that u,,Su
n—oo

foralli>1.

Definition 2.9. Let (X,0) be a dislocated metric space and p be a binary relation over
X. Then the mapping f : X — X is called S-preserving if f maps comparable elements
into comparable elements, that is,

z,y € X, xSy = (fz) S (fy).
For subsets A, B of X, we use the following notation:

ASB < aSh forall a e A, be B.

Definition 2.10. Let (X, 0) be a dislocated metric space and p be a binary relation over
X. Then the mapping T : X — CB?(X) is called S-preserving if

Ve,y e X, xSy = (Tx)S (Ty).
Definition 2.11. Let (X, 0) be a dislocated metric space and p be a binary relation over

X. Let T : X — CB?(X) be a multi-valued mapping and g : X — X be a single-valued
mapping. Then T is called S-preserving w.r.t. g if

Vr,y € X, (92)S(gy) = (Tx) S (Ty).
Definition 2.12. Let (X,0) be a dislocated metric space and T : X — CB?(X) and

g : X — X be two mappings. If y = gr € Tx for some x in X, then x is called a
coincidence point of T and g and y is called a point of coincidence of T and g.

Theorem 2.4. [26] Let (X,d) be a metric space and let T : X — CL(X) and f : X — X
be a hybrid pair of mappings such that T(X) C f(X) and f(X) a complete subspace of X.
Assume that there exists r € (0,1) such that

H(Tz,Ty) < rd(fz, fy) (1)
forall x,y € X. Then f and T have a point of coincidence in f(X).

3. MAIN RESULTS
We begin with the following definition.

Definition 3.1. Let (X,0) be a dislocated metric space, p be a binary relation over X
and let S = pUp~t. Then the pair (T, f) of mappings T : X — CB°(X) and f : X — X
is called a generalized S-contraction of Nadler type if there exists B € (0,1) such that

Ho(Tz,Ty) < B Mo(fz, fy), (2)
for all x, y € X with (fz)S(fy) where

Mo(fz, f5) = maa{o(fo. fy). oo Ta), o(fy.Ty), TSN EUBT),)

We now present our main result.
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Theorem 3.1. Let (X, 0) be a dislocated metric space, p be a binary relation over X and
let S=pUpt LetT:X — CB?(X) and f : X — X be such that T(X) C f(X) and
f(X) a 0-complete subspace of X. Assume that T is S-preserving w.r.t. f and (T, f) is
generalized S-contraction of Nadler type. Suppose also that the following conditions hold:
(i) (X,0,9) is reqular;
(ii) there exists xg € X such that (fxo)Sz for some z € Txg.

Then f and T have a point of coincidence u(say) in f(X) with o(u,u) = 0.

Proof. Suppose there exists zo € X such that (fz)Sz for some z € Txy. If fxg €
Tz, then there is nothing to prove. So, we assume that fzg € Txg. This ensures that
o(fxo,Txo) > 0, since Txg is o-closed. Therefore, o(fxo,y) > 0 for all y € Tzy. As
Txzo C f(X) is nonempty, there exists 1 € X such that z = fx; € Tz, o(fxo, fz1) >0
and (fxo)S(fz1). If foq € Txq, then f and T have a point of coincidence in f(X). So,
we assume that fz; € Txy. Since Tz, Txy € CB?(X) and fz1 € Tzp, by Lemma 2.4,
there exists fxo € Ty for some x5 € X such that

o(far, fa) < Hy(Tro, Tan) + -0 My (fao, fn).

Since fx1 & Tz, we have o(fx1,Tz1) > 0 and consequently, o(fx1, fxe) > 0. As
T is S-preserving w.r.t. f and (fzo)S(fx1), fx1 € Txg, fre € Txp, it follows that
(fx1)S(fxe). If fog € Txo, then the theorem is proved. So, we assume that fzo & Txs.
Proceeding similarly to that of the above, there exists fzs € Txy for some x3 € X and
o(fxa, fxs) > 0 such that

J(f.%'g, f.%'3) S HU(Tacl, Txg) + # Ma(facl, fxg)

As T is S-preserving w.r.t. f and (fz1)S(fx2), fzo € Txy, fxs € Txe, it follows that
(fz2)S(fxs). Continuing in this way, we can obtain a sequence (fx,) in f(X) such that
frn € Tap_1, foy, & Txy, o(frn, frps1) >0, (fxn)S(frps1) forn=0,1,2,--- and

1-p

o(fan, frnt1) < Hy(Txp—1,Txy,) + 5 My (fxp—1, fxn), for all n € N. (3)

By using condition (2), we obtain from condition (3) that

o(frn, froy) < ﬁMa(fxn—lafxn)+¥Ma(fxn—17fxn)
- 1—{2_ﬁMJ(f$n—lafxn)’ Vn € N, (4)

where

O-(fl'nfh fxn)a O'(fl'nfl, T$n,1), O-(fmTU Tﬂjn),

My(fxn—_1, fry,) = mazx . (5)
O'(fmnflaTwn)‘i‘U(fwn;T-'Enfl)
1

We now estimate each of the terms on the right hand side of condition (5) separately.

o(frn—1,Trn1) < o(frn-1,f2n), as fo, € Toy g,

O'(fl’n, Txn) < O'(fl’n, fxn+1)7 as fxn+1 €Tz,
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and
U(fxn—laTxn) +O'(fxnaT$n—1) < U(fwn—bfxn—l—l) +U(f$n7f$n>
4 - 4
< 30'(f$n71,f$n) +O-(fxn>fxn+1)
- 4
< max{o(frp—1, fzn), o(fTn, frni1)}-
Therefore,

o(frn_1, frn),0(frn—1,Trn-1),0(fn, Txy),
O—(fxn—l7Tivn)+0'(fxn7Txn—1)
1

J(fxn—lv fxn)7 U(fxna fmn—i-l)a
max{o(frn_1, fTn), 0(fTn, fTni1)}

= maX{U(fxnfla fan),o(frn, f$n+1)}-
It maX{O—(fxnflv fxn)7 J(f$n7 f$n+1)} = O-(fmnv fxn+1)7 then
Mcr(fwnfla fl‘n) < O'(fxna f$n+1)>

which contradicts condition (4).
Therefore, max{o(fxn_1, frn),o(fzn, ftnt1)} = o(fxn-1, fr,) and hence

My (frp—1, frn) < o(frn—1, fx,), for all n € N.
So, condition (4) implies that

My(frp—1, fry,) = max

IN

max

o(Fan, frni) < 1500

By repeated use of condition (6), we get
O-(fxnaf-rnJrl) < a” O-(fx()afxl)v fO?" all n GN, (7)

where o = # € (0,1).
We now prove that the sequence (fx,) is 0-Cauchy in f(X).

(fxn—1, fxy), for all n € N. (6)

For m,n € N with m > n, we obtain by using condition (7) that

o(frn, frm) < o(frn, frni1) + o(fTni1, frni2) + -
+o(frm—2, fm—1) +o(frm_1, frm)
< [a"+ a4 k@™ 2 @™ o (o, f21)
< a"[I+a+a®+--]o(fzo, fr1)
—— o(fxo, f1)
— 0, as n — oo.

This shows that lim o(fxy,, fz,,) = 0. Therefore, (fz,) is 0-Cauchy in f(X). As

m, n—00

f(X) is O-complete, there exists u € f(X) such that lim fz, = u = ft for some t € X
n—oo

with o(u,u) = 0. That is, li_>m o(fan,u) =o(u,u) = 0.
n—oo

Moreover, since (X, o, S) is regular, there exists a subsequence (fxy,) of (fzy) such
that (fxn,)S(ft) for all ¢ € N. By condition (2), we have

H,(Txy,;,Tt) < B Ms(fxn,, ft), for all i € N.
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This gives that
o(fen,+1,Tt) < Hy(Txp,;,Tt) <  My(fxy,, ft), for all i € N. (8)
We now prove that there is k € N such that for each ¢ > k,
My(fxy,, ft) = o(ft,Tt), where

U(f‘rnw ft>7 U(fxniv Txni)v U(ft7 Tt)v

MU' ‘TTL“ t) = max ' 9
(fon,, ft) o(fan, Tt)+o(ft.Tzn,) 9)
4

We now estimate each of the terms on the right hand side of the above expression.

Suppose that o(ft,Tt) # 0. Let ¢ = % > 0. Since lim o(fzy,, ft) = 0, there
71— 00
exists k1 € N such that
o1, T)

o(fan,, ft) < 1 , for each i > k.

As o(fxn, ft) — 0, there exists ko € N such that

t, Tt
U(fxni-i-l?ft) < 0-(]04’), fOT' each 1 > ko.
So, it must be the case that

o(ft,Tan,) < o(ft, frn41) < U(fil’Tt)

As o(fan,,Tt) < o(fxn,, ft) +o(ft,Tt), it follows that
o(ft,Tt)

4
Put k = max{ki, k2}. Then, for i > k, we have

, for each i > ko.

5
o(fn,, Tt) < +o(ft,Tt) < Jo(ft,Tt), for cach i > k.

o(ft,Tt)

O—(fx'flm Txnz) < O'(f.ﬁn“ fxm—i-l) < U(fxniv ft) + U(ft7 fxni—l-l) < 9

and

o(fan,, Tt)+o(ft,Tx,,) 1,5 1 3
’ <3G TP ot T = Solf.Th) < a(f1,T0).

Then, for ¢ > k, it follows from condition (9) that M, (fzn,, ft) = o(ft,Tt). Therefore,
for ¢ > k, we obtain from condition (8) that
o(fan,+1,Tt) < Bo(ft,Tt). (10)
By condition (10), for i > k, we get

U(ft7 Tt) < U(fta fxn,-—&—l) + U(fl'ni-i—h Tt) < U(fta fxnrl—l) + 5 U(ftv Tt)

Taking limit as i — oo, we have o(ft,Tt) < fo(ft,Tt) < o(ft,Tt). Thus, we arrive at a
contradiction. Therefore, o(ft,Tt) = 0. Since Tt is o-closed, it follows that u = ft € Tt.
That is, u is a point of coincidence of f and T" with o(u,u) = 0. O

Corollary 3.1. Let (X,0) be a dislocated metric space. Let T : X — CB?(X) and
f:X — X be such that T(X) C f(X) and f(X) a 0-complete subspace of X. Assume
that there exists 5 € [0,1) such that

H,(Tz,Ty) < 8 My(fx, fy),

forallxz,y € X. Then f and T have a point of coincidence u(say) in f(X) with o(u,u) =
0.
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Proof. The proof follows from Theorem 3.1 by taking p = X x X. 0
The following result is a generalization of Theorem 2 [8].

Corollary 3.2. Let (X,0) be a 0-complete dislocated metric space and let T : X —

CB?(X) be a multi-valued mapping. Assume that there exists B € [0,1) such that
HO(Txv Ty) <pB Mo(ma y),

for all z,y € X, where My(xz,y) = max{o(z,y), o(z,Tx), o(y,Ty), W}

Then T has a fived point u(say) in X with o(u,u) = 0.

Proof. The proof follows from Theorem 3.1 by taking f = I, the identity map on X and

p=XxX. g

Corollary 3.3. Let (X,0,=X) be a partially ordered 0-complete dislocated metric space.
Let T : X — CB?(X) be a multi-valued mapping with the property that if x, y € X and
x,y are comparable, then z1, zo are comparable for all zy € Tx, zo € Ty. Assume that
there exists 8 € (0,1) such that

HU<T1'7 Ty) S /8 M0<x7 y)?

for all x,y € X with x < y ory <X x. Suppose also that the triple (X,o,=) has the
following property:

If (zy,) is a sequence in X such that li_)rn o(xp,x) = o(z,x) = 0 and ©y,, Thy1 are
n—oo

comparable for allm > 1, then there exists a subsequence () of (zn) such that x,,,x are
comparable for all i > 1.

If there exists xg € X such that xqg,z are comparable for some z € Txgy, then T has a
fized point u(say) in X with o(u,u) = 0.
Proof. The proof can be obtained from Theorem 3.1 by taking f = I and p = {(z,y) €
XxX:zx=<2yory=<ux} O

Corollary 3.4. Let (X,0) be a 0-complete dislocated metric space. Let p be a binary
relation over X and let S = pUp~t. Suppose T : X — CB°(X) is S-preserving and there
exists € (0,1) such that
HU(Txv Ty) S ﬁ MU(ivv y)a

for all x, y € X with xSy. Suppose also that the following conditions hold:

(i) (X,0,S) is regular;

(ii) there exists xo € X such that xoSz for some z € Txy.
Then T has a fized point u(say) in X with o(u,u) = 0.
Proof. The proof follows from Theorem 3.1 by taking f = 1. 0

We obtain some results as an application of Theorem 3.1.

The result stated below is a generalization of Nadler’s fixed point theorem [28].

Theorem 3.2. Let (X,0) be a dislocated metric space and let T : X — CB?(X) and
f: X — X be a hybrid pair of mappings such that T(X) C f(X) and f(X) a 0-complete
subspace of X. Assume that there exists 5 € [0,1) such that

Ho(Tz,Ty) < Bo(fz, fy)
forallx,y € X. Then f and T have a point of coincidence u(say) in f(X) with o(u,u) =
0.
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Proof. As o(fz, fy) < M,(fx, fy) for all z, y € X, the result follows from Theorem 3.1
by considering p = X x X. O

Theorem 3.3. Let (X,0) be a 0-complete dislocated metric space and let T : X —
CB?(X) be a multi-valued mapping such that

HU(T:Ca Ty) <a O'(IE, y) + az 0($,T(E) +as U(@/,T@/) + aq [O’(.%,Ty) + U(y7T$)] (11)

for all x, y € X, where a1, as, as, ag > 0 and a1 + az + az + 4ag < 1. Then T has a fixed
point u(say) in X with o(u,u) = 0.

Proof. Condition (11) gives that
Ho(Tz, Ty) < (a1 + az + az + 4as) Mo (2, y) (12)

for all x, y € X, where 0 < a1 4+ a2 + a3z + 4aq < 1. Taking 8 = a1 + a2 + as + 4ay, it
follows from condition (12) that

Ho(Tz, Ty) < B My(z,y)

for all z, y € X, where § € [0, 1) is a constant. Now applying Corollary 3.2, we can obtain
the desired result. O

We now present Nadler’s fixed point theorem in dislocated metric spaces.

Theorem 3.4. Let (X,0) be a 0-complete dislocated metric space and let T : X —
CB?(X) be a multi-valued mapping. Assume that there exists § € [0,1) such that

Hy(Tz, Ty) < Bo(z,y) (13)
forall x,y € X. Then T has a fized point u(say) in X with o(u,u) = 0.

Proof. Condition (13) implies that H,(Tz,Ty) < fo(z,y) < B My(x,y) for all z, y € X
where 5 € [0,1) is a constant. The result now follows from Corollary 3.2. 0

Remark 3.1. We note that Theorem 3.1 is a proper generalization(see Example 3.1) of
some multi-valued fized point theorems including Nadler’s fized point theorem [28].

Remark 3.2. The results of this study are obtained under the weaker assumption that the
underlying dislocated metric space is 0-complete. In view of Lemma 2.1(b), these are also
valid if the space is complete.

We now present an example to justify the validity of our main result. It should be
noticed that a generalized version of Nadler’s Theorem can not explain the existence of
points of coincidence in the following example.

Example 3.1. Let X =[0,00) and 0 : X x X — [0,00) be defined by

0, if z=yE€ (3a9]7
o(z,y) =
T+ vy, otherwise.
Then (X,0) is a 0-complete dislocated metric space. Let T : X — CB?(X) be defined
by
{0,£}, if 0<z <1,

Tx=< {0}, if x=1,

(22,22 + 6], if 2>1
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and fx = 3x for all x € X. Obviously, T(X) C f(X) = X. It is easy to check that
each Tx is o-closed and bounded in (X, o).

If we consider the usual metric d(x,y) =| z —y | for all x,y € X, then (X,d) is a com-
plete metric space. For x =0, y = 2, we have fr =0, fy =6, Tx = {0}, Ty = [4,10].
Therefore, H(Tz,Ty) = max{4,10} = 10 > kd(fz, fy) for any k € (0,1) and hence
condition (1) of Theorem 2.4 does not hold true. So, Theorem 2.4 can not explain the
existence of points of coincidence of f and T'. However, our main result can explain it.

Let p = {(0,5%) :n =1,2,3,---}U{(0,0)}. Forz =0,y = 3,1%, n € N and
S =pUpt, we have fxr = 0, fy = 3%, Tx = {0}, Ty = {0,3,1%} and so (fx)S(fy)
which implies that (Txz)S(Ty). Therefore, T is S-preserving w.r.t. f and v9 = 0 € X
such that (fxg)Sz for z = 0 € Txg. Moreover, for x = 0, y = ﬁ7 n € N, we have
Hy(Tx,Ty) = max{0, 55z } = 5z and

Mo (fz, fy) = max

3’

o(fz, fy), o(fz, Tx), 5T, L1 1) 1
:max{ }

on ! 07 a  on
U(f:C,Ty)-ga(fy,Tx) 3" 2 3"

Therefore, Hy(T'z, Ty) = 3,1% = %Ma(fx, fy). In case x =y = 0, we have Hy(Tz, Ty) =
0 = My(fz, fy). Thus, Hy(Tz,Ty) = %Mg(fa:,fy) for all z,y € X with (fx)S(fy).
Also, any sequence () in X with the property x,Sx,y1 must be either x, = 0, Vn € N
or a sequence of the following form

0, if nis odd,

Ty =

3%, if nis even,
where the words ‘odd’ and ‘even’ are interchangeable. Therefore, it follows immediately
that (X,0,85) is reqular. Thus, all the hypotheses of Theorem 3.1 hold true. Then the
existence of points of coincidence of f and T follows from Theorem 3.1.

It is worthy to note that Theorem 8.1 can not assure the uniqueness of a point of
coincidence. It is obvious that f and T have infinitely many points of coincidence in f(X).
In fact, for every x € (1,3], fx is a point of coincidence of f and T with o(fx, fz) = 0.

Now we show that Theorem 3.1 remains invalid without regularity property of (X, o,.5).

Example 3.2. Let X = [0,00) with o(x,y) =z +y for all x,y € X. Then (X,0) is a
0-complete dislocated metric space. Let T : X — CB(X) be defined by

{1}7 Zf x =0,

{5}, if =#0
and fr = 5 for all v € X. Then, T(X) C f(X) = X. Let p = {(z,y) : (z,y) €
(0,1] x (0,1], z <y} and S =pUp~t. Forz,y € X and
(fx)S(fy) = 0<fz, fy<l=0<z,y<3
x Y z y 1
Te={=}Ty={= —, 2 <= T Ty).
= Te= {511y = 0< L Y < 2o (s
This proves that T is S-preserving w.r.t. f. Obviously, for xg = 3 € X, we have
(fz0)Sz for z = % € Txg. Further, we note that for x,y € X with (fx)S(fy), we have

Txr =
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0<z,y<3, Te={§}, Ty ={§}. Thercfore,

1

Hy (T2, Ty) = o5, 0) = ¢ ( +9) = 5 o(f, fy) < 5 My(fz. f),

for all x,y € X with (fx)S(fy). Thus, condition (2) of Theorem 3.1 holds true. But
(X, 0,5) is not reqular. In fact, the sequence (x,,) where x,, = % 18 such that H_)m o(xp,0) =
n o

0(0,0) =0 and x,STp11 for allm € N. But there exists no subsequence () of (xy) such
that (rn,,0) € S. Thus, all the hypotheses of Theorem 3.1 are fulfilled except regularity
property. As a result, we observe that there exists no point of coincidence of f and T in

f(X).
4. CONCLUSIONS

In this work, we obtained some coincidence point and fixed point results by using an
arbitrary binary relation. Our main result generalized the well known Nadler’s fixed point
theorem in the setting of dislocated metric spaces. Finally, some examples are provided
to justify that our main result is a proper generalization of some well known comparable
results in the existing literature.

Acknowledgement. The authors would like to thank the referees for their valuable com-
ments and suggestions.
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