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TOPOLOGICAL INDICES OF TOTAL GRAPH OF THE RING Z, X Z,

D. KHARKONGOR!*, L. BORO!, M. M. SINGH?, S. DUTTA! §

ABSTRACT. In this paper, we compute some distance-based topological indices namely
Wiener index, hyper Wiener index and reverse Wiener index of the total graph of the
ring Z, X Zm. We also compute some eccentricity-based topological indices namely
first Zagreb eccentricity index, second Zagreb eccentricity index, eccentric connectivity
index, connective eccentricity index and eccentric distance sum index of the total graph
of the ring Z,, X Z,. Finally, we compute some degree-based topological indices namely
second Zagreb index, product-connectivity index, sum connectivity index, atom-bond
connectivity index and geometric arithmetic index of the total graph of the ring Z,, X Z,
when both n and m are even, when n or m is even, and the case when n and m are both
prime numbers (not neccesarily distinct).

Keywords: Total graph; topological indices.
AMS Subject Classification: 05C25, 05C09.

1. INTRODUCTION

Chemical graph theory is an active area of research in recent times. In this field,
researchers study the structures of chemical compounds with the aid of graph theory and
mathematics. The most important concept in chemical graph theory is topological indices.
Topological indices are numeric values that are associated with graphs and which remain
invariant under graph automorphisms. They have a wide range of applications in the
field of chemistry, biology and medicines. In particular, they help in the study of certain
physical characteristics of chemical compounds such as boiling point, flash point, density,
stability and many more. They also serve as powerful tools to execute biological network
analysis, and also to determine the physical features and the chemical reactions associated
with various drugs without having to carry out the actual experiment, for instance see [4],
9], [16].

A graph G consists of a pair (V(G), E(G)), where V(G) is the set of vertices and E(G)
is the set of edges. If uv is an edge, then u and v are said to be adjacent in G, we write
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u ~ v; otherwise u % v. The degree deg(v) of v € V(G) is defined as the number of
edges incident to v. The distance between two vertices u,v € V(G), denoted by d(u,v),
is the number of edges on the shortest path between them in G. The greatest distance
between any two pair of vertices of a connected graph G is called the diameter of G and
it is denoted by diam(G). The eccentricity of u € V(G), denoted by e(u), is the distance
from w to a vertex v which is farthest from v in G.

Throughout this paper, R denotes a finite commutative ring with unity. Recently,
Anderson and Badawi [2] introduced the total graph of R, denoted by Tr(R). It is the
graph with all elements of R as vertices and for distinct u,v € R, the vertices u and v
are adjacent if and only if u 4+ v € Z(R), where Z(R) is the set of zero-divisors. Dhorajia
[7] studied certain fundamental properties of the total graph of the ring Z,, X Z,,, such as
independent number, clique number and traversibility property of Tt (Z,, X Z,). Nikmehr
et al. [12] computed the topological indices of the total graph of Z,, and Suthar et al. [14]
computed the energy and the Wiener index of the total graph of the ring Z,,. The study
of topological indices of the graph associated with algebraic structures is an interesting
area of research works now a days. Many research works related to this field have been
appearing recently. For instance see [1], [11], [12], [14]. Motivated by the large number of
applications of topological indices, in this paper we devote ourselves to investigating and
determining the topological indices of the total graph of the ring Z,, X Z,.

Throughout this paper, n, m, and k are positive integers, p and ¢ are distinct primes
and ¢(m) is the Euler phi function. We denote the set of zero-divisors and the set of units
of the ring Z,, X Zy, by Z(Zy, X Zy,) and U(Zy, X Z,) respectively.

2. PRELIMINARIES AND OBSERVATIONS

We now recall the definitions of various topological indices which will be investigated
in the next section. We start with distance-based topological indices:

(1) The Wiener index of G is given by W(G) = > d(u,v).
{u,v}CV(G)
(2) The hyper-Wiener indez of G is given by WW (G) = 1T/V(G)—i—1 > di(u,v).
2 2 fuvicv(o)
(3) The reverse Wiener indez of a graph G with n vertices and diameter diam(G) is
siven by A(G) = %n(n — diam(G) — W(G).
The definitions of some eccentricity-based topological indices are:
(1) The first Zagreb eccentricity index is define as E1(G) = Y. (e(v))?.
(2) The second Zagreb eccentricity index is define as Fa(G) ZGV(G)Z e(u)e(v).
(3) The eccentric connectivity indez is define as £4(G) = ) (u:()szi(ecz(u).

ueV(G)
d
(4) The connective eccentricity index is define as C¢(G) = > eg(u)‘
ueV(G) e(u)
(5) The eccentric distance sum index is define as ¢4(G) = > e(u)D(u), where
ueV(G)
D(u)= > d(u,v) is the total distance of the vertex u.
veEE(G)
The degree-based topological indices are given by the following function:

Ty(G) = 1p(deg(u), deg(v)),
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where 1 (deg(u),deg(v)) is a real valued function. Based on the values of ¢, we have
different degree based topological indices:
(1) If ¢(deg(u),deg(v)) = deg(u)deg(v), then T4(G) is called the second Zagreb index,
denoted by Ms(G).
1
(2) If ¢(deg(u), deg(v)) = , then T;(G) is called the product connec-

deg(u)deg(v)
tivity index, denoted by x(G).

3) If y¥(deg(u),deg(v
) 16 0deg(0). deg(v) = e
ity index, denoted by SCI(G).

(4) If ¢(deg(u), deg(v)) = degéz)g&)cﬁggg(g)_2

connectivity index, denoted by ABC (G)
2\/deg(u)deg(v
(5) If y(deg(u), deg(v)) =

deg(u) + deg(v )
metic index, denoted by GA(G).

Now in the following, we will discuss several graph theoretic properties of T1(Z,, X Zy,)
which will assist us in the next section.

, then Ty(G) is called the sum connectiv-

, then T;;(G) is called the atom-bond

then T,(G) is called the geometric arith-

Lemma 2.1. Let n,m > 1 be any two integers. If (a,b) # (0,0) € Zyp X Zy,, then
(a,b) € Z(Zy X Ly,) if and only if a € Z(Zy) or b € Z(Zy,), and (a,b) € U(Zy X Ly,) if
and only if a € U(Zy) and b € U(Zy,).

Lemma 2.2. Let n,m > 1 be any two integers. Then the number of zero-divisors in
Lo, X Ly, is nm — @(n)p(m) and the number of units is ¢p(n)d(m).

Remark 2.1. Let n,m > 1 be any two integers. Then by Anderson and Badawi [2]
Theorem 3.4 and Corollary 3.7, Tr(Zyn X Zy,) is a connected graph for all n,m > 2.

We recall the following Lemma to compute the number of edges in the graph Tr(Z,, x
Ln).
Lemma 2.3 ([7], Lemma 2.12). Let n,m > 1, be any two integers, then the following
conditions hold for v € V(I (Zy X Zp,)):
(1) If either n or m is even, then deg(v) = nm — ¢(n)p(m) — 1. In this case,
A=0=nm —¢(n)p(m) — 1.
(2) If n and m are both odd, then
deg(v) = nm — ¢(n)p(m) - Lifve Z(Zp X L)
nm —¢(n)p(m) if v Z(Zp X Ly,).
In this case, A = nm — ¢(n)dp(m) and § = nm — ¢p(n)p(m) — 1.

Lemma 2.4. For integers n,m > 1, the total number of edges in Tr(Zy X L) is given as
follows:

nmnm_— ¢(n)é(m) —1] if either m or m is even

(nm — Dl — $(n)é(m)
2

Proof. The following two cases complete the proof of the Theorem:
Case 1. If either n or m is even, then by Lemma 2.3 deg(v) = nm — ¢(n)¢(m) — 1 and

| E(Tr (Zn X Zim))| =

if both n and m are odd.
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by handshaking Lemma we have:

|E(Tr(Zy, X Zy))| = $ nm — ¢(n)¢(m) — 1 _ nm[nm — ¢(n)p(m) — 1]'

V(T (ZaXZon)| 2 2
Case 2. If n and m are both odd, then by Lemma 2.3 deg(v) = nm — ¢(n)p(m) — 1
it v e Z(Zp X ZLy,) and deg(v) = nm — ¢(n)p(m) if v ¢ Z(Z, X Zy,). Therefore, by
handshaking Lemma and Lemma 2.2 we have:

BT x Zo) =51 Y deglv)+ Y deglv)]
VEZ(Zn X Lm) v@Z(Zn X L)
_(m = 1) o~ dm)o(m)]
2

3. TOPOLOGICAL INDICES OF T (Zy, X Zy,)

In this section, we determine various topological indices of T1(Z,, X Z,). We start with
the Wiener index of Tr(Zy, X Zp,).

Theorem 3.1. The Wiener index of Tr(Zy X Zy,) is as follows:
nm[nm + ¢(n)p(m) — 1]

if either n or m is even

(nm — D + $(n)p(m)]
2

Proof. The graph Tr(Z,, X Z,) has nm vertices. Let us divide the set of vertices into two
partition sets according to the distances between them.
Vi={u e V(Tr(Zy X Zw))| d(u,v) =1V v € V(Ir(Zy, X Z))}
Vo ={u € V(Tr(Zy, X Z))| d(u,v) =2V v € V(IT(Zyn, X Zm))}
nm(nm — 1)
Then, |Vi| = |E(Tr(Zyp X Zp,))| and |Vo| = ——— — |E(T7(Zy, X Zy,))|. Hence, by

2
Lemma 2.4 we see that,

nm[nm — ¢(n)p(m) — 1]

W (Tr(Zp, X L)) =

if both n and m are odd.

if either n or m is even

vi| = ) —
(nm 1)[nm2 ¢(n)o(m)] if both n and m are odd.

and

L P

Vol =

-1
(nm );5(”)¢(m) if both n and m are odd.
Therefore,
W(T (T X Zon)) = Z dlu,v) = > du,v)+ > d(u,v) = |Vi| + 2|3
(U} SV (T (B X)) {uw}Cvs fuvycva

Hence,

nmlnm + ¢(n)¢(m) — 1] if either n or m is even

(nm — Diwm + $(n)é(m)
2

W(TF(Zn X Zm)) =

if both n and m are odd.
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Theorem 3.2. The hyper-Wiener index of Tr(Zy X Zy,) is as follows:
nm[nm + 2¢(n)p(m) — 1]

5 if either n or m is even
(nm — 1)[nm + 2¢(n)¢(m)]
2

Proof. The proof follows directly from the definition of hyper-Wiener index and Theorem
3.1. ]

WW (Tr(Zy, X L)) =
if both n and m are odd.

Theorem 3.3. The reverse Wiener-index of Tr(Zy X Zy,) is as follows:
- 1
nmfpm_— ¢(n)é(m) ) if either n or m is even

(nm — Dinm — p(n)(m)
2

Proof. The proof follows directly from the definition of reverse Wiener index, Theorem
3.1 and Remark 3.2. O

NTr(Zy, X L)) =

if both n and m are odd.

Based on the above Theorems, we give examples of Wiener index, hyper Wiener index
and reverse Wiener index of T1(Z,, X Z,,) in the following table:

Tr(Zn X L) | W(TT (Zy, X L)) | WW(TT(Zy, X L)) | AT (Zp, X L))

TF(Zg X Z4) 90 114 42

TF (Zg X Zg) 52 68 20

Next, we compute some of the eccentricity-topological indices of T1(Z,, X Zy,).
Remark 3.1. If v € V(Tr(Zy, X Z,)), then the eccentricity of v is given by e(v) = 2.
Theorem 3.4. The first Zagreb eccentricity index of Tr(Zy X ZLy,) i8:

E\(Tr(Zp, X Zy)) = 4nm.
Proof. If uw € V(I1r(Zy, X Zy,)), then by Remark 3.1 e(u) = 2. Now, by the definition of
the first Zagreb eccentricity index:

E\(Tr(Zp, X L)) = > e(u)? = > 22 = dnm. O
WEV (Tr(Zn X Zom)) V(T (Zn X Zom)|

Theorem 3.5. The second Zagreb eccentricity index of Tr(Zy X Zp,) is:

2nm[nm — ¢(n)p(m) — 1] if either n or m is even

Eo(Tr(Zn % Zm)) = {Q(Hm —1)(nm — ¢(n)d(m)) if both n and m are odd.

Proof. If uw € V(Tr(Zy, X Zy,)), then by Remark 3.1 e(u) = 2. Now, by the definition of
the second Zagreb eccentricity index:

Ea(Tr(Zon X Zon)) = S ee(v) = AB(TH(Zn x Zin)|-
WEE(Tr (ZnXZm))

Now, two cases arise:
Case 1. If either n or m is even, then by Lemma 2.4

B(Tp(Zy % Z))| = 2P = ¢(2n)d>(m) -1

Thus, Eo(Tr(Zn X Zy,)) = 2nm[nm — ¢(n)e(m) — 1.
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Case 2. If n and m are both odd, then by Lemma 2.4
nm — 1)lnm — ¢(n)p(m
BT (2, x )| = 0 D = omotm)]

Thus, Eo(Tr(Zy X Zp,)) = 2(nm — 1)[nm — ¢(n)p(m)]. O

Theorem 3.6. The eccentric connectivity of Tr(Zy X L) 18:

2nm[nm — ¢p(n)p(m) — 1] if either n or m is even

2(nm — 1)[nm — ¢(n)p(m)] if both n and m are odd.

Proof. If uw € V(Tr(Zy, X Zy,)), then by Remark 3.1 e(u) = 2. Now, by the definition of
the eccentric connectivity:
§(Tr (Zn X Zm)) = 2. e(u)deg(u) = 2. 2deg(u).
WEV (Tt (Zn X L)) WEV (T (Zon X L))
Therefore, two cases arise:
Case 1. If either n or m is even, then by Lemma 2.3 we have:
§(Tr (Zn X Zip)) = 2nm[nm — ¢(n)d(m) —1].
Case 2. If n and m are odd, then by Lemma 2.3 we have:

E(Tr(Zn x L)) = Y 2mm—¢(n)g(m)=1)+ > 2[nm— $(n)¢(m)]

| Z(Zn X Zom)| U (Zn X Zom)|
= 2(nm — ¢(n)p(m) — 1)(nm — ¢(n)¢(m)) + 2[nm — ¢(n)p(m)]p(n)¢(m)
= 2(nm = 1)(nm — ¢(n)¢(m)).

E(Tr(Zn X L)) = {

Theorem 3.7. The connective eccentricity index of Tr(Zy X Zay,) is:
nmlnm - gb(2n)¢(m) — 1] if either n or m is even
(nm —1)[nm — ¢(n)¢(m)]
2
Proof. It uw € V(Tr(Zy, X Zy,)), then by Remark 3.1 e(u) = 2. Now, by the definition of
the connective eccentricity index:
deg(u deg(u

CE(Tr (Zn X L)) = D glu) _ > 9(w)

WV (TrTnxZm)) €W weV (TR Taxzm)) 2
Therefore, two cases arise:
Case 1. If either n or m is even, then by Lemma 2.3 we have:

IV (Te (Zn X Zon)) 2 2

CHTr(Zy, X L)) =

if both n and m are odd.

Case 2. If both n and m are odd, then by Lemma 2.3, we have:

E @ x L= Yy, moewemzl, s fms glnetm)

|Z(Zyy X L) | [U(Zp X L)

_ (nm = ¢(n)é(m) — 1)(nm — ¢(n)¢(m)) | [nm — $(n)¢(m)]¢(n)¢(m)
2 2

(nm — 1)[nm — ¢(n)¢(m)]
5 :

O

In order to compute the eccentric distance sum index we determine the total distance of
a vertex u of 11(Zy X Zy,) in the following Lemma.

Lemma 3.1. The total distance of w € V(11 (Zy, X Zy,)) is as follows:
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(1) If either n or m is even, then D(u) = nm + ¢(n)¢p(m) — 1.
(2) If both n and m are odd, then

D(u) = nm+ ¢(n)p(m) —1if u € Z(Zp X Zy,)
nm + ¢(n)p(m) — 2 if u € U(Zn X Zy,).

Proof. By the definition of total distance of a vertex, we have D(u) = >
VEV (T (Zy X L))

Now, d(u,v) = 1 if u is adjacent to v, and d(u,v) = 2 if u is not adjacent to v. The number
of vertices which are adjacent to u is equal to the degree of u, and the number of vertices
which are not adjacent to u is equal to nm — deg(u) — 1. Since Tr(Zy, X Z,) is a simple
graph, so two cases arise:
Case 1. If either n or m is even, then deg(u) = nm—¢(n)p(m)—1,V u € V(Tr(Zp X Z))-
Therefore, total number of d(u,v) with length 1 is nm — ¢(n)¢(m) — 1 and total number
of d(u,v) of length 2 is ¢(n)¢(m). Hence, D(u) = nm — ¢p(n)p(m) — 1 + 2¢(n)p(m) =
nm + ¢(n)p(m) — 1.
Case 2. If n and m are both odd, then we have two subcases:
Subcase 1. If u € Z(Z,, X Zy,), then deg(u) = nm — ¢(n)¢p(m) — 1. Therefore, total
number of d(u, v) with length 1 is nm — ¢(n)@(m)— 1 and total number of d(u, v) of length
2 is ¢(n)¢p(m). Hence, D(u) = nm — ¢p(n)p(m) — 1 4+ 2¢(n)p(m) = nm + ¢p(n)p(m) — 1.
Subcase 2. If u € U(Z,, X Z,), then deg(u) = nm — ¢(n)¢p(m). Therefore, total num-

(

(

d(u,v).

ber of d(u,v) with length 1 is nm — ¢(n)¢(m) and total number of d(u,v) of length 2 is

¢(n)¢(m) — 1. Hence, D(u) = nm — ¢(n)p(m) + 2[p(n)p(m) — 1] = nm + ¢(n)¢(m )—2D

Theorem 3.8. The eccentric distance sum index of Tr(Zy X Zy,) is:

2nm[nm + ¢(n)p(m) — 1] if either n or m is even
2[n*m? + 2¢(n)?¢(m)* + 3nme(n)¢(m) — nm — 3¢(n)d(m)]
if both n and m are both odd.

fd(TF(Zn X L)) =

Proof. By the definition of eccentric distance sum index and by Lemma 3.1 we have:

EUTT(Zy X L)) = > 2D(u). Then, two cases arise:
WV (Tt (Zn X L))

Case 1. If either n or m is even, then by Lemma 3.1 we have:

EN T (Zn X Lm)) = 2 2(nm + ¢(n)p(m) — 1) = 2nm(nm + ¢(n)p(m) — 1).
WV (T (Zn X L))

Case 2. If n and m are both odd, then by Lemma 3.1 we have:
E TP (Zn x L)) = D 2nm+d(m)g(m) =1+ Y
|Z(Zn X L) |U(Zn XZo)|

=2[n?*m? + 2¢(n)?¢(m)? + 3nmd(n)p(m) — nm — 3¢(n)d(m)].

2(nm + ¢(n)g(m) — 2)

O

Based on the above Theorems, we give examples of the first Zagreb eccentricity index,
the second Zagreb eccentricity index, the eccentric connectivity index, the connective
eccentricity index and the eccentric distance sum index of T1(Z,, X Z,) in the following
table:

Tt (Zn X Zm) | BA(Tr(Zay X Z)) | Bo(TT(Zn X Zn)) | ES(TT(Zry X Ziy)) | CE(TT (Zy X L)) | EXTT (Z X L))
Tr(Z3 x Z4) 48 168 168 42 360
Tr(Zs x Z3) 36 80 80 20 400
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In the following, we compute some of the degree-based topological indices.
Remark 3.2. Let n, m > 1. Then diam(Tr(Zy X Zp,)) =
Lemma 3.2 ([12], Lemma 3.4). For any graph G, G is r-regular if and only if one of the
following holds:
(1) My =7?|B(G)].
(2) x(G) = +|E(©)].
(3) SCI(G) =

@ aBc(@) = Y=Y gy,
(5) GAG) = (@)

By using the above Lemma, we obtain the following results:

Theorem 3.9. If n and m are both even or if either n or m is even, then:

nmfrm = $(n)o(m) ~ 1

(1) My(Tr(Zy, % Zyy)) = :

nm

(2) X(Tr(Zn x Zm)) = 5

nmy/nm — ¢(n)p(m) — 1
2v/2 '
(4) ABC(TH(Z X Zon)) = nm\/ nm = ¢(”2)¢(m) ey
nm(nm — ¢(n)é(m) — 1)
2

Lemma 3.3. Let p,q denote two prime numbers (not neccessarily distinct), then:
pp—1)  qlg—1

1102, x 2) = (P2 4 Dy g2 p g 2) 4 20— 1ia - it 40 -

P*a+pg* —p* —¢° —5pg+4p+49—3
2

Proof. The graph Tr(Z, x Z,) has pq vertices and (p + ¢ — 2)(pg — 1) edges. Since every

non-zero element of Z, x Z, is either a unit or a zero-divisor, therefore we divide the edges
of Tr(Z, x Z) into 3 partition sets.

(3) SCI(Ty(Zn X Zy)) =

(5) GA(Tr(Zp, X L)) =

2,p+q—1)+

Yvp+q—-1,p+q—1).

E..={xy|xe€Z(Z,x ZLy) and y € Z(Zy, )}
En=A{zy|2ze€Z(Z,xZy) and y € U(Zy X Zg)}
Ey =A{zy | x € U(Zy x )andyEU(Z XZ)}

We note that the set of zero-divisors of Z, x Zq is Z(Zy, x Zy) = I U J, where I =
{(0,0),(1,0),(2,0),...,(p — 1,0)} and J = {(0,0),(0,1),(0,2),...,(0,¢g — 1)}. If xzy € E.,
then, x and y are either in [ or J. Again, if z € [ and y € J then = ¢ y. Hence,

B = k=1 =)
zz 2 .

2
Next, let zy € E.,,. This implies that € Z(Z, xZ,) and y € U(Z, x Z). Since, deg(z) =
p+ q—2, therefore number of units which are adjacent to x is (p+¢—2)—(p—1) = (¢—1)
ifrel,and (p+q—2)—(¢q—1)=p—1lifzeJ. Hence |Ezu| =2(p—1)(¢g—1).

i + > — ¢ —5pg+4p+4q—3
Finally, | Eyy| = |E(Z(ZyxZ4))|—(| Bz | +| Eou) = P*q+pg° —p q2 pq + 4p + 4q '
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Hence,

To(Zp x Zg) = Y b(deg(x),deg(y)) + > v(deg(x),deg(y)) + > w(deg(x),deg(y))

zyGEzz ﬁ?yeEzu xyEEuu

pp—1) ql¢g—1

P 0y g o p g -2 42 - g - Do +a -2

p2q+pq2—pQ—q2—5pq+4p+4q—3¢(
2

p+q—1)+ p+q—1,p+q—1).

0

Now in the following, we determine some degree-based topological indices of T1(Z, x Z,),

plp—1)  alg—1)

[ ]’ B =
2 2

where p and ¢ are two primes. Prior to that, we assign A = +

p*q+pg® —p* —¢* — Spg + 4p+ 4q — 3

2(p—1)(¢—1) and C = 5

for the calculations.

as per our convenience

Theorem 3.10. If p and q are two primes (not necessarily distinct), then the following
results hold:

(1) The second Zagreb index is given by:
My(Tr(Zy % Z)) = Alp+q =2 + Bp+q—2)(p+q—1) +Clp+q—1)*.
(2) The product connectivity index is given by:

T (Zn % Zoy)) = ¢

+ + .
(p+q-2) J/p+q-D)p+qg—2) @P+qg-1)
(3) The sum connectivity index is given by:

SCI(TH(Zy, % L)) =

B C

+ + .
V2p+2¢—4) V/(2p+2¢-3) V2p+2¢-2
(4) The atom-bond connectivity index is given by:

Ji - -
ABC(Ty (Zp X L)) = A (p+4q) 2(p+q)—5 o 2(p+q) 4.

(p+ag-1)(p+q-2) ptqg—1
(5) The geometric arithmetic mdex 18 given by:

_ 2v/lp+q—2)(p+q—1)
GA(Ty(Zoy X Tm)) = A+ B R

+C.

Proof. (1) For computation of the second Zagreb index we have ¥(p+q—2,p+q¢—2) =
(p+a—2)% Y(p+q—2,p+q—1) = (p+q—2)(p+g—1) and Y(p+q—1,p+q—1) =
(p +q — 1)2. Hence, by Lemma 3.3 we have
M (Tr(Zn X Zm)) = Alp+q—2) + B(p+q—2)(p+q—1) +C(p+q—1)°.
(2) For computation of the product connectivity index we have ¥(p+q—2,p+q—2) =

1
and Y(p+q—1,p+

—, Y(p+q—2,p+q—1) =
(p+q-—2) 1 Vip+a-1)p+q-—2)
q—l):m. Hence, by Lemma 3.3 we have
B
MTE (T X Zo)) = ¢

+ + .
p+q-2) Vip+q¢-Dp+q¢-2) G+qg-1)
(3) For computation of the sum connectivity index we have ¢(p+q¢—2,p+q—2) =

1
(2p+2q_4),w(p+q—2,p+q—1) = Ty and ¥(p+q—1,p+q—1) =
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1
———————_. Hence, by Lemma 3.3 we have
V2p+2q—2

A B C

+ + .
V@p+2¢—4) /@2p+2¢-3) V2p+2q-2
(4) For computation of the atom-bond connectivity index we have ¥(p +q — 2,p +

2(p+4q) —6 _ 2(p+4q) -5

SCI(TH(Zn X Zy)) =

q—2) = s, vp+qg—2,p+q—1 and
) p+q—2 ( ) (p+q—-1)(p+q—2)
2 _
vip+qg—1,p+qg—1)= (]—9F+q)1 Hence, by Lemma 3.3 we have
bpr+q—
ABC(Tr(Zn X Top)) = W 2p+q) =5 +C 2(p+Q)*4.
p+q P+a—Dp+aq-2) p+tqg—1

(5) For computation of the geometric arlthmetlc index we have ¥(p+¢q—2,p+q—2) =1,
= W ta=ta-1)
2p+2q—3

Y(p+q—2,p+q—1

by Lemma 3.3 we have

GA(TH(Zn X Tp)) = A+ p2V!

and Y(p+¢—1,p+¢—1) = 1. Hence,

ptq—2)p+q—1)

C.
2p+2q—-3 *

0

Based on the above Theorems, we give the examples of the second Zagreb index, the
product-connectivity index, the sum connectivity index, the atom-bond connectivity index
and the geometric arithmetic index of Tr(Z,, X Z,,) in the following table:

Tt (Zy X Zomp) | Ma(T1(Zry % Zor)) | X(TT (Zny % Zer)) | SCI(TT(Zon, X Zom)) | ABC(T1(Zoy X L)) | GA(TT (Zoyy X Zoy))
Tr(Zy X Zs) 500 4 6.32 11.31 20

Tr(Z3 x Za) 2058 6 11.22 20.78 2

Tr(Zs X Zs) 406 448 6.68 11.80 19.95
Tr(Zs % Zs) 2120 7.49 1353 24.93 48.95

4. CONCLUSIONS

This study will help pharmacists and druggists while designing new chemical compounds
and drugs. They can make use of the above topological indices and study the various
physical structures of new chemical compounds, protein structures and etc. Moreover,
there are still a large number of topological indices which can be computed for the total
graph over Z,, X Z., and other graph associated with rings in near future.
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