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THE HOMOGENEOUS q-DIFFERENCE OPERATOR AND THE

RELATED POLYNOMIALS

M. A. ARIF 1, H. L. SAAD2∗, §

Abstract. We create the homogeneous q-difference operator Ẽ(a, b; θ) as an extension
of the exponential operator E(bθ). A new polynomials hn(a, b, x|q−1) are defined as an
extension of the q−1-Rogers-Szegö polynomial hn(a, b|q−1). We provide an operator proof
of the generating function and its extension, Rogers formula and the invers linearization
formula, and Mehler’s formula for the polynomials hn(a, b|q−1). The generating function
and its extension, Rogers formula and the invers linearization formula, and Mehler’s for-
mula for the polynomials hn(a, b|q−1) are deduced by giving special values to parameters
of a new polynomial hn(a, b, x|q−1).

Keywords: the homogeneous q-difference operator, the q−1-Rogers-Szegö polynomial, the
generating function, the Rogers formula, the invers linearization formula, the Mehler’s
formula.
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1. Introduction

The notations in [8] will be utilized throughout this paper. We assume that |q| < 1.
The q-shifted factorial is defined as

(a; q)k =

{
1, if k = 0,
(1− a)(1− aq) · · · (1− aqk−1), if k = 1, 2, 3, · · · .

We also define

(a; q)∞ =
∞∏
k=0

(1− aqk).

For multiple q-shifted factorials, we’ll use the following notation:

(a1, a2, . . . , am; q)n = (a1; q)n(a2; q)n · · · (am; q)n,

(a1, a2, . . . , am; q)∞ = (a1; q)∞(a2; q)∞ · · · (am; q)∞.
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The generalized basic hypergeometric series rφs is defined by

rφs(a1, . . . , ar; b1, . . . , bs; q, x) = rφs

(
a1, . . . , ar
b1, . . . , bs

; q, x

)
=

∞∑
k=0

(a1; q)k · · · (ar; q)k
(q; q)k (b1; q)k · · · (bs; q)k

[
(−1)kq(

k
2)
]1+s−r

xk,

where q 6= 0 when r > s+ 1 . Note that

r+1φr

(
a1, . . . , ar+1

b1, . . . , br
; q, x

)
=

∞∑
n=0

(a1, . . . , ar+1; q)n
(q, b1, . . . , br; q)n

xn, |x| < 1.

The q-binomial coefficients are provided by[
n

k

]
=

(q; q)n
(q; q)k(q; q)n−k

.

The Cauchy identity, as well as its special case, will be used frequently [8]
∞∑
k=0

(a; q)k
(q; q)k

xk =
(ax; q)∞
(x; q)∞

, |x| < 1. (1)

∞∑
k=0

(−1)kq(
k
2)xk

(q; q)k
= (x; q)∞. (2)

Jackson’s transformation of 2φ1 series is [8, Appendix III, equation (III.4)]

2φ1

(
a, b
c

; q, x

)
=

(ax; q)∞
(x; q)∞

2φ2

(
a, c/b
c, ax

; q, bx

)
. (3)

We shall commonly utilize the following identities in this paper [8]:

(a; q)n+k = (a; q)n(aqn; q)k. (4)

(q/a; q)k = a−k(−1)kq(
k
2)+k (aq−k; q)∞

(a; q)∞
. (5)

(q−n; q)k =
(q; q)n

(q; q)n−k
(−1)kq(

k
2)−nk. (6)(

n+ k

2

)
=

(
n

2

)
+

(
k

2

)
+ nk. (7)(

n− k
2

)
=

(
n

2

)
+

(
k

2

)
+ k − nk. (8)

The Rogers-Szegö polynomials are defined by [6, 7, 13, 11]:

hn(a, b|q) =
n∑

k=0

[
n

k

]
akbn−k.

Chen and Liu [5] recalled the operator θ, which appeared in Roman work’s [12] as
follows:

Definition 1.1. The operator θ is defined as follows:

θ{f(a)} =
f(aq−1)− f(a)

aq−1
. (9)

The following identity is the Leibniz rule for the operator θ:
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Theorem 1.1. [5, 12]. For n > 0, we have

θn{f(a)g(a)} =

n∑
k=0

[
n

k

]
θk{f(a)}θn−k{g(aq−k)}. (10)

The following identities are easy to verify:

Theorem 1.2. [5, 16, 15]. Let θ be defined as in (9), then

θk {(at; q)∞} = (−t)k(at; q)∞. (11)

θk {an} =
(q; q)n

(q; q)n−k
an−kq(

k
2)−nk+k. (12)

In 1998, inspired by the Euler identity (2), Chen and Liu [5] defined the q-exponential
operator E(bθ) as follows:

E(bθ) =
∞∑
n=0

q(
n
2)(bθ)n

(q; q)n
. (13)

In 2010, Liu [11] defined the q−1-Rogers-Szegö polynomials hn(a, b|q−1) as follows:

hn(a, b|q−1) =
n∑

k=0

[
n

k

]
qk

2−knakbn−k. (14)

Liu [11] proved the following results for hn(a, b|q−1):

Theorem 1.3. [11]. Let hn(a, b|q−1) be defined as in (14), then

• The generating function for hn(a, b|q−1) is

∞∑
n=0

hn(a, b|q−1)(−t)nq(
n
2)

(q; q)n
= (at, bt; q)∞. (15)

• The Mehler’s formula for hn(a, b|q−1) is

∞∑
n=0

hn(a, b|q−1)hn(c, d|q−1)(−t)nq(
n
2)

(q; q)n
=

(act, adt, bct, bdt; q)∞
(abcdt2/q; q)∞

, (16)

provided that |abcdt2/q| < 1.

In 2020, Abdlhusein and Hussein [1] represented the q−1-Rogers-Szegö polynomials
hn(a, b|q−1) by the operator E(bθ) as follows:

E(bθ) {xn} = hn(a, b|q−1). (17)

Based on the operator representation (17), Abdlhusein and Hussein [1] retrieved the gen-
erating function for hn(a, b|q−1) (15) and the Mehler’s formula for hn(a, b|q−1) (16) and
found the following identities for hn(a, b|q−1):

Theorem 1.4. [1]. Let hn(a, b|q−1) be defined as in (14), then

• The extended generating function for q−1-Rogers-Szegö polynomials hn(a, b|q−1) is

∞∑
n=0

hn+k(a, b|q−1)(−1)nq(
n
2)tn

(q; q)n
= bk(at, bt; q)∞ 2φ1

(
q−k, q/bt

0
; q, at

)
. (18)
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• The Rogers formula for the q−1-Rogers-Szegö polynomials hn(a, b|q−1) is

∞∑
m=0

∞∑
n=0

hm+n(a, b|q−1)(−1)mq(
m
2 )sm

(q; q)m

(−1)nq(
n
2)tn

(q; q)n

=
(as, bs, at, bt; q)∞

(abst/q; q)∞
. (19)

=
1

(abst/q; q)∞

∞∑
m=0

∞∑
n=0

hm(a, b|q−1)hn(a, b|q−1)(−1)mq(
m
2 )sm(−1)nq(

n
2)tn

(q; q)m(q; q)n
. (20)

Also, they derived the invers linearization formula as an applications of the Roger’s formula
(20) as follows:

hm+n(a, b|q−1)

=

min{m,n}∑
k=0

[
m

k

][
n

k

]
qk

2−nk−mk(q; q)k(ab)khm−k(a, b|q−1)hn−k(a, b|q−1). (21)

In 2020, Cao and et al. [3] built the new generalized Al-Salam-Carlitz polynomials as
follows:

ψ

(
a, b, c
d, e

)
n (x, y|q) =

n∑
k=0

[
n

k

]
(−1)kqk(k−n)(a, b, c; q)k

(d, e; q)k
xn−kyk. (22)

In 2021, Arjika and Mahaman [2] constructed the following generalized trivariate q-Hahn
polynomials as follows:

Ψ(a)
n (x, y, z|q) = (−1)nq−(n2)

n∑
k=0

[
n

k

]
(−1)kq(

k
2)(a; q)kPn−k(y, x)zk. (23)

In 2021, Cao and et al. [4] constructed the following generalized trivariate q-Hahn poly-
nomials as follows:

ζ

(
a, b, c
d, e

)
n (x, y, z|q) =

n∑
k=0

[
n

k

]
q(

k
2)(a, b, c; q)k
(d, e; q)k

Pn−k(y, x)zk. (24)

In 2021, Srivastava and Arjika [14] a family of generalized q-hypergeometric polynomials
is defined by

Ψ(a,b)
n (x, y, z|q) = (−1)nq−(n2)

n∑
k=0

[
n

k

] [
(−1)kq(

k
2)
]1+s−r

Wk(a,b)Pn−k(y, x)zk, (25)

where a = (a1, a2, . . . , ar), b = (b1, b2, . . . , bs) and Wk(a,b) =
(a1, a2, . . . , ar; q)k
(b1, b2, . . . , bs; q)k

The following is how our paper is structured: In section 2, we construct the homogeneous

q-difference operator Ẽ(a, b; θ) and then establish some of its identities, which will be
useful in the next sections. We construct a new polynomials hn(a, b, x|q−1) and derive its
generating function and its extension in section 3, then deduce the generating function and
its extension for hn(a, b|q−1). In section 4, we obtain the Rogers formula for hn(a, b, x|q−1),
and then we deduce the Rogers formula for hn(a, b|q−1). We derive Mehler’s formula for
hn(a, b, x|q−1) and then infer the Mehler formula for hn(a, b|q−1) in section 5.
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2. Some Operator Identities for the Operator Ẽ(a, b; θ)

The homogeneous q-difference operator Ẽ(a, b; θ) is presented in this section, and some
of its operator identities are discovered.

Definition 2.1. Let θ be defined as in (9), we define the homogeneous q-difference operator

Ẽ(a, b; θ) as follows:

Ẽ(a, b; θ) =

∞∑
k=0

q(
k
2)(a; q)k
(q; q)k

(bθ)k. (26)

Setting a = 0 in (26), we are led to q-exponential operator E(bθ) defined by Chen
and Liu [5] in (13). This means that the operator E(bθ) is a special case of the operator

Ẽ(a, b; θ).
Throughout out this paper, we assume that the operator θ acts on the variable b.

Theorem 2.1. Let the operator Ẽ(a, x; θ) be defined as in (26), then

Ẽ(a, x; θ) {(bt, bs; q)∞}

= (bt, bs; q)∞

∞∑
n=0

(−1)nq(
n
2)(x; q)n

(q; q)n
(as)n 2φ1

(
xqn, q/bs

0
; q, atbs/q

)
. (27)

Proof.

Ẽ(a, x; θ) {(bt, bs; q)∞}

=
∞∑
n=0

q(
n
2)(x; q)n
(q; q)n

anθn {(bt, bs; q)∞}

=
∞∑
n=0

q(
n
2)(x; q)na

n

(q; q)n

n∑
k=0

[
n

k

]
θk {(bt; q)∞} θn−k

{
(bsq−k; q)∞

}
(by using (10))

=

∞∑
n=0

q(
n
2)(x; q)na

n

(q; q)n

n∑
k=0

[
n

k

]
(−t)k(bt; q)∞θ

n−k
{

(bsq−k; q)∞

}
(by using (11))

=
∞∑
k=0

∞∑
n=0

q(
n+k
2 )(x; q)n+ka

n+k

(q; q)k(q; q)n
(−t)k(bt; q)∞θ

n
{

(bsq−k; q)∞

}
= (bt; q)∞

∞∑
k=0

∞∑
n=0

q(
n
2)+(k2)+nk(x; q)n(xqn; q)ka

n+k

(q; q)k(q; q)n
(−t)k(−sq−k)n

×(bsq−k; q)∞ (by using (7) and (11))

= (bt; q)∞

∞∑
k=0

∞∑
n=0

q(
n
2)+(k2)+nk(x; q)n(xqn; q)ka

n+k

(q; q)k(q; q)n
(−t)k(−sq−k)n(−bs)k

×q−(k+1
2 )(q/bs; q)k(bs; q)∞ (by using (5))

= (bt, bs; q)∞

∞∑
k=0

∞∑
n=0

(x; q)n(xqn; q)k
(q; q)k(q; q)n

(−as)n(atbs)k(q/bs; q)kq
(n2)+(k2)+nk−kn−(k2)−k

= (bt, bs; q)∞

∞∑
n=0

(−1)nq(
n
2)(x; q)n(as)n

(q; q)n

∞∑
k=0

(xqn; q)k(q/bs; q)k
(q; q)k

(atbs/q)k
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= (bt, bs; q)∞

∞∑
n=0

(−1)nq(
n
2)(x; q)n(as)n

(q; q)n
2φ1

(
xqn, q/bs

0
; q, atbs/q

)
.

�

Setting s = 0 in equation (27), we get the following corollary:

Corollary 2.1. Let the operator Ẽ(a, x; θ) be defined as in (26), then

Ẽ(a, x; θ) {(bt; q)∞} = (bt; q)∞ 1φ1

(
x
0

; q, at

)
. (28)

Theorem 2.2. Let the operator Ẽ(a, x; θ) be defined as in (26), then

Ẽ(a, x; θ)
{
bk(bt; q)∞

}
= bk(bt; q)∞

∞∑
n=0

(−1)nq(
n
2)(x; q)n(at)n

(q; q)n
3φ2

(
q−k, xqn, q/bt

0, 0
; q, at

)
. (29)

Proof.

Ẽ(a, x; θ)
{
bk(bt; q)∞

}
=

∞∑
n=0

q(
n
2)(x; q)n
(q; q)n

anθn
{
bk(bt; q)∞

}
=

∞∑
n=0

q(
n
2)(x; q)na

n

(q; q)n

n∑
j=0

[
n

j

]
θj
{
bk
}
θn−j

{
(btq−j ; q)∞

}
(by using (10))

=
∞∑
n=0

n∑
j=0

q(
n
2)(x; q)na

n

(q; q)j(q; q)n−j

(q; q)k
(q; q)k−j

bk−jq(
j
2)−kj+jθn−j

{
(btq−j ; q)∞

}
(by using (12))

=
∞∑
j=0

∞∑
n=0

q(
n+j
2 )(x; q)n+ja

n+j

(q; q)j(q; q)n

(q; q)k
(q; q)k−j

bk−jq(
j
2)−kj+jθn

{
(btq−j ; q)∞

}
=

∞∑
j=0

∞∑
n=0

q(
n
2)+(j2)+nj(x; q)n(xqn; q)ja

n+j

(q; q)j(q; q)n

(q; q)k
(q; q)k−j

bk−jq(
j
2)−kj+j

×(−tq−j)n(btq−j ; q)∞ (by using (4), (7) and (11))

=
∞∑
j=0

∞∑
n=0

(x; q)n(xqn; q)ja
n+j

(q; q)j(q; q)n

(q; q)k
(q; q)k−j

bk−j(−t)n

×q(
n
2)+2(j2)−kj+j(bt; q)∞(q/bt; q)j(−bt)jq−(j2)−j (by using (5))

= (bt; q)∞

∞∑
n=0

(−1)nq(
n
2)(x; q)n(at)n

(q; q)n

×
∞∑
j=0

(−1)jq(
j
2)(xqn, q/bt; q)j(at)

j

(q; q)j

(q; q)kq
−kj

(q; q)k−j
bk

= bk(bt; q)∞

∞∑
n=0

(−1)nq(
n
2)(x; q)n(at)n

(q; q)n

∞∑
j=0

(−1)jq(
j
2)(xqn, q/bt; q)j(at)

j

(q; q)j
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×(−1)−jq−(j2)(q−k; q)j (by using (6))

= bk(bt; q)∞

∞∑
n=0

(−1)nq(
n
2)(x; q)n(at)n

(q; q)n
3φ2

(
q−k, xqn, q/bt

0, 0
; q, at

)
.

�

3. Generating Function for hn(a, b, x|q−1)

Polynomials hn(a, b, x|q−1) are defined in this section. The generating function and
its extension for the polynomials hn(a, b, x|q−1) generated by employing the operator

Ẽ(a, x; θ). We offer some specific values for the parameters in the generating function
as well as its extension for the polynomials hn(a, b, x|q−1) to obtain the generating func-
tion and its extension for the polynomials hn(a, b|q−1).

Definition 3.1. We define the polynomials hn(a, b, x|q−1) as follows:

hn(a, b, x|q−1) =
n∑

k=0

[
n

k

]
qk

2−nkakbn−k(x, q)k. (30)

• By choosing x = 0 in equation (30), we get the q−1-Rogers-Szegö polynomials
hn(a, b|q−1) (14).
• Upon setting b = c = d = e = 0 and (a, x, y) = (x, b,−a), the new general-

ized Al-Salam-Carlitz polynomials ψ

(
a, b, c
d, e

)
n (x, y|q) defined in (22) reduce to

the polynomials hn(a, b, x|q−1).
• By choosing (a, x, y, z) = (x, b, 0, a), the generalized trivariate q-Hahn polynomials

Ψ(a)
n (x, y, z|q) defined in (23) reduce to the polynomials hn(a, b, x|q−1).

• For b = c = d = e = 0 and (a, x, y, z) = (x, b, 0,−a) in equation (24), we get

ζ

(
x, 0, 0
0, 0

)
n (b, 0,−a|q) = (−1)nq(

n
2)hn(a, b, x|q−1).

.
• When r = s = 1, b1 = 0, and (a1, x, y, z) = (x, b, 0, a), the generalized q-

hypergeometric polynomials Ψ(a,b)
n (x, y, z|q) defined in (25) reduce to the poly-

nomials hn(a, b, x|q−1).

Proposition 3.1. Let the operator Ẽ(a, x; θ) be defined as in (26), then

Ẽ(a, x; θ) {bn} = hn(a, b, x|q−1). (31)

Proof.

Ẽ(a, x; θ) {bn} =
∞∑
k=0

q(
k
2)(x; q)k
(q; q)k

akθk {bn} (by using (26))

=

∞∑
k=0

q(
k
2)(x; q)ka

k

(q; q)k

(q; q)n
(q; q)n−k

bn−kq(
k
2)−nk+k

=

n∑
k=0

[
n

k

]
qk

2−nk(x; q)ka
kbn−k

= hn(a, b, x|q−1).
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�

By substituting x = 0 in equation (31), we obtain equation (17), as described in Abdl-
husein and Hussein’s [1].

Theorem 3.1 (Generating function for hn(a, b, x|q−1)). Let the polynomials hn(a, b, x|q−1)
be defined as in (30), then

∞∑
n=0

hn(a, b, x|q−1)(−1)nq(
n
2)tn

(q; q)n
= (bt; q)∞ 1φ1

(
x
0

; q, at

)
. (32)

Proof.
∞∑
n=0

hn(a, b, x|q−1)(−1)nq(
n
2)tn

(q; q)n

=
∞∑
n=0

Ẽ(a, x; θ) {bn} (−1)nq(
n
2)tn

(q; q)n
(by using (31))

= Ẽ(a, x; θ)

{ ∞∑
n=0

(−1)nq(
n
2)(bt)n

(q; q)n

}
= Ẽ(a, x; θ) {(bt; q)∞} (by using (2))

= (bt; q)∞ 1φ1

(
x
0

; q, at

)
. (by using (28))

�

We recover the generating function for polynomials hn(a, b|q−1) found by Liu [11] (equa-
tion (15)) by setting x = 0 in the generating function for polynomials hn(a, b, x|q−1) (32).

Theorem 3.2 (Extended generating function for hn(a, b, x|q−1)). Let the polynomials
hn(a, b, x|q−1) be defined as in (30), then

∞∑
n=0

hn+k(a, b, x|q−1)(−1)nq(
n
2)tn

(q; q)n

= bk(bt; q)∞

∞∑
n=0

(−1)nq(
n
2)(x; q)n(at)n

(q; q)n
3φ2

(
q−k, xqn, q/bt

0, 0
; q, at

)
. (33)

Proof.
∞∑
n=0

hn+k(a, b, x|q−1)(−1)nq(
n
2)tn

(q; q)n

=
∞∑
n=0

Ẽ(a, x; θ)
{
bn+k

} (−1)nq(
n
2)tn

(q; q)n
(by using (31))

= Ẽ(a, x; θ)

{
bk
∞∑
n=0

(−1)nq(
n
2)(bt)n

(q; q)n

}
= Ẽ(a, x; θ)

{
bk(bt; q)∞

}
(by using (2))

= bk(bt; q)∞

∞∑
n=0

(−1)nq(
n
2)(x; q)n(at)n

(q; q)n
3φ2

(
q−k, xqn, q/bt

0, 0
; q, at

)
. (by using (29))
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�

Setting k = 0 in (33), we get the generating function (32).

Setting x = 0 in the extended generating function for the polynomials hn(a, b, x|q−1)
(33), we recover the extended generating function for the polynomials hn(a, b|q−1) obtained
by Abdlhusein and Hussein [1] (equation (18)).

4. Rogers Formula for hn(a, b, x|q−1)

We will provide an operator approach to Rogers formula for the polynomials hn(a, b, x|q−1)
in this section. By incorporating special values for variables in the Rogers formula for
hn(a, b, x|q−1), the Rogers formula for the q−1-Rogers-Szegö polynomials hn(a, b|q−1) is
obtained.

Theorem 4.1 (Rogers formula for hn(a, b, x|q−1)). Let the polynomials hn(a, b, x|q−1) be
defined as in (30), then

∞∑
n=0

∞∑
m=0

hn+m(a, b, x|q−1)(−1)nq(
n
2)tn

(q; q)n

(−1)mq(
m
2 )sm

(q; q)m

= (bt, bs; q)∞

∞∑
n=0

(−1)nq(
n
2)(x; q)n(as)n

(q; q)n
2φ1

(
xqn, q/bs

0
; q, atbs/q

)
(34)

=

∞∑
k=0

(x; q)k(atbs/q)k

(q; q)k

×
∞∑
n=0

∞∑
m=0

hn(a, b, xqk|q−1)hm(a, b, xqk+n|q−1)(−1)nq(
n
2)tn

(q; q)n

(−1)mq(
m
2 )sm

(q; q)m
. (35)

Proof. By using (31), we get

∞∑
n=0

∞∑
m=0

hn+m(a, b, x|q−1)(−1)nq(
n
2)tn

(q; q)n

(−1)mq(
m
2 )sm

(q; q)m

=
∞∑
n=0

∞∑
m=0

Ẽ(a, x; θ)
{
bn+m

} (−1)nq(
n
2)tn

(q; q)n

(−1)mq(
m
2 )sm

(q; q)m

= Ẽ(a, x; θ)

{ ∞∑
n=0

(−1)nq(
n
2)(bt)n

(q; q)n

∞∑
m=0

(−1)mq(
m
2 )(bs)m

(q; q)m

}
= Ẽ(a, x; θ) {(bt, bs; q)∞} (by using (2))

= (bt, bs; q)∞

∞∑
n=0

(−1)nq(
n
2)(x; q)n(as)n

(q; q)n
2φ1

(
xqn, q/bs

0
; q, atbs/q

)
.

(by using (27))

Hence the proof of (34) is completed.
To prove (35), replace a = xqn, b = q/bs, c = 0 and x = atbs/q, respectively, in

Jackson’s transformations [8, Appendix III, equation (III.4)] (equation (3)), we get

2φ1

(
xqn, q/bs

0
; q, atbs/q

)
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=
(atbsxqn/q; q)∞

(atbs/q; q)∞
2φ2

(
xqn, 0

0, atbsxqn/q
; q, at

)
=

(atbsxqn/q; q)∞
(atbs/q; q)∞

1φ1

(
xqn

atbsxqn/q
; q, at

)
=

(atbsxqn/q; q)∞
(atbs/q; q)∞

∞∑
m=0

(−1)mq(
m
2 )(xqn; q)m(at)m

(q; q)m(atbsxqn/q; q)m
. (36)

Substitute (36) into (34), we get

∞∑
n=0

∞∑
m=0

hn+m(a, b, x|q−1)(−1)nq(
n
2)tn

(q; q)n

(−1)mq(
m
2 )sm

(q; q)m

= (bt, bs; q)∞

∞∑
n=0

(−1)nq(
n
2)(x; q)n(as)n

(q; q)n

(atbsxqn/q; q)∞
(atbs/q; q)∞

∞∑
m=0

(−1)mq(
m
2 )(xqn; q)m(at)m

(q; q)m(atbsxqn/q; q)m

= (bt, bs; q)∞

∞∑
n=0

(−1)nq(
n
2)(x; q)n(as)n

(q; q)n

∞∑
m=0

(−1)mq(
m
2 )(xqn; q)m(at)m

(q; q)m

×
∞∑
k=0

(xqn+m; q)k(atbs/q)k

(q; q)k
(by using (1))

=
∞∑
k=0

(x; q)k(atbs/q)k

(q; q)k
(bt; q)∞

∞∑
n=0

(−1)nq(
n
2)(xqk; q)n(at)n

(q; q)n

× (bs; q)∞

∞∑
m=0

(−1)mq(
m
2 )(xqk+n; q)m(as)m

(q; q)m

=
∞∑
k=0

(x; q)k(atbs/q)k

(q; q)k

×
∞∑
n=0

∞∑
m=0

hn(a, b, xqk|q−1)hm(a, b, xqk+n|q−1)(−1)nq(
n
2)tn

(q; q)n

(−1)mq(
m
2 )sm

(q; q)m
.

�

Setting x = 0 in the Rogers formulas for the polynomials hn(a, b, x|q−1) (34) and (35),
we recover Rogers formulas for the polynomials hn(a, b|q−1) (19) and (20) derived by
Abdlhusein and Hussein [1].

Corollary 4.1 (The inverse linearization formula for hn(a, b, x|q−1)). We have

hm+n(a, b, x|q−1) =

min{m,n}∑
k=0

[
m

k

][
n

k

]
qk

2−nk−mk(q; q)k(ab)k(x; q)k

× hm−k(a, b, xqk|q−1)hn−k(a, b, xqm|q−1). (37)

Proof. From equation (35),we get

∞∑
m=0

∞∑
n=0

hm+n(a, b, x|q−1)(−1)nq(
n
2)tn

(q; q)n

(−1)mq(
m
2 )sm

(q; q)m
=

∞∑
k=0

∞∑
m=0

∞∑
n=0

(x; q)k(ab/q)k

(q; q)k

× hm(a, b, xqk|q−1)hn(a, b, xqk+m|q)(−1)nq(
n
2)tn+k

(q; q)n

(−1)mq(
m
2 )sm+k

(q; q)m
. (38)
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Comparing the coefficients of tnsm in equation (38), we get

hm+n(a, b, x|q−1)(−1)nq(
n
2)

(q; q)n

(−1)mq(
m
2 )

(q; q)m

=
∞∑
k=0

(x; q)k(ab/q)k

(q; q)k
hm−k(a, b, xqk|q−1)hn−k(a, b, xqm|q)(−1)n−kq(

n−k
2 )

(q; q)n−k

(−1)m−kq(
m−k

2 )

(q; q)m−k

=
∞∑
k=0

(x; q)k(ab)kq−k

(q; q)k
hm−k(a, b, xqk|q−1)hn−k(a, b, xqm|q)

× (−1)nq(
n
2)+(k2)+k−nk

(q; q)n−k

(−1)mq(
m
2 )+(k2)+k−mk

(q; q)m−k
. (by using (8))

Hence

hm+n(a, b, x|q−1)

=

min{m,n}∑
k=0

[
m

k

][
n

k

]
qk

2−nk−mk(q; q)k(ab)k(x; q)khm−k(a, b, xqk|q−1)hn−k(a, b, xqm|q−1).

�

Setting x = 0 in the inverse linearization formula for the polynomials hn(a, b, x|q−1) (37),
we recover the inverse linearization formula for the polynomials hn(a, b|q−1) obtained by
Abdlhusein and Hussein [1] (equation (21)).

5. Mehler’s Formula for hn(a, b, x|q−1)

We will show an operator approach to Mehler’s formula for the polynomials hn(a, b, x|q−1)
in this section. The Miller’s formula for the q−1-Rogers-Szeg”o polynomials hn(a, b|q−1) is
obtained by supplying special values for variables in the Mehler’s formula for hn(a, b, x|q−1).

Theorem 5.1 (The Mehler’s formula for hn(a, b, x|q−1)). Let the polynomials hn(a, b, x|q−1)
be defined as in (30), then

∞∑
n=0

hn(a, b, x|q−1)hn(c, d, y|q−1)(−1)nq(
n
2)tn

(q; q)n

= (bdt; q)∞

∞∑
k=0

∞∑
n=0

(−1)k+nq(
k
2)+(n2)(y; q)k(x; q)n

(q; q)k(q; q)n
(bct)k(adt)n

× 3φ2

(
q−k, xqn, q/bdt

0, 0
; q, adt

)
. (39)

Proof. By using (31), we get

∞∑
n=0

hn(a, b, x|q−1)hn(c, d, y|q−1)(−1)nq(
n
2)tn

(q; q)n

=

∞∑
n=0

Ẽ(a, x; θ) {bn}hn(c, d, y|q−1)(−1)nq(
n
2)tn

(q; q)n

= Ẽ(a, x; θ)

{ ∞∑
n=0

hn(c, d, y|q−1)(−1)nq(
n
2)(bt)n

(q; q)n

}
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= Ẽ(a, x; θ)

{
(dbt; q)∞ 1φ1

(
y
0

; q, cbt

)}
(by using (32))

= Ẽ(a, x; θ)

{
(dbt; q)∞

∞∑
k=0

(−1)kq(
k
2)(y; q)k

(q; q)k
(cbt)k

}

=
∞∑
k=0

(−1)kq(
k
2)(y; q)k

(q; q)k
(ct)kẼ(a, x; θ)

{
bk(dbt; q)∞

}
(by using (2))

=

∞∑
k=0

(−1)kq(
k
2)(y; q)k

(q; q)k
(bct)k(dbt; q)∞

∞∑
n=0

(−1)nq(
n
2)(x; q)n

(q; q)n
(adt)n

× 3φ2

(
q−k, xqn, q/bdt

0, 0
; q, adt

)
(by using (29))

= (dbt; q)∞

∞∑
k=0

∞∑
n=0

(−1)k+nq(
k
2)+(n2)(y; q)k(x; q)n

(q; q)k(q; q)n
(bct)k(adt)n

× 3φ2

(
q−k, xqn, q/bdt

0, 0
; q, adt

)
�

Setting x = 0 and y = 0 in Mehler’s formula for the polynomials hn(a, b, x|q−1) (39), we
recover Mehler’s formula for the polynomials hn(a, b|q−1) obtained by Liu [11] (equation
(16)) as follows:

Corollary 5.1. Let hn(a, b|q−1) be defined as in (14), then

∞∑
n=0

hn(a, b|q−1)hn(c, d|q−1)(−1)−1q(
n
2)tn

(q; q)n
=

(act, adt, bct, bdt; q)∞
(abcdt2/q; q)∞

,

provided that |abcdt2/q| < 1.

Proof. Setting x = 0 and y = 0 in (39), we get

∞∑
n=0

hn(a, b|q−1)hn(c, d|q−1)(−1)nq(
n
2)tn

(q; q)n

= (bdt; q)∞

∞∑
k=0

∞∑
n=0

(−1)k+nq(
k
2)+(n2)

(q; q)k(q; q)n
(bct)k(adt)n 3φ2

(
q−k, 0, q/bdt

0, 0
; q, adt

)

= (bdt; q)∞

∞∑
k=0

∞∑
n=0

(−1)k+nq(
k
2)+(n2)

(q; q)k(q; q)n
(bct)k(adt)n

k∑
m=0

(q−k, q/bdt; q)m
(q; q)m

(adt)m

= (bdt; q)∞

∞∑
n=0

(−1)nq(
n
2)

(q; q)n
(adt)n

∞∑
k=0

(−1)kq(
k
2)

(q; q)k
(bct)k

k∑
m=0

(q−k, q/bdt; q)m
(q; q)m

(adt)m

= (bdt, adt; q)∞

∞∑
k=0

(−1)kq(
k
2)

(q; q)k
(bct)k

k∑
m=0

(q; q)k
(q; q)k−m

(−1)mq(
m
2 )−km (q/bdt; q)m

(q; q)m
(adt)m

= (bdt, adt; q)∞

∞∑
m=0

∞∑
k=0

(−1)k+mq(
k+m

2 )

(q; q)k
(bct)k+m (−1)mq(

m
2 )−(k+m)m (q/bdt; q)m

(q; q)m
(adt)m
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= (bdt, adt; q)∞

∞∑
m=0

∞∑
k=0

(−1)k+mq(
k
2)+(m2 )+km

(q; q)k
(bct)k (−1)mq(

m
2 )−(k+m)m

× (q/bdt; q)m
(q; q)m

(abcdt2)m (by using (7))

= (bdt, adt; q)∞

∞∑
m=0

(q/bdt; q)m
(q; q)m

(abcdt2/q)m
∞∑
k=0

(−1)kq(
k
2)

(q; q)k
(bct)k

=
(bdt, adt, bct, act; q)∞

(abcdt2/q; q)∞
. (by using (1) and (2))

�

6. Conclusions

(1) The operator Ẽ(a, b; θ) is an extension of the operator E(bθ).
(2) The polynomials hn(a, b, x|q−1) is an extension of the q−1-Rogers-Szegö polynomi-

als hn(a, b|q−1).
(3) The identities of the polynomials hn(a, b, x|q−1) are an extension of the identities

of the polynomials q−1-Rogers-Szegö polynomials hn(a, b|q−1).

Acknowledgement. The referees deserve special thanks for their insightful suggestions,
which helped us improve an earlier edition.
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