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FACE ANTIMGAIC LABELING OF DOUBLE DUPLICATION FOR
SOME SPECIAL GRAPHS

R. KUPPAN', L. SHOBANA', §

ABSTRACT. The main objective of the paper is to determine (a,d)— face antimagic la-
beling for the double duplication of all vertices by edges of ladder, tadpole and m-copies
of path graphs. Also, if a graph G is (a,d)— face antimagic except for 3-sided faces then
the double duplication of all vertices by edges of a graph G is also (a,d)-face antimagic.
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1. INTRODUCTION

Let G(V,E, F) be a finite plane graph where V, E and F are its vertex set, edge set
and set of interior faces with |V| = p, |E| = g and |F| = f . A labeling of type (a,b,c)
of a graph G assigns labels from the set {1,2,3,...,ap + bg + c¢f} to the vertices, edges
and faces of a graph G such that each vertex gets a— label, each edge gets b— label and
each face gets c¢— label and each label is used exactly once. The values of a, b and ¢
are restricted to 0 and 1. Labeling of type (1,0,0), (0,1,0) and (0,0, 1) are called vertex
labeling, edge labeling and face labeling respectively. The weight of a face w(f) under
a labeling is the sum of labels of face together with labels of vertices and edges forming
that face. The notion of graph labeling was introduced by Rosa in 1967 [4]. A graph
labeling is an assignment of integers to the vertices or edges or both subject to the certain
conditions. If the domain of the mapping is the set of vertices (or edges) then the labeling
is called a vertex labeling (or an edge labeling) and if the domain is V(G) U E(G) then
the labeling is called total labeling. The various types of labeling are investigated by
Gallian [2]. Among the various types of labeling, our focus is on (a,d)— face antimagic
labeling. In [1], Baca defines a connected plane graph G(V, E, F') with vertex set V(G),
edge set E(G) and face set F/(G) to be (a,d)— face antimagic, if there exists positive
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integers a and d, a bijection g : E(G) — {1,2,...,|E(G)|} such that the induced mapping
Yy : F(G) = {a,a+d,...,(|F(G)| —1)d}, where for a face f, 14(f) is the sum of all g(e)
for all the edges e surrounding f is also a bijection.

The following definitions are used in our study.

Definition 1.1. [5] The double duplication of a vertex by an edge of a graph is defined
as a duplication of a vertex vy, by an edge e = viv) in a graph G produces a graph G',
m which N(vk,) = {vg, v} and N( V) = {vk, v}, }. Again duplication of vertices vy, v;, and

v oby edges € = wpwy, € = uwow) and " = wlw] respectively in G' produces a new
gmph G" such that, N(u) = {wk,fuk} N(wg) = {ug,vr}, N(up) = {wp, v}, N(w,) =
{ul, v}, N(uf) = {w},v)} and N(wy) = {u},v]}. Double duplication of vertices by edges
respectively of a graph G is denoted by DDyvy(G).

Definition 1.2. [3] The tadpole graph T, ), is the graph created by concatenating C, and
P with an edge from any vertex of C,, to a pendant of Pj for integersn > 3 and k > 1.

Definition 1.3. [2] The ladder graph L,, is the product graph Py X P,, which contains 2n
vertices and 3n — 2 edges.

Definition 1.4. [2] The graph mP,, is defined as union of m— copies of path graph P, with
V(imP,) ={v;':1<i<m,1<j<n}and E(mP,) ={e;':1<i<m,1<j<n-—1}

2. MAIN RESULTS

Theorem 2.1. The graph DDyv(L,) of types (1,0,1), (0,1,0), (0,1,1), (1,1,0) and
(1,1,1) is (a,d)-face antimagic.

Proof. Let G(V,E, F) be a ladder graph L, with vertex set V = {s,;1 <y < 2n} and
edge set £ = {sySy+1,Sm+1—ySon—y; 1l < y < n — 1} U {sysont1—y;1 < y < n} and
face set F' = {fs : sySy+15on+1—ySon—y;1 < y < n — 1}, where f, denotes the interior
faces of L,. Let G/(V/, E', F/) be a duplication of all vertices by edges of G with V' =
{by,ay;1 <y < 2n} UV, E = {syby, syay,bya,;1 < y < 2n} U E and F' = {fi :
Sybyay;1 <y < 2n} U F. Let G"(V",E",F") be a duplication of all vertices by edges
of G with V" = {ty, ky, vy, 7y, Dy, qy; 1 <y < 2n} U V', E" = {syty, syky, tyky, byvy, byry,
UyTy: AyPy: Aydy, Dydy; 1<y<2n}U E and F' = {fa : byvyry, f3 1 ayDyqy, fa i sytyky; 1 <
y < 2n}UF . The following are the various types for which (a,d)— face antimagic labeling
is proved.

i. Type (1,0, 1)

Consider ¢ : V' UF" = {1,2,...,27n —1}. The vertex and the face labeling pattern is
defined by ¢(sy) = y;1 <y < 2n, ¢(by) = 18n+1—-y;1 <y < 2n, ¢(ay) = 14n+1—y;1 <
y<2n, ¢(ty) =12n+1—-y;1 <y < 2n, ¢lky) = 16n+1—y;1 <y < 2n, ¢(vy) =
2n+y;1 <y <2n, ¢(ry) =10n+1—y;1 <y < 2n, ¢(py) =4n+y;1 <y < 2n, ¢(q,) =
8n+1—y;1 <y<2n, ¢(f1y) =26n+1-y;1 <y <2n, ¢(fay) =24n+1-y;1 <y < 2n,
O(fay) =20n+1—y;1 <y <2n, ¢(fay) =22n+1—-y;1 <y < 2n, ¢(fsy) =26n+y;1 <
y < n—1 with the following 3— sided face weights w(f1) = ¢(sy)+@(by) +d(ay) +o(f1y) =
58n+3—-2y;1 <y < 2n, w(fa) = ¢(by)+¢(vy)+¢(ry)+¢(f2y) =54n+3-2y;1 <y < 2n,
w(fs) = ¢lay) + d(py) + ¢(ay) + ¢(fay) = 46n +3 — 2y;1 <y < 2n and w(fs) = ¢(sy) +
o(ty) + o(ky) + O(fay) = 50n + 3 — 2y; 1 < y < 2n, which forms an arithmetic progression
{42n +3,42n +3+ 1 x 2,...,42n + 3+ (8n — 1)2}. The 4— sided face weights are given
by w(fs) = ¢(sy) + ¢(sy+1) + O(s2nt1—y) + A(S2n—y) + O(fay) =30n+y+21 <y <n-—1,
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FIGURE 1. DDyv(Ly)

where ¢(f.y) denotes the face labeling for 4— sided faces in L,,, which forms an arithmetic
progression {30n +3,30n+3+1x1,...,30n+3+ ((n —1) — 1)1}.

ii. Type (1, 1, 0)

Consider ¢ : V' UE" — {1,2,...,45n — 2}. The vertex labeling pattern is same
as type (i). The edge labeling pattern is defined by ¢(s,b,) = 26n +1—y;1 <y < 2n,
d(syay) = 26n+y; 1 <y < 2n, ¢(byay) = 42n+1-y;1 <y < 2n, ¢(byvy) = 24n+1—y;1 <
y < 2n, ¢p(byry) = 28n+y;1 <y < 2n, ¢p(vyry) =400+ 1 —y;1 <y < 2n, ¢laypy) =
20n+1—y;1 <y < 2n, dlayqy) = 32n+y;1 <y < 2n, p(pyqy) = 36n+1—-y;1 <y < 2n,
P(syty) = 22n+1-y;1 <y < 2n, ¢(syky) = 30n+y; 1 < y < 2n, ¢(tyky) = 38n+1—y;1 <
Y < 2n, d(sysont1-y) = 44n —2+y;1 <y < n, d(sysy1) = 42n+y;1 <y <n—1,
d(Sont1—ySon—y) = 44n —1 —y;1 <y < n — 1. The 3— sided face weights are as follows
(f1) = &(sy) + P(by) + d(ay) + d(syby) + d(byay) + d(syay) = 126n+4 —2y;1 < y < 2n,
(f2) = o(by) + d(vy) + d(ry) + d(byvy) + d(vyry) + G(byry) = 122n +4 —2y;1 < y < 2n,
(f3) = ¢lay)+¢(py) +d(ay) +P(aypy) +d(pyay) +dlayqy) = 114n+4—2y;1 <y < 2n and
w(F) = 05, )+ 3(ty -6 (ky)+0(5,1y) + &ty (5yhy) = 118n+4-24; 1 < y < 20, which
forms an arithmetic progression {110n+4, 1104+44+1x2,...,110n+4+(8n—1)2)} and the
4— sided face weights w(fx) = ¢(sy) + P(sy+1) + O(S2nt1—y) + O(S2n—y) + O(SySont1—y) +
A(Sy+152n—y) + O(SySy+1) + P(Sant1—ySan—y) = 1780 — 2+ 2y;1 < y < n — 1, forms an
arithmetic progression {178n,178n +1 x 2,...,178n+ ((n — 1) — 1)2}.

iii. Type (1,1, 1)

Consider ¢ : V'UE"UF" — {1,2,...,54n—3}. The vertex and edge labeling pattern is
same as type (7). The face labeling pattern is defined by ¢(f1,) =45n—2+y;1 <y < 2n,
O(fay) = 4Tn—2+y; 1 <y < 2n, §(fsy) = 5ln—2+y;1 <y < 2n, ¢(fay) = 49n—2+y;1 <
y <2n, ¢(fiy) =54n —2 —y;1 <y < n — 1. The following are the 3— sided face weights
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FIGURE 2. (491, 1)— face antimagic labeling of DDy (Ls3)

w(fi) = @(sy) + ¢(by) + d(ay) + d(syby) + d(byay) + d(syay) + ¢(f1y) = 1TIn+2 —y;1 <
y < 2n, w(fQ) = ¢(by) + ¢(vy) + d’(ry) P(byvy) + d(vyry) + ¢(byry) + ¢(f2y) = 1690 +
2—y;1 <y <2n, w(fs) = dlay) +9(py) + d(ay) + P(aypy) + (pyay) + dlayay) + ¢(f3y) =
165n + 2 — y; 1 S < 2n and w(fy) = &(sy) + &(ty) + d(ky) + G(syty) + O(tyky) +
P(syky) + O(fay) = 167n + 2 —y;1 <y < 2n, which forms an arithmetic progression
{163n +2,163n+2+1x1,...,163n+ 2+ (8n — 1)1} and 4— sided face weights w(f,) =
O(sy) + O(sy+1) + O(s2n41-y) + d(s2n—y) + A(sysanti—y) + A(sy+152m—y) + G(sysy+1) +
d(Sont1—ySan—y) + O(fry) =232n —4 +y;1 <y <n — 1, forms an arithmetic progression
{2320 —3,232n — 3+ 1x 1,...,232n — 3+ ((n— 1) — 1)1}

iv. Type (0, 1, 0)

Consider ¢ : E' — {1,2,...,27n — 2}. The edge labeling pattern are as follows:
P(syby) = y;1 <y < 2n, ¢(syay) = 16n+1—y;1 <y < 2n, ¢(byay) = 16n +y;1 <
y < 2n, ¢(byvy) = 2n +y;1 <y < 2n, ¢(byry) = ldn+1—y;1 <y < 2n, d(vyry) =
18n+y;1 <y < 2n, ¢playpy) =4n+y;1 <y < 2n, ¢(aygqy) = 12n+1—y;1 <y < 2n,
P(Pyqy) = 20n+y; 1 <y < 2n, ¢(syty) = 6nty; 1 <y < 2n, ¢(syky) = 22n+y;1 <y < 2n,
P(tyky) = 10n +1 —y;1 <y < 2n, d(sysant1—y) = 26n +y — 2,1 <y <n, ¢(sysy+1) =
2dn+y;1 <y <n—1, ¢(s2any1—ySon—y) = 26n —y — 1;1 <y < n — 1. The following 3—
sided face weights w(f1) = ¢(syby) + d(syay) + @(byay) = 32n+1+y;1 <y < 2n, w(fz) =
¢ (byvy)+0(byry)+o(vyry) = 3dn+1+y;1 <y < 2n, w(f3) = ¢(aypy)+o(Pyay) +d(ayqy) =
36n+1+y;1 <y <2nand w(fs) = ¢(syty) + ¢(syky) + o(tyky) =38+ 1+y;1 <y < 2n,
forms an arithmetic progression {32n +2,32n +2 + 1 x 1,...,32n + 2 + (8n — 1)1}.
The following 4— sided face weights w(fy) = ¢(SySonti—y) + O(Sy+152n—y) + O(Sysy+1) +
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P(Sont1—ySan—y) = 102n 42y — 4;1 <y < n — 1, forms an arithmetic progression {102n —
2,102n — 241 x2,...,102n — 2+ ((n — 1) — 1)2}.

v. Type (0,1, 1)

Consider ¢ : E' UF" — {1,2,...,36n — 3} defined as follows: The edge labeling
pattern is same as type (iv). The face labeling pattern is defined as ¢(f1,) = 28n — 3 +
y;l <y < 2n, ¢(fay) =30n =3 +y;1 <y < 2n, o(f3y) =32n -3 +y;1 <y < 2n,
O(fay) = 34n =3 + ;1 <y < 2n, ¢(fey) = 28n —y — 2;1 < y < n — 1 with the
following face weights w(f1) = ¢(syby) + ¢(syay) + d(byay) + ¢(f1y) = 60n — 2+ 2y;1 <
y < 2n, w(fa) = d(byvy) + d(byry) + d(vyry) + ¢(f2y) = 64n — 2+ 2y;1 < y < 2n,
w(f?)) = ¢(aypy) + ¢<pry) + ¢(ayQy) + (b(ffﬂy) = 068n — 2+ 2y;1 <y < 2n and w(f4) =
d(syty) + P(syky) + d(tyky) + &(fay) = 72n — 2+ 2y;1 < y < 2n, forming an arithmetic
progression {60n,60n +1 x 2,...,60n + (8n — 1)2)}. The 4— sided face weights w(f.) =
D(sySan+1-y) +O(Sy+152n—y) +O(SySy+1) T O(S2n11-yS2n—y) +O(fiy) = 130n—6+y;1 <y <
n—1, forms an arithmetic progression {130n—5, 130n—5+1x1,...,130n—5+((n—1)—1)1}.

([l

Theorem 2.2. The graph DDvvy (T, s);r > 4,s > 1 of types (1,0,0), (1,0,1), (0,1,0),
(0,1,1), (1,1,0) and (1,1,1) is (a,d)-face antimagic.

Proof. Let G(V, E,F') be a tadpole graph T, ¢;7 > 4,s > 1 with vertex set V = {s;/; 1<
y < r+s}, edge set E = {s;s;ﬂ,s/ls;;l <y < r+s—1} and face set F' = {f, :
5/15/2 ...s.}, where f, denotes the face of C, in T, s. Let G (V',E',F) be a duplication of
all vertices by edges of G with V' = {by,a,;1 <y <r+spuVv, E = {s;by, s;/ay, byay; 1 <
y <r+stUFEand F' = {f; : s;byay;l <y<r+sfUF. Let G'(V',E",F") be a
duplication of all vertices by edges of G with V" = {ty, ky, vy, r;,py, gl <y<r+ S}UVI
and E' = {sfyty, s;ky,tyk:y, by vy, byr;, vyr;, AyPy, AyQy, DyQy; 1 <y <7+ s}U E and F' =
{fo: byvyrly, f3 1 aypyay, fa1: s;tyk:y;l <y < r+4+stUF. The following provides the
(a,d)— face antimagic labeling for various types.

i. Type (1,0, 0)

Consider ¢ : V' — {1,2,...,9(r + s)}. The vertex labeling pattern is as follows:
D(Spygr1y) =r+s+1—y; LSy <r+s, dlbrrsyry) =8(r+s)+y 1<y <r+s,
P(artst1—y) = T(r+s)+1—y; 1 Yy <71+, ¢(rpsti—y) = 2(r+s)+1 -y 1 <
YST+8, e y) =40 +8)+y; 1<y <rts, $(prpsri—y) = 3(r+5) +1—y;
1<y <r+s, ¢<QT+S+1—y) =3(r+s)+y; 1 <y<r+s, ¢(tr+s+1—y) = 5(r+s) +y;
1<y <r+s, ¢lkrrst1—y) =7(r+s)+y; 1 <y < r+s with the following 3— sided
face weights w(fl):¢(5;+s+1—y) + O(brsst1—y)+ (artst1-y)=16(r+5)+2—y; 1 <y <
7+ 8, W(f2)=0(brtst1-y)+A(Vrtst1-y) + d)(r;ﬂﬂ,y):lél(r +s)+14+y; 1<y<r+s,
w(f3)=¢(ar+s+1-y) + ¢Presti—y) + A(Grist1—y)=13(r+s) +2—y; 1 <y <r+sand
w(f4):¢(3/r+s+1—y) + O(trtst1—y) TO(krpsr1-y)=13(r +s) +1+y; 1 <y <r+ s, which
forms an arithmetic progression {12(r +s) +2,12(r +s)+2+1x 1,...,12(r +s) + 2+
(4(r +s) — 1)1} and the face weight of r— sided of T{, ) = 7”2%

ii. Type (1,0, 1)

Consider ¢ : V' UF" — {1,2,...,13(r 4+ s) + 1} The vertex labeling pattern is same as
type (7). The face labeling pattern is defined by ¢(f1(r4s41—y)) = 13(r+s)+1—-y; 1 <y <
T+ s, d)(fQ(r—&-s—‘rl—y)) :11(’/“ + 8) Ty 1< y<r+s, ¢(f3(r+s+1—y)) = 1O(T + S) +1- Y;
1< y < r+s, ¢(f4(r+s+l—y)) = 1O(T + S) + U 1< y < r+s, d)(f*l):l?’(’r + S) +1
with the following 3-sided face weights w(fl):qb(s;ﬂﬂ,y) + O(brgsti—y)+ O(Argst1—y)+

<
<
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@Z)(fl(TJrerlfy)): 29(r+s)+3-2y; 1 <y <r+s, w(fo)= ¢brosti—y) + A(Vristi—y) +
¢(r1/"+s+l—y) + ¢(f2(7“+5+17y)): 25(T + 8) +14+2y; 1 <y <r+s, UJ(fg): ¢(a7‘+5+1—y)
+ (Z)(pr—i-s—i-l—y) + ¢(QT+8+1—y) + ¢(f3(r+s+1—y)): 23(T + 3) +3—-2y; 1 <y<r+sand
w(fy)= ¢(S;‘+s+l—y) + O(trrst1—y) + P(krist1—y) + O(faprrsti—y)) = 23(r+5s) + 1+2y;
1 <y <r+s, which forms an arithmetic progression {21(r 4+ s) +3,21(r +s) +3+ 1 x
2,...,21(r+s)+3+(4(r+s)—1)2} and the face weight of r— sided of T}, ;) = w

iii. Type (0, 1, 0)

Consider ¢ : E' — {1,2,...,13(r + s)}. The edge labeling pattern is as follows:
¢(3;+5+1_ybr+s+lfy) =r+s+l—-y; 1 <y<r+s, ¢(3;+3+1_yar+s+lfy):7(7" + 8) + y;
1<y <r+38 ¢brist1-ytrist1—y)=9(r+8)+1-y; 1 <y <7+ 8, (brist1—yUrist1—y)=
2r+s)+1—y; 1 <y < r+s, qﬁ(br+5+1_yr;+s+1_y) =6(r+s)+y; 1 <y <r+s,
P(Vrgs+1- yr;+5+1 y)_ 10(r+s)+1—y; 1 <y <r+s, ¢(arisr1- yPr+s+1— y)_ 3(r+s)+1—
y; 1 <y <r+s, d(arisii— yQr+s+1— y) 5(r4+s)+y; 1<y <r+s, p(Prist1- yQr+s+1— y)
Hr+s)+1-y 1<y <r+s, é(s 7“+s+17yt7‘+s+1—y) Ar+s)+1-—y;1<y<r+s,
¢(s;+s+l—yk7’+8+1—y):4(r+$) +y L <y <r 45, lrrsri—ykrisi1—y)=12(r+s)+1-y;
1<y<r+s,d(sys.)=13(r+s)—1, qﬁ(s;s;ﬂ) =12(r+s)+y; 1 <y <r-—1, qﬁ(s;s;ﬁl):
B(r+s)—14+y;r <y < (r+s)—1 with the following 3-sided face weights w(f;)=
¢(5/r+s+1fybr+s+l—y)+ ¢(3;+s+1—yar+s+l—y) + ¢(br+s+l—yar+s+l—y) =17(r+s)+2-y; 1 <
y <r+s, w(fa) = O(brrst1—yUrisri—y) + ¢(br+s+1—yr;+s+1fy) + ¢(Ur+s+1—yr;+s+1—y)
= 18(T+S)+2_y; 1 < Yy <r+ S, UJ(fg) = (b(ar-l—s—i-l—ypr—l-s—i—l—y) + ¢(pr+s+1—yQ7’+s+1—y) +
(@ ts+1—yGr+s+1—y)=19(r +8) +2—y; 1 <y <7+ s and w(fs)= Qb(5;4—5—4-1—yt7“+s+1fy)7L
Oy g1 ykrtsri—y)T O(trrsii—ykrisi1—y) =20(r+s5)+2—y; 1 <y <7+ s, which forms
an arithmetic progression {16(r+s)+2,16(r+s)+2+1x1,...,16(r+s)+2+(4(r+s)—1)1}

and the face weight of r— sided of T{, ;) = Mg‘”w,

Prts

6.
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iv. Type (0, 1, 1)

Consider ¢ : B UF" — {1,2,...,17(r + 5) + 1}. The edge labeling pattern is same
as type (ii1). The face labeling pattern is as follows ¢(fi(rtst1—y))= 14(r+3s) +1—y;
I <y <r+s, ¢(f2(r+s+1fy)): 15(r + 3) +1l-y; 1 <y < r+s, ¢(f3(r+s+1fy)) =
6(r+s)+1—y; 1 <y <r+s, d(fapqsri—y)= 17r+s)+1-y; 1 <y <r+ts,
&(fe1)=17(r+s)+1 with the following 3— sided face weights w(f1):¢(8;+8+1_ybr+5+1,y)
+ ¢(S;+s+1—yar+s+1*y)+ A(brist1-ytristi—y) + O(firrsri—y))= 311 + 5) + 3 — 2y;
1<y<r+s, w(f2): ¢(br+s+1—yvr+s+1—y)+¢(br+s+1—yr;+s+1f) + ¢(Ur+s+1—yr;+s+1—y)
+ ¢(f2(r+s+17y)) = 33(7’ + 3) +3—-2y; 1 <y <r+s, w(f?:): (b(ar—&—s-i—l—ypr-i-s—i-l—y) +
(Prtst1—yr+st1—y)t O(arisii—ylris+i—y) + O(fa(rst1-y)) =35(r+s)+3-2y; 1 <y <
r+s and w(f4)= ¢(3;’+s+1—ytr+s+lfy)+ ¢(3;’+s+1—ykr+s+lfy)+ ¢(tr+s+lfykr+s+1fy)+
O(fartst1-y))= 37(r +5) +3 —2y; 1 <y <7+ s, which forms an arithmetic progression
{29(r+5)+3,29(r+s)+3+1x2,...,29(r+s)+ 3+ (4(r +s) —1)2} and the face weight
of r— sided of T(r,s) _ 257‘2—&—247“3—;357“4-3454-2‘

v. Type (1, 1, 0)

Consider ¢ : V' UE" — {1,2,...,22(r + s)}. The vertex labeling pattern is same as
type (7). The edge labeling pattern is as follows ¢(s 'I‘+S+1 yortst1—y) = 13(r+s) +1—y;
1<y <r+s, Qb( 7‘+S+17ya7‘+5+1—y) = 13(T + 5) +y; 1l <y<r+s, (;5( r+s+l—ya7”+s+l—y)
=21(r+s)+1—y; 1 <y < r+s, ¢(bryst1—yUrgsti—y)= 11(r +s)+y; 1 <y <
T+ s, ¢(br+s+1*yr;+s+l—y): 5(r+s)+1—-y; 1 <y <r+s, ¢(UT+S+1*QT;’+S+1—y):
O +s)+y; 1<y <r+s, d(artsti—yPristi—y)=10r+s)+1—-y; 1 <y <r+s,
P(Arts11—y@rist1—y)= 16(r+8)+y; 1 <y <7+ 5, ¢(Prast1-yGrrst1—y) = 18(r+s)+1—y;
I1<y<r+s, ¢(3;+3+1_yt7’+s+1—y): 10(r + 3) +y; 1<y <r+s, ¢(S;+s+l—ykr+s+1—y):
16(r+s)+1-y; 1 <y <7+ 5, (tryst1—ykrisri—y)= 18(r+s)+y; 1 <y <r+s, ¢(3/13;~):
22(r+s)—1, gb(slys;ﬁl): 21(r+s)+y; 1 <y <r-—1, gb(s;s;ﬂ): 21(r+s)+y+L;r<y<
(r 4+ s) — 1 with the following 3— sided face weights w(fl):¢(s;+s+1,y)+ O(brgst1—y)+

Harssti—y)t O(Sppar1oy brrsrizg)t G(sppap1y rroriog)t Slrrstioy Grispioy) =
63(7“ + 3) +4-2y; 1 <y <r+s, w(f2>: ¢<br+s+1—y)+ ¢('Ur+s+1—y)+ ¢(T7I"+s+1—y) +
¢(br+s+lfy Ur+s+lfy)+ ¢(br+s+lfy T;"—l—s—&-l—y)_‘_ ¢(UT+S+1*y T;+s+1—y): 59(r + ) + 2+ 2y;
1<y <r+s, w(fs)= ¢(ar+s+lfy)+ ¢(pr+s+1fy)+ ¢(QT+S+1fy)+ ¢(ar+s+1fy pr+s+1fy)
+ ¢(pr+s+lfy Qr+s+1fy) + ¢(ar+s+lfy QT+S+1*y): 57(r+s)+4—2y; 1<y <r+sand
w(f1) :¢(8;+s+l—y)+ P(trrst1—y) + A(Eryst1—y)+ ¢(8;+8+1—y tristi—y)t A(trist1—y
Krtsyiy)+ ¢(s;+s+1_y krisyi—y)= 57(r+s)+2+2y; 1 <y < r+s, which forms an

arithmetic progression {55(r+s)+4,55(r+s)+4+1x2,...,55(r+s)+4+(4(r+s)—1)2}
) 44r2+427"s+27’

and the weight of r— sided face of T{,.

vi. Type (1,1,1)

Consider ¢ : V' UE" UF" — {1,2,...,26(r + s) + 1}. The vertex and edge label-
ing pattern is same as type (v). The face labeling pattern is defined by ¢(fi(r4s41-y))
=22(r+s)+y; 1 <y < r+s foprsiiyg)=240r+5)+1 -y 1 <y <1,
¢(f3(r+s+1—y)):25(T+5)+y§ I1<y<r+s, ¢(f4(r+s+1—y)): 25(r+s)+1-y; 1 <y <7+,
d(fr1)= 26(r + s) + 1 with the following 3-sided face weights w(f)= ¢(s;+8+1_y)+

¢(br+s+1,y)+ ﬁb(arJrerlfy)WL ¢(5;~+s+1—y b?”Jrerlfy)+ ¢(S;+s+1—y ar+s+1,y)+ ¢(br+s+1*y
Aristi—y)t O(firtsti—y)= 85(r +8) +4 —y; 1 <y < r+s, w(fa)= d(brist1—y)+

P(Urtst1-y)+ <l5(7"r+s+1—y) P (brts41-y Ur+s+1—y) + O(bryst1—y Tr+s+lfy) + P(Vr4s1-y
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83(r+s)+34+y; 1 <y <r+s, w(fs)= d(artsr1—y)+

P(arisi1— —y Pr4s+1— y)+¢(pr+s+1 y Qr+s+1— y)"" ¢(ar+s+1 -y
QT+S+1*y)+ ¢(f3(7"+s+1—y) 82(T =+ S) +4 - Y 1< Yy <r+s and ’UJ(f4) ¢( r+s+1 y)+
¢(tr+s+1fy)+ ¢(kr+s+1 Y + ( 'r+s+1 y tr+s+1 y)"’ d)( r+s+1—y kr+s+1 y)“‘ ¢( T+s+1 —y
Erist1-y)+ O(faprtsti—y))= 82(r +8) +3+y; 1 <y <r+s, which forms an arithmetic
progression {81(r +s) +4,81(r+s)+4+1x1,...,81(r+s)+4+ (4(r+s) — 1)1} and
the face weight of r— sided of T{, o = 44T2+42T5J554T+523+2.

T;+S+1,y)+ ¢(f2(r+s+1 y)) =
¢(pr+s+1—y)+ ¢(q1”+8+1 Z/) +
):
)

O

Theorem 2.3. The graph DDyy(mP,); m > 1, n > 2 of types (1,0,0), (1,0,1), (0,1,0),
(0,1,1), (1,1,0) and (1,1,1) is (a,d)-face antimagic.

Proof. Let G(V, E) be a graph obtained by m copies of path graph P,; n > 2 which
is denoted by mP,;m > 1,n > 2 with vertex set V = {s,;1 < y < mn} and edge set
E = {sysy41;1 <y <mn —m, wherey #Z 0 (mod n)}. Let G'(V', E', F') be a duplication
of all vertices by edges of G with V'= {by, ay; 1 <y <mn}pUV, E = {8yby, Syay, byay; 1 <
y <mn}UE and F'= {f; : s,byay;1 <y < mn}. Let G (V",E", F") be a duplication
of all vertices by edges of G' with V"= {ty, ky, vy, 7y, Py, qy;1 < y < mn} U V', E'=
{syty, syky, tyky, byvy, byry, vyry, GyDy, AyGy, Pyqy; 1 <y < mn} U E' and F'= {fa : byvyry,
f3 1 aypyy, fa @ sytyky;1 <y < mn} U F'. The following provides the (a,d)— face
antimagic labeling for various types.

i. Type (1,0,0)

Consider ¢ : V"' — {1,2,...,9mn}. The vertex labeling pattern are as follows: ¢(s,)=
Imn+1—y; 1 <y <mn, ¢(by)=2mn+y; 1 <y <mn, ¢(ay)=bmn+1-y; 1 <y <mn,
P(vy)=bmn+y; 1 <y <mn, ¢(ry)=Tmn+1—-y; 1 <y <mn, ¢(py)=y; 1 <y < mn,
d(qy)=8mn+1-y; 1 <y <mn, ¢(t,))=3mn+y; 1 <y <mn, ¢(ky)=mn+y; 1 <y <mn
with the following 3— sided face weights w(f1)= ¢(sy)+ ¢(by)+ ¢(ay)=16mn+2—y; 1 <
y < mn, w(f2)=¢(by)+ ¢(vy)+ d(ry)=1dmn +1+y; 1 <y < mn, w(fz)=¢(ay)+o(py)+
¢(qy)=13mn + 2 —y; 1 < y < mn and w(fa)=d(sy)+ ¢(ty)+ ¢(ky)=13mn + 1 + y;
1 <y < mn, which forms an arithmetic progression {12mn-+2, 12mn+2+1x1,...,12mn+
2 + (4mn — 1)1}.

ii. Type (1,0, 1)

Consider ¢ : V' UF" — {1,2,...,13mn}. The vertex labeling pattern is same as
type (7). The face labeling pattern is defined by ¢(fiy)=13mn +1—-y; 1 < y < mn,
O(foy)=11mn +y; 1 <y < mn, ¢(fz3y)=10mn +1—y; 1 <y < mn, ¢(fa,)=10mn + y;
1 < y < mn with the following 3— sided face weights w(fi)=¢(sy)+ ¢(by)+ d(ay)+
O(f1y)=29mn+3 —2y; 1 < y < mn, w(f2)=¢(by)+ d(vy)+ G(ry)+ ¢(fay)=25mn+1+2y;
1 <y < mn, w(fz)=d(ay)+ o(py)+ ¢(ay)+ ¢(fsy)=23mn +3 —2y; 1 <y < mn and
w(fa)=(sy)+ o(ty)+ o(ky)+ &(fay)=23mn + 1+ 2y; 1 < y < mn, which forms an
arithmetic progression {21mn + 3,21mn +3+ 1 x 2,...,21lmn + 3 + (4dmn — 1)2}.

iii. Type (0, 1, 0)

Consider ¢ : E" — {1,2,...,13mn — m}. The edge labeling pattern is given by
d(syby) = Imn + y;1 < y < mn, ¢(syay) = 8mn+1 —y;1 < y < mn, ¢(byay) =
y;1 <y <mn, ¢(byvy) = 6mn+y;1 <y < mn, ¢(byry) = 1lmn+1—y;1 <y < mn,
Bloyry) = mn+ 41 < y < mn, d(ap,) = 12mn+1-y:1 < y < mn, olayq,) =
6mn+1—y;1 <y < mn, ¢(pyqy) = 2mn+y;1 <y < mn, ¢(syty) = 8mn+y;1 <
y < mn, ¢(syky) = dmn+1—y;1 <y < mn, ¢(tyky) = 3mn+y;1 <y < mn,
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P(sySy+1) = 12mn + y;1 < y < mn, where y # 0 (mod n) with the following 3-
sided face weights w(f1) = @(syby) + d(syay) + d(byay) = 1Tmn + 1+ y;1 < y <
mn, w(fz) = @(byvy) + ¢(byre) + dlvyry) = 18mn + 1+ y;1 < y < mn, w(fs) =
¢(aypy) + ¢(ayQy) + Cb(pry) = 20mn +2 -yl <y < mnand w(fs) = ¢(3yty) +
d(syky) + o(tyky) = 16mn + 1+ y;1 < y < mn, which forms an arithmetic progression
{16mn +2,16mn+2+1x1,...,16mn + 2+ (4mn — 1)1}.

iv. Type (0, 1, 1)

Consider ¢ : E'UF" — {1,2,...,17mn — m}. The edge labeling pattern is same as
type (i7i). The face labeling pattern is defined as ¢(fi,)=14mn —m+y; 1 <y < mn,
O(foy)=1mn—m+y; 1 <y < mn, ¢(f3y)=1Tmn—m—y+1; 1 <y < mn, ¢(fs,)=13mn—
m+y; 1 <y < mn with the following 3— sided face weights w(f1)=¢(syby)+ d(syay)+
P(byay)+ ¢(fiy)=31mn —m +1+2y; 1 <y < mn, w(fa)=¢(byvy)+ fb(byry)‘i‘ P(vyry)+
O(fay)=33mn—m+1+2y; 1 <y < mn, w(fs)=d(aypy)+ ¢(ayqy)+ ¢(pyay)+ ¢(fsy)=3Tmn—
m+3—2y; 1 <y < mnand w(fa)=¢(syty)+ d(syky)+ ¢(tyky)+ O(fay)=29mn—m+142y;
1 <y < mn, which forms an arithmetic progression {29mn —m + 3,29mn —m + 3 + 1 x

., 29mn —m + 3 + (dmn — 1)2}.

v. Type (1, 1, 0)

Consider ¢ : V' UE" — {1,2,...,22mn — m}. The vertex labeling pattern is same as
type (7). The edge labeling pattern is defined by ¢(s,b,)=13mn+1—1y; 1 <y < mn,
d(syay)=1Tmn+1—-y; 1 <y < mn, ¢(byay)=1Tmn+y; 1 <y < mn, ¢(byvy)=11mn +y;
1 <y < mn, ¢(byry)=1mn +y; 1 <y < mn, ¢p(vyry)=19mn +1—-y; 1 <y < mn,
d(aypy)=10mn+1—y; 1 <y < mn, ¢(ayqy)=1dmn+1-y; 1 <y < mn, ¢(pygqy)=20mn+y;
1 <y < mn, ¢(syty)=10mn + y; 1 < y < mn, ¢(syky)=1dmn +y; 1 < y < mn,
d(tyky)=20mn +1—y; 1 <y < mn, ¢(sysy+1)=21mn +y; 1 <y < mn, where y Z 0
(mod n) with the following 3-sided face weights w(f1)=¢(sy)+ ¢(by)+ d(ay)+ P(syby)+
D(syay)+ d(byay)=63mn +4 = 2y; 1 <y < mn, w(f2)=0(by)+ ¢(vy)+ é(ry)+ d(byvy)+

P(byry)+ P(vyry)=59mn + 2+ 2y; 1 <y < mn, w(fs)=¢(ay)+ ¢(py)+ ¢(q,)+ dlaypy)+
(ayqy)+ d(pyqy)=5Tmn+4-2y; 1 <y < mn and w(fa)=0(sy)+ S(ty)+ ¢(ky)+ d(syty)+
d(syky)+ o(tyky)=5Tmn + 2+ 2y; 1 < y < mn, which forms an arithmetic progression
{55mn+4 55mn—|—4+1 X 2,...,55mn+4+ (4mn — 1)2}.

(vi) Type (1,1,1)

Consider ¢ : V'UE"UF" — {1,2,...,26mn—m}. The vertex and edge labeling pattern
is same as type (v). The face labeling pattern is defined by ¢(f1,)=22mn—m+y; 1 <y <
mn, ¢(foy)=2dmn—m+1—-y; 1 <y <mn, ¢(f3y) =25mn—m+y; 1 <y < mn, ¢(fay)=
25mn —m+1—y; 1 <y < mn with the following 3-sided face weights w(f1)= ¢(sy)+
d(by)+ d(ay)+ d(syby)+ d(syay)+ d(byay)+ ¢(fiy)= 8mn —m+4—y; 1 <y < mn,
w(f2)= @(by) + &(vy)+ @(ry)+ d(byvy)+ d(byry)+ d(vyry)+ (f2y)= 83mn —m + 3 +
y; 1 <y < mn, w(fs)=¢(ay)+ ¢(py)+ ¢(qy)+ ¢lauypy)+ ¢(ayqy)+ d(pyay)+ ¢(fay)=
82mn—m+4—y; 1 <y < mn and w(fa)= ¢(sy)+ o(ty)+ v(ky)+ P(syty)+ d(syky)+
d(tyky)+ O(fay)= 82mn —m+3+y; 1 <y < mn, which forms an arithmetic progression
{8Imn —m+4,8lmn—m+4+1x1,....,8lmn—m+4+ (4dmn — 1)1}.

O

Theorem 2.4. If a graph G is (a,d)— face antimagic except for 3— sided faces, then
DDyvy(G) is also (a,d)— face antimagic.

Proof. Assume G to be (a, d)— face antimagic with vertex set V = {v; : 1 <1i < p}, edge set
E={e:1<i<gq}andfaceset F ={f;:1<i< f}, where p, ¢ and f denotes the num-
ber of vertices, edges and faces of G respectively. Let G = DDy (G) denotes the double
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FIGURE 4. DDyvy(G)

/

duplications of all vertices by edges of G with vertex set V' = {ki, si,ri, v, d;, lisbi,a; 0 1<
) § p} U V, edge set E, = {'Uikia V;Sq, k‘is,;, /fi’l“i, k‘il};, ’l‘ﬂ]}, Sid;, Sili, d;li, VA, ’Uibz', biai 01 S
i < p}UFE and face set F' = {fi: kiTi’U;;fQ s vaibi; f3 sid;li;f4 cvikis; 0 1 < i <p}UPF.
The newly added vertices of G’ are assigned the following labeling pattern.

Define a mapping ¢(G') : V' (G') = {1,2,...,9p} such that ¢(v;) =i :1 < i < p,
o)) =p+i:1<i<p ¢d) =2p+i:1<i<p ¢ly) =dp—i+1:1<i<p,
$(v)) =bp—i+1:1<i<p ¢b;)=6p—i+1:1<i<p ¢(k;)=6p+i:1<i<p,
dla;))=Tp+i:1<i<pand ¢(s;) =9p—i+1:1<i<p.

To prove G is (a,d)— face antimagic it is enough to prove (a,d)— face antimagic for
newly added triangles. The 3— sided face weights of G’ are as follows:

w(fi) = ¢(ki) + ¢(rs) + p(v;);1 <i < p
=12p+i+11<i<p

w(f2) = ¢(vi) + d(ai) + o(bs); 1 <i < p
=13p+:+11<i<p

w(fs) = ¢(si) + ¢(d;) + ¢(l:); 1 <i < p
=15p—i+21<i<p

w(fa) = d(vi) + d(ki) + d(s4); 1 <i < p
=15p+i+1;1<i<p

which forms an arithmetic progression {12p+2,12p+2+1x1,12p+2+2x1,...,12p+
2+ (4p—1)1}.
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3. CONCLUSIONS

In this paper, (a,d)— face antimagic labeling for various special graphs such as double
duplication of all vertices by edges of ladder graph, tadpole graph and m—copies of path
graph are proved. Also, if G is (a,d)— face antimagic except for 3— sided faces, then
double duplication of all vertices by edges of G is also (a,d)— face antimagic. In future,
the constants a and d from (a,d)— face antimagic labeling can be used to encode and
decode the message using hill cipher.
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