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SOFT QUASILINEAR INNER PRODUCT SPACES

M. Ş. GÖNCİ1, H. BOZKURT1∗, §

Abstract. In this paper, we introduced the notion of soft quaslinear inner product
space which is a generalization of the quasilinear inner product spaces and this recent
concept gave us the opportunity to work with an approach similar to linear functional
analysis. We studied on completeness of soft quasilinear inner product space and we
described the concept of the soft Hilbert quasilinear space. Finally, we presented some
examples and theorems related to orthogonality and orthonormality in soft quasilinear
inner product spaces.
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1. Introduction

In [1], Molodtsov presented the concept of soft set as a new mathematical tool for
dealing with ambiquities. Then Maji and et al. [2] offered several operations on soft sets.
After, Das and Samanta presented the notion of soft element in [3], soft real number in
[4], the soft point in [5]. Later, Das and et al. defined notions of soft linear spaces and soft
normed linear spaces by using the notion of soft element in [6]. Also, Sezer and Atagün
introduced a fundamental type of soft linear spaces which expands the notion of linear
spaces in [7]. In [8], Das and Samanta presented the idea on soft inner product on soft
linear spaces. Then, research works on soft set theory in other various fields progressed.
Yazar and et al. again described the soft vector spaces and soft normed spaces in a point
of view in [9] and presented some new features of soft inner product spaces in [10].

On the other hand, Aseev presented the concept of quasilinear spaces and normed
quasilinear spaces. Thanks to these new notions, he acquired some conclusions. Then,
Levent and Yılmaz [11], [12] worked on some features of quasilinear spaces. In [9], they
worked on quasilinear inner product spaces. Recently, we [13] have introduced notions of
quasilinear inner product space and Hilbert quasilinear space. In [14], [15] and [16], we
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studied various features of quasilinear inner product spaces. Then, we [17] defined the
concept of soft quasilinear space and soft normed quasilinear spaces based on [3], [6], and
[18]. Moreover, we [17] studied on some properties of soft structures of quasilinear spaces
with illustrating exercises.

Essentially, in this research, we introduced the notion of soft quasilinear inner product
space which extends the concept of quaslinear inner product spaces. After, we researched
some features of soft quasilinear inner product spaces with examples. We gave the defi-
nition of soft Hilbert spaces and studied on the orthogonality and orthonormality in soft
Hilbert quasilinear spaces.

2. Preliminaries

In this part, we will recall some concepts reletad to soft set theory and some basic
notions such as soft quasilinear spaces and soft normed quasilinear spaces.

Let Q be an universe and P be a set of parameters, P (Q) indicates the power set of Q
and B be a non-empty subset of P .

Definition 2.1. [1] A pair (G,P ) is called a soft set over Q, where G is a mapping defined
by G : P → P (Q). In other words, a soft set over Q is a parametrized family of subsets of
the universe Q. For λ ∈ P , G(λ) may be considered as the set of λ-approximate elements
of the soft set (G,P ).

Definition 2.2. [6] A soft set (G,P ) over Q is said to be an absolute soft set represented

by Q̃, if for every λ ∈ P , G (λ) = Q. A soft set (G,P ) over Q is said to be a null soft set
represented by Φ, if for every λ ∈ P , G (λ) = ∅.

Definition 2.3. [4] Let Q be an non-empty set and P be a nonempty parameter set.
Then a function q : P → Q is said to be soft element of Q. A soft element q of Q is said
belongs to a soft set G of Q, which is denoted by q ∈ Q, if q (λ) ∈ G (λ), λ ∈ P . So, for
a soft set G of Q with respect to the index set P , we get G(λ) =

{
q (λ) , λ∈̃P

}
. A soft set

(G,P ) for which G(λ) is a singleton set, ∀λ ∈ P can be determined with a soft element by
simply determined the singleton set with the element that it contains ∀λ ∈ P .

The set of all soft sets (G,P ) over Q will be described by S
(
Q̃
)

for which G (λ) 6= ∅,
for all λ ∈ P and the collection of all soft elements of (G,P ) over Q will be denoted by

SE
(
Q̃
)

.

Definition 2.4. [17] Let Q be a quasilinear space and P be a parameter set. Let G be a
soft set over (Q,P ). G is said to be a soft quasilinear space of Q if Q (λ) is a quasilinear
subspace of Q for every λ ∈ P .

[17] We use the notation q̃, w̃, z̃ to indicate soft quasi vectors of a soft quasilinear space

and ã, b̃, c̃ to specify soft real numbers. If a soft quasi element q̃ has an inverse i.e. q̃−
q̃ = θ̃ such that q̃ (λ)− q̃ (λ) = θ̃ (λ) for every λ ∈ P then it is called regular. If a soft

quasi element q̃ has no inverse, then it is called singular. Also, Q̃r express for the set of

all soft regular elements in Q̃ and Q̃s imply the sets of all soft singular elements in Q̃.

Definition 2.5. [17] Let Q̃ be the absolute soft quasilinear space i.e. Q̃ (λ) = Q for every

λ ∈ P . Then a mapping ‖.‖ : SE
(
Q̃
)
−→ R (P ) is said to be soft norm on the soft

quasilinear space Q̃, if ‖.‖ satisfies the following conditions:
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i) ‖q̃‖ ≥̃0 if q̃ 6= θ for every q̃ ∈ Q̃,
ii) ‖q̃ + w̃‖ ≤̃ ‖q̃‖+ ‖w̃‖ for every q̃, w̃ ∈ Q̃,
iii) ‖α̃ · q̃‖ = |α̃| · ‖q̃‖ for every q̃ ∈ Q̃ and for every soft scalar α̃,

iv) if q̃�̃w̃, then ‖q̃‖ ≤̃ ‖w̃‖ for every q̃, w̃ ∈ Q̃,
v) if for any ε>̃0 there exists an element q̃ε ∈ Q̃ such that, q̃�̃w̃ + q̃ε and ‖q̃ε‖ ≤̃ε then

q̃�̃w̃ for any soft elements q̃, w̃ ∈ Q̃.

A soft quasilinear space Q̃ with a soft norm‖.‖ on Q̃ is called soft normed quasilinear

space and is indicated by
(
Q̃, ‖.‖

)
or
(
Q̃, ‖.‖ , P

)
.

Theorem 2.1. If a soft norm ‖.‖ on soft normed quasilinear space Q̃ satisfied the condition
” ξ ∈ Q, and λ ∈ P, {‖q̃‖ (λ) = ξ} is a singleton set.”. If for every λ ∈ P , ‖.‖λ : Q→ R+

be a mapping such that for every ξ ∈ Q, ‖ξ‖λ = ‖q̃‖ (λ), where q̃ ∈ Q̃ such that q̃ (λ) = ξ.
Then for every λ ∈ P , ‖.‖λ is a norm on quasilinear space Q.

Proof. This norm is well-defined from above condition. Here, we obtain norm conditions
of ‖.‖λ from soft norm axioms of ‖.‖. �

[17] Let Q̃ be a soft normed quasilinear space. Then, soft Hausdorff or soft norm metric

on Q̃ is defined by

hQ(q̃, w̃) = inf
{
r̃≥̃0 : q̃�̃w̃ + q̃r1 , w̃�̃q̃ + q̃r2, ‖q̃ri ‖ ≤̃r̃

}
.

3. Main Results

Let Q̃ be the absolute soft quasilinear space i.e. Q̃(λ) = Q, ∀λ ∈ P . We use the notation

q̃, w̃, z̃ to describe soft quasi vectors of a soft quasilinear space and ã, b̃, c̃ to describe soft
real numbers.

Before giving the description of soft quasilinear inner product space, let’s present some
new concepts and examples necessary to define the notion of soft quasilinear inner product
space.

Definition 3.1. Let Q̃ be a soft quasilinear space, W̃ ⊆ Q̃ and q̃ ∈ W̃ . The set

F W̃q̃ = {m̃ ∈ W̃r : m̃�̃q̃},

is called floor in W̃ of q̃. If W̃ = Q̃ then we will say only floor of q̃ and written shortly

Fq̃ instead of F Q̃q̃ .

Definition 3.2. Let Q̃ be a soft quasilinear space, Q̃ is called a solid floored soft quasilinear
space whenever

q̃ = sup{m̃ ∈ W̃r : m̃�̃q̃}
for every q̃ ∈ Q̃. Otherwise, Q̃ is called a non-solid floored soft quasilinear space.

Example 3.1. Let us consider the Example 12 in [17] and the soft set (G, (ΩC (R))r) over
quasilinear space ΩC (R). Let q̃ be a soft quasi element of (G, (ΩC (R))r) as the following

q̃(λ) = [−λ, λ] ∈ ΩC (R)

for every λ ∈ (ΩC (R))r. The floor of q̃ be defined as follows:

Fq̃ =
{
w̃ ∈ (ΩC (R))r : w̃�̃q̃

}
=

{
w̃(λ) ∈ (ΩC (R))r (R) : w̃(λ)⊆̃q̃(λ)

}
.
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For example, λ = {1} ∈ (ΩC (R))r then q̃({1}) = [−1, 1] ∈ ΩC (R). If w̃({1}) = {0},
z̃({1}) =

{
1
2

}
and ṽ {1} =

{
3
2

}
then w̃, z̃ ∈ Fq̃ but, ṽ /∈ Fq̃.

Theorem 3.1. Absolute soft quasilinear space
(

Ω̃C (R)
)

is a solid floored.

Proof. Since ΩC (R) is solid floored quasilinear space, we get x = supFx for every x ∈
ΩC (R). Let q̃, w̃ be soft quasi vectors of the absolute soft quasilinear space Ω̃C (R). Then,
we get

q̃ (λ) = supFq̃(λ) = sup
{
w̃(λ) ∈ (ΩC (R))r : w̃(λ)⊆̃q̃(λ)

}
for all λ ∈ P since ΩC (R) is solid floored quasilinear space. So,

(
Ω̃C (R)

)
is a soft solid

floored quasilinear space. �

Definition 3.3. Let Q̃ be a soft quasilinear space. Consolidation of floor of Q̃ is the

smallest solid floored soft quasilinear space
(̂
Q̃
)

containing Q̃, namely, if there exists

different solid floored soft quasilinear space W̃ including Q̃, then
(̂
Q̃
)
⊆̃W̃ .

Let us now give an expanded description of soft inner product quasilinear space.

Definition 3.4. Let Q̃ be the absolute soft quasilinear space i.e. Q̃(λ) = Q, ∀λ ∈ P .
Then a mapping

〈.〉 : SE
(
Q̃
)
× SE

(
Q̃
)
→ Ω (R) (P )

is said to be a soft quasi inner product on the soft quasilinear space Q̃, if 〈.〉 satisfies the
folllowing conditions:

i) 〈q̃, w̃〉 ∈ (Ω (R))r ≡ R̃ if q̃, w̃ ∈ Q̃r,
ii) 〈q̃ + w̃, z̃〉 ⊆̃ 〈q̃, z̃〉+ 〈w̃, z̃〉 for all q̃, w̃, z̃ ∈ Q̃,

iii) 〈α̃ · q̃, w̃〉 = α̃ · 〈q̃, w̃〉 for all q̃, w̃ ∈ Q̃ and for every soft scalar α̃,

iv) 〈q̃, w̃〉 = 〈w̃, q̃〉 for all q̃, w̃ ∈ Q̃,

v) 〈q̃, w̃〉 ⊇̃0 if q̃ ∈ Q̃r and 〈q̃, q̃〉 =
{

0
}
⇔ q̃ = {θ},

vi) ‖〈q̃, w̃〉‖Ω(R) = sup

{
‖〈x, y〉‖ : x ∈ F (̂Q̃)

q̃ , y ∈ F (̂Q̃)
w̃

}
,

vii) 〈q̃, w̃〉 ⊆̃ 〈z̃, ṽ〉 if q̃�̃z̃ and w̃�̃ṽ for all q̃, w̃, z̃, ṽ ∈ Q̃,

viii) ∀ε̃≥̃0, ∃q̃ε ∈ Q̃ such that q̃�̃w̃ + q̃ε and 〈q̃ε, q̃ε〉 ⊆̃Sε(θ) then q̃�̃w̃.

A soft quasilinear space Q̃ with a soft quasi inner product 〈.〉 on Q̃ is called a soft

quasilinear inner product space and denoted by
(
Q̃, 〈.〉 , P

)
.

Remark 3.1. If Q̃ is a soft linear space, then above conditions are determined by con-

ditions of the real soft inner product spaces. Moreover, a regular subspace Q̃r of a soft

quasilinear inner product space Q̃ is a soft (linear) inner product space with the same inner
product.

Example 3.2. Let Q = ΩC (R). Then Q is a quasilinear inner product space with respect
to the inner product 〈X,Y 〉 = {xy : x ∈ X, y ∈ Y } for every X,Y ∈ Q [14]. Let q̃, w̃ be

soft quasi elements of the absolute soft quasilinear space Q̃ = Ω̃C (R) such that

q̃ : P → P (Q)

λ → q̃(λ) = qλ
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and

w̃ : P → P (Q)

λ → w̃(λ) = wλ.

Then q̃(λ), w̃(λ) ∈ Q. The mapping

〈.〉 : SE
(
Q̃
)
× SE

(
Q̃
)
→ Ω (R) (P )

(q̃, w̃) = 〈q̃, w̃〉 (λ)

=
〈
qλ, wλ

〉
=

{
xλyλ : xλ ∈ qλ, yλ ∈ wλ

}
= 〈q̃(λ), w̃(λ)〉 , (λ ∈ P )

is a soft quasilinear inner product on the soft quasilinear space Q̃. Also, Ω̃ (R) is soft
quasilinear inner product with same soft inner product. If we admit Q = ΩC (Rn),
then is a quasilinear inner product space with respect to the inner product 〈X,Y 〉 =
{〈x, y〉Rn : x ∈ X, y ∈ Y } for every X,Y ∈ Q [14]. Additionaly, the mapping

〈.〉1 : SE
(

Ω̃C (Rn)
)
× SE

(
Ω̃C (Rn)

)
→ Ω (R) (P )

(q̃, w̃) = 〈q̃, w̃〉1 (λ)

=
〈
qλ, wλ

〉
=

{〈
xλ, yλ

〉
Rn

: xλ ∈ qλ, yλ ∈ wλ
}

= 〈q̃(λ), w̃(λ)〉 , (λ ∈ P )

is a soft quasilinear inner product on the soft quasilinear space Ω̃C (Rn).

Proposition 3.1. Let {〈.〉λ : λ ∈ P} be a cluster of inner product on quasilinear space Q.
Then the mapping

〈.〉 : SE
(
Q̃
)
× SE

(
Q̃
)
→ Ω (R) (P )

(q̃, w̃) → 〈q̃, w̃〉 (λ) = 〈q̃ (λ) , w̃ (λ)〉λ ,

∀λ ∈ P,∀q̃, w̃ ∈ Q̃ is a soft quasi inner product on the soft quasilinear space Q̃.

Proof. ∀q̃, w̃ ∈ Q̃r so, q, w ∈ Q̃r ≡ R̃(P ) such that q̃ (λ) = q and w̃ (λ) = w. 〈q̃, w̃〉 (λ) =
〈q̃ (λ) , w̃ (λ)〉λ = 〈q, w〉λ ∈ (Ω (R))r .

For every q̃, w̃, z̃ ∈ Q̃, we have

〈q̃ + w̃, z̃〉 (λ) = 〈q̃ (λ) + w̃ (λ) , z̃(λ)〉λ
⊆̃ 〈q̃ (λ) , w̃(λ)〉λ + 〈w̃ (λ) , z̃(λ)〉λ

= 〈q̃, z̃〉 (λ) + 〈w̃, z̃〉 (λ) .

For every q̃, w̃ ∈ Q̃ and for every soft scalar α̃, we have

〈α̃ · q̃, w̃〉 (λ) = 〈α̃ (λ) · q̃ (λ) , w̃ (λ)〉λ
= α̃ (λ) · 〈q̃ (λ) , w̃ (λ)〉λ
= α̃ · 〈q̃, w̃〉 (λ) .
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We get
〈q̃, w̃〉 (λ) = 〈q̃ (λ) , w̃ (λ)〉λ = 〈w̃ (λ) , q̃ (λ)〉λ = 〈w̃, q̃〉 (λ)

for every q̃, w̃ ∈ Q̃. We obtain 〈q̃, q̃〉 ≥̃0,∀q̃ ∈ Q̃r from 〈q̃, q̃〉 (λ) = 〈q̃ (λ) , q̃ (λ)〉λ ≥
{0} , ∀λ ∈ P,∀q̃ ∈ Q̃r. Also, 〈q̃, q̃〉 (λ) = 0 if and only if 〈q̃ (λ) , q̃ (λ)〉λ =

{
0
}

. Thus

q̃ = θ since q̃ (λ) = 0 for every λ ∈ P . Further, we get

‖〈q̃, w̃〉‖Ω(R) = sup {|z̃(λ)| : z̃(λ) ∈ 〈q̃(λ), w̃(λ)〉}
= sup {|xy| : x ∈ q̃(λ), y ∈ w̃(λ)}
= sup

{
‖〈x, y〉‖ : x ∈ Fq̃(λ), y ∈ Fw̃(λ)

}
= sup

{
‖〈x, y〉‖ : x ∈ F (̂Q̃)

q̃ , y ∈ F (̂Q̃)
w̃

}
.

If q̃�̃w̃ and w̃�̃ṽ then q̃(λ)≤̃w̃(λ) and z̃(λ)≤̃ṽ(λ) for all q̃, w̃, z̃, ṽ ∈ Q̃. From [19], we have

〈q̃(λ), z̃(λ)〉λ ⊆̃ 〈w̃(λ), ṽ(λ)〉λ. Thus, we obtain 〈q̃, z̃〉 �̃ 〈w̃, ṽ〉 .
Let ∀ε̃≥̃0, ∃q̃ε ∈ Q̃ such that q̃�̃w̃+ q̃ε and 〈q̃ε, q̃ε〉 ⊆̃Sε(θ). Then q̃(λ)≤̃w̃(λ) + q̃ε(λ) and

〈q̃ε(λ), q̃ε(λ)〉λ ⊆̃Sε(θ)(λ) for every λ ∈ P,∀q̃, w̃ ∈ Q̃. Thus, we get q̃(λ)≤̃q̃(λ) since Q is a

quasilinear inner prodcut space with inner product {〈.〉λ : λ ∈ P}. Thus, q̃�̃w̃. �

Corollary 3.1. Every inner product 〈.〉Q on a quasilinear space Q can be extended to a

soft quasilinear inner product on the soft quasilinear space Q̃.

Proof. If we take a mapping 〈.〉 : SE
(
Q̃
)
×SE

(
Q̃
)
→ Ω (R) (P ) by (q̃, w̃)→ 〈q̃, w̃〉 (λ) =

〈q̃ (λ) , w̃ (λ)〉Q, ∀λ ∈ P,∀q̃, w̃ ∈ Q̃ then using the same procedure as in Proposition 3.1,

we can proved that 〈.〉 is a soft inner product on soft quasilinear space Q̃. �

Theorem 3.2. If a soft quasilinear inner product 〈.〉 satisfies the{
〈q̃, w̃〉 (λ) : q̃, w̃ ∈ Q̃ such that q̃(λ) = q, w̃(λ) = w

}
(1)

is a single-valued set for (q, w) ∈ Q×Q and λ ∈ P then 〈.〉λ : Q×Q→ Ω (R) be a mapping
such that for all (q, w) ∈ Q × Q, 〈q, w〉λ = 〈q̃, w̃〉 (λ) is an inner product on quasilinear
space Q.

Proof. This inner product is well-defined from above condition. Here, we obtain quasilinear
inner product conditions of 〈.〉λ from soft quasilinear inner product axioms of 〈.〉. �

Proposition 3.2. Let
(
Q̃, 〈.〉 , P

)
be a soft quasilinear inner product space q̃, w̃, z̃ ∈ Q̃

and α̃, β̃ be soft scalars. Then

a)
〈
α̃ · q̃ + β̃ · w̃, z̃

〉
⊆̃α̃ · 〈q̃, z̃〉+ β̃ · 〈w̃, z̃〉 ,

b) 〈q̃, α̃ · w̃〉 = α̃ · 〈q̃, w̃〉 ,
c)
〈
q̃, α̃ · w̃ + β̃ · z̃

〉
⊆̃α̃ · 〈q̃, w̃〉+ β̃ · 〈q̃, z̃〉 .

Proof. We have,
〈
α̃ · x̃+ β̃ · ỹ, z̃

〉
⊆̃ 〈α̃ · x̃, z̃〉+

〈
β̃ · ỹ, z̃

〉
= α̃ · 〈x̃, z̃〉+ β̃ · 〈ỹ, z̃〉, 〈x̃, α̃ · ỹ〉 =

〈α̃ · ỹ, x̃〉 = α̃ · 〈ỹ, x̃〉 = α̃ · 〈x̃, ỹ〉 and
〈
x̃, α̃ · ỹ + β̃ · z̃

〉
⊆̃ 〈x̃, α̃ · ỹ〉+

〈
x̃+ β̃ · z̃

〉
= α̃ · 〈x̃, ỹ〉+

β̃ · 〈x̃, z̃〉. �

Theorem 3.3. Let
(
Q̃, 〈.〉 , P

)
be a soft quasilinear inner product space satisfying (1).

Let q̃, w̃ ∈ Q̃. Then
‖〈q̃, w̃〉‖ ≤̃ ‖q̃‖ ‖w̃‖ . (2)
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Proof. Let Q̃ be a soft quasilinear inner product space with inner product 〈.〉. From vi)
condition of Definition 3.4 and Remark 3.1, we get

‖〈q̃, w̃〉‖Ω(R) = sup

{
‖〈x, y〉‖Ω(R) : x ∈ F (̂Q̃)

q̃ , y ∈ F (̂Q̃)
w̃

}
= sup

{
|〈x, y〉| : x ∈ F (̂Q̃)

q̃ , y ∈ F (̂Q̃)
w̃

}
≤̃ sup

{
‖x‖

(̂Q̃)
‖y‖

(̂Q̃)
. : x ∈ F (̂Q̃)

q̃ , y ∈ F (̂Q̃)
w̃

}
≤̃ sup

{
‖x‖

(̂Q̃)
: x ∈ F (̂Q̃)

q̃

}
sup

{
‖y‖

(̂Q̃)
. : y ∈ F (̂Q̃)

w̃

}
= ‖q̃‖

Q̃
‖w̃‖

Q̃

for every q̃, w̃ ∈ Q̃. �

Theorem 3.4. Let
(
Q̃, 〈.〉 , P

)
be a soft quasilinear inner product space satisfying (1).

Let us define ‖.‖ : Q̃→ R (P ) by

‖q̃‖ =
√
‖〈q̃, w̃〉‖Ω(R)

for all q̃ ∈ Q̃. Then ‖.‖ is a soft quasi norm on Q̃.

Proof. For all q̃ ∈ Q̃, we get ‖q̃‖ =
√
‖〈q̃, q̃〉‖Ω(R)≥̃0 and ‖q̃‖ = 0̃ if and only if

√
‖〈q̃, q̃〉‖Ω(R) =

0̃ if and only if q̃ = θ.
We obtain,

‖q̃ + w̃‖2 = ‖〈q̃ + w̃, q̃ + w̃〉‖Ω(R) ≤̃ ‖〈q̃, q̃〉+ 〈q̃, w̃〉+ 〈w̃, q̃〉+ 〈w̃, w̃〉‖ ≤̃ (‖q̃‖+ ‖w̃‖)2

from (2) for every q̃, w̃ ∈ Q̃.
We have,

‖α̃ · q̃‖ =
√
‖〈α̃ · q̃, α̃ · q̃〉‖Ω(R) =

√
‖α̃α̃ · 〈q̃, q̃〉‖Ω(R) = |α̃|

√
‖〈q̃, q̃〉‖Ω(R) = |α̃| ‖q̃‖

for all q̃ ∈ Q̃ and for every soft scalar α̃.

If q̃≤̃w̃ for every q̃, w̃ ∈ Q̃, then 〈q̃, q̃〉 ⊆̃ 〈w̃, w̃〉. Thus, we get

‖q̃‖2 = ‖〈q̃, q̃〉‖Ω(R) ≤̃ ‖〈w̃, w̃〉‖Ω(R) = ‖w̃‖2 .

Let for any ε̃≥̃0̃ there exists an soft quasi element q̃ε ∈ Q̃ such that q̃�̃w̃+ q̃ε and ‖q̃ε‖ ≤̃ε̃.
Then, we have‖〈q̃ε, q̃ε〉‖Ω(R) ≤̃ε̃2 and 〈q̃ε, q̃ε〉Ω(R) ≤̃Sε̃2(θ). So, we obtain q̃�̃w̃ since for any

ε̃≥̃0̃ there exists an soft quasi element q̃ε ∈ Q̃ such that q̃�̃w̃+ q̃ε and 〈q̃ε, q̃ε〉Ω(R) ≤̃Sε̃2(θ).

Thus, ‖.‖ is a satisfies all soft quasi norm conditions. �

Remark 3.2. If
{
〈q̃, w̃〉 (λ) : q̃, w̃ ∈ Q̃ such that q̃(λ) = q, w̃(λ) = w

}
is a single-valued

set for q, w ∈ Q and for a λ ∈ P then{
‖q̃‖ (λ) =

√
‖〈q̃, q̃〉‖Ω(R) (λ) : q̃(λ) = q

}
(3)

is a single-valued so singleton set.

Remark 3.3. Same as the quasilinear inner product spaces, the soft quasi norm of a soft
inner product quasilinear space does not have to satisfy the parallelogram law.
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Theorem 3.5. Regular subspace of a soft quasilinear inner product space has always
satisfy the parallelogram law since this quasi inner product is classical soft inner product.

Proof. If Q̃ is a soft quasilinear inner product space, then regular subspace of Q̃ that is

Q̃r is a soft linear space. Inner product of this ragular subspace is satisfy parallellogram
law because of this inner product is classical soft inner product �

Example 3.3. Let Q = ΩC (R). Then Ω̃C (R) is a soft quasilinear inner product space
with soft inner product given by Example 3.2. The soft quasi norm induced by the soft
quasi inner product is

‖q̃‖ (λ) =
√
‖〈q̃ (λ) , q̃ (λ)〉‖Ω(R)

=

√∥∥∥{(aλ)
2
}

: aλ ∈ q̃ (λ)
∥∥∥

Ω(R)

= sup
λ∈x̃(λ)

∥∥∥aλ∥∥∥ .
Let us consider the soft quasi elements q̃, w̃ ∈ Ω̃C (R) such that for every λ ∈ P , q̃(λ) =

w̃(λ) = [0, 1] ∈ ΩC (R) . Then ‖q̃‖ (λ) = ‖w̃‖ (λ) = 1̃, ‖q̃ + w̃‖ (λ) = 2̃ and ‖q̃ − w̃‖ (λ) = 1̃.

But ‖q̃ + w̃‖2 + ‖q̃ − w̃‖2 6= 2 ‖q̃‖2 + 2 ‖w̃‖2.

Example 3.4. Let Q = IR2. Then IR2 is a normed quasilinear space with respect to

the norm ‖q‖ = ‖(q1, q2)‖ =
(∑2

i=1 ‖qi‖
2
IR

)1/2
for a q ∈ IR2 [15]. Also, IR2 quasilinear

inner product space with 〈q, w〉 =
∑2

i=1 〈qi, wi〉IR for every q, w ∈ IR2. Let q̃ and w̃ be

soft quasi elements of the absolute soft quasilinear space ĨR2. Then q̃ (λ) =
(
qλ1 , q

λ
2

)
, w̃

(λ) =
(
wλ1 , w

λ
2

)
are elements of IR2. The mapping

〈.〉 : SE
(
ĨR2

)
× SE

(
ĨR2

)
→ Ω (R) (P )

(q̃, w̃) = 〈q̃, w̃〉 (λ)

=

2∑
i=1

〈
qλi , w

λ
i

〉
IR

is a soft quasilinear inner product on the soft quasilinear space ĨR2. This inner product
satisfies all soft quasi inner product conditions. Further, the soft quasi norm of obtained
from above soft quasi inner product is

‖q̃‖
ĨR2 = ‖q̃‖

ĨR2
(λ) =

(
2∑
i=1

‖qi‖2IR

)1/2

.

If
(
Q̃, ‖.‖ , P

)
is a soft normed quasilinear space, then

h (q̃, w̃) = inf

{
ε̃≥̃0̃ : q̃�̃w̃ + q̃ε1, w̃�̃q̃ + q̃ε2,

∥∥∥q̃εi∥∥∥
Q̃
≤̃ε̃
}

is define a soft Hausdorff metric. The equality h (q̃, w̃) = ‖q̃ − w̃‖ may not be satisfied

for every q̃, w̃ ∈ Q̃. However, the inequality h (q̃, w̃) ≤̃ ‖q̃ − w̃‖ is satisfied. Because of this
situation, in place of analyzing topological properties of soft normed quasilinear spaces,
analyzing according to the metric reproduced from this soft norm is more useful.
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Definition 3.5. A soft quasilinear inner product space which satisfy (1) said to be a com-
plete if it is complete with respect to the soft Hausdorff metric defined by soft quasi inner
product. A complete soft quasilinear inner product space is said to be a soft quasilinear
Hilbert space.

Example 3.5. The soft quasilinear inner product space (̃Ω (R), 〈.〉 , P ) defined as in Exam-

ple 3.2 is a soft Hilbert quasilinear space where the parameter set P . We know that (̃Ω (R)
is soft quasilinear inner product space with inner product 〈q̃, w̃〉 (λ) = 〈q̃ (λ) , w̃ (λ)〉Ω(R)

for every λ ∈ P . Let {q̃n} be a Cauchy sequence in the soft Hausdorff metric space(
(̃Ω (R), h

)
. Then every ε̃≥̃0̃, ∃N ∈ N such that for every m,n ≥ N, we get

q̃n�̃q̃m + q̃ε1n, q̃m�̃q̃n + q̃ε2n, ‖q̃εin‖ ≤̃ε̃.

Thus,

q̃n (λ) ≤̃q̃m (λ) + q̃ε1n (λ) , q̃m (λ) ≤̃q̃n (λ) + q̃ε2n (λ) , ‖q̃εin (λ)‖ ≤̃ε̃ (λ)

for each λ ∈ P and m,n ≥ N . Therefore, {q̃n (λ)} is a Cauchy sequence of element in
Ω (R). Since Ω (R) is complete there exists a sequence q̃(λ) ∈ Ω (R) and Mλ such that

q̃n (λ) ≤̃q̃ (λ) + q̃ε1n (λ) , q̃ (λ) ≤̃q̃n (λ) + q̃ε2n (λ) , ‖q̃εin (λ)‖ ≤̃ε̃ (λ)

for every λ ∈ P and n ≥ Mλ. For every λ ∈ P and positive integer K such that K =
max{Mλ : λ ∈ P}, we obtain ‖q̃εin‖ ≤̃ε̃ and q̃n�̃q̃ + q̃ε1n, q̃�̃q̃n + q̃ε2n. This gives q̃n → q̃ ∈
(̃Ω (R). Hence, (̃Ω (R), 〈.〉 , P ) is a soft quasilinear Hilbert space.

Proposition 3.3. Let
(
Q̃, 〈.〉 , P

)
be a soft quasilinear inner product space satisfying (1)

and q̃, w̃ ∈ Q̃. If q̃n → q̃ and w̃n → w̃ then 〈q̃n, w̃n〉 → 〈q̃, w̃〉 as n→∞.

Proof. Since q̃n → q̃ and w̃n → w̃, for any ε̃≥̃0̃ there exists a ∃N ∈ N such that the
condition

q̃n�̃q̃ + q̃ε1n, q̃�̃q̃n + q̃ε2n, ‖q̃εin‖ ≤̃ε̃
holds for every n > N . Again, for any ε̃≥̃0̃ there exists a ∃M ∈ N such that the condition

w̃n�̃w̃ + w̃ε1n, w̃�̃w̃n + w̃ε2n, ‖w̃εin‖ ≤̃ε̃

holds for every n > M . Since Ω̃C (R) is a soft quasilinear inner product space, we get

〈q̃n, w̃n〉 ⊆̃ 〈q̃ + q̃ε1n, w̃ + w̃ε1n〉 ⊆̃ 〈q̃, w̃〉+ 〈q̃, w̃ε1n〉+ 〈q̃ε1n, w̃〉+ 〈q̃ε1n, w̃ε1n〉

and

〈q̃, w̃〉 ⊆̃ 〈q̃n + q̃ε2n, w̃n + w̃ε2n〉 ⊆̃ 〈q̃n, w̃n〉+ 〈q̃n, w̃ε2n〉+ 〈q̃ε2n, w̃n〉+ 〈q̃ε2n, w̃ε2n〉 .

If we take z̃ε1n = 〈q̃, w̃ε1n〉+〈q̃ε1n, w̃〉+〈q̃ε1n, w̃ε1n〉 and z̃ε2n = 〈q̃n, w̃ε2n〉+〈q̃ε2n, w̃n〉+〈q̃ε2n, w̃ε2n〉,
Then z̃ε1n, z̃

ε
2n ∈ Ω (R). From (2) inequality, we obtain ‖z̃ε1n‖ → ∞ and ‖z̃ε2n‖ → ∞ for

n→∞. Hence, we obtain for any ε̃≥̃0̃ there exists a ∃K ∈ N such that the condition

〈q̃n, w̃n〉 ⊆̃ 〈q̃, w̃〉+ z̃ε1n, 〈q̃, w̃〉 ⊆̃ 〈q̃n, w̃n〉+ z̃ε2n and ‖z̃εin‖ ≤̃ε̃

holds for every n > K for K = max{N,M}. This gives 〈q̃n, w̃n〉 → 〈q̃, w̃〉 as n→∞. �

Definition 3.6. A soft quasi vector q̃ of soft quasilinear inner product space Q̃ is said to

be orthogonal to soft quasi element w̃ ∈ Q̃ if

‖〈q̃, w̃〉‖Ω(R) = 0.
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It is also denoted by q̃⊥w̃. Let M̃ be a non-null soft quasi subset of soft quasilinear inner

product space Q̃ such that M̃ (λ) 6= ∅ for every λ ∈ P . If a soft quasi vector q̃ of soft

quasilinear inner product space Q̃ orthogonol to every soft quasi vectors of M̃ , then we say

that q̃ is orthogonal to M̃ and we write q̃⊥M̃ .

Definition 3.7. A non-null orthonormal soft quasi subset M̃ of soft quasilinear inner

product space Q̃ such that M̃ (λ) 6= ∅ for every λ ∈ P is a orthogonal soft quasi subset in

Q̃ whose soft quasi vectors have norm 1; that is, for all q̃, w̃ ∈ M̃

‖〈q̃, w̃〉‖Ω(R) =

{
0, q̃ = w̃

1, q̃ 6= w̃
.

Example 3.6. Regard as the soft quasilinear inner product space ˜(ΩC (R), 〈.〉 , P ) de-

fined as in Example 3.2. Let us consider soft quasi elements q̃, w̃ ∈ ˜(ΩC (R) such that
for every λ ∈ P , q̃ (λ) = [0, 1] and w̃ (λ) = {0}. So, we get ‖〈q̃, w̃〉‖Ω(R) = 0 since

‖〈q̃ (λ) , w̃ (λ)〉‖Ω(R) = ‖〈[0, 1], {0}〉‖Ω(R) = 0. Further, consider the soft quasilinear inner

product qpace ˜(ΩC (R2), 〈.〉 , P ). Take soft quasi elements q̃1, q̃2, q̃3, q̃4 ∈ ˜(ΩC (R2) such that
for every λ ∈ P ,

q̃1 (λ) = {(0, a) : 0 ≤ a ≤ 1} ,
q̃2 (λ) = {(a, 0) : 0 ≤ a ≤ 1} ,
q̃3 (λ) = {(0,−a) : 0 ≤ a ≤ 1} ,
q̃4 (λ) = {(−a, 0) : 0 ≤ a ≤ 1} .

Then we obtain ‖〈q̃1, q̃2〉‖Ω(R) = ‖〈q̃3, q̃4〉‖Ω(R) = ‖〈q̃1, q̃4〉‖Ω(R) = ‖〈q̃2, q̃3〉‖Ω(R) = 0. So,

q̃1⊥q̃2, q̃3⊥q̃4, q̃1⊥q̃4 and q̃2⊥q̃3. If we take M̃ = {q̃1, q̃2} or M̃ = {q̃3, q̃4} , then M̃ is

orthonormal soft quasi subset of ˜(ΩC (R2).

Theorem 3.6. If q̃, w̃ ∈ Q and q̃⊥w̃, then ‖q̃ + w̃‖2≤‖q̃‖2 +‖w̃‖2 and ‖q̃ − w̃‖2≤‖q̃‖2 +

‖w̃‖2 .

Proof. We obtain

‖q̃ + w̃‖2 = ‖〈q̃ + w̃, q̃ + w̃〉‖≤ ‖〈q̃, q̃〉‖+ ‖〈q̃, w̃〉‖+ ‖〈w̃, q̃〉‖+ ‖〈w̃, w̃〉‖ = ‖q̃‖2 + ‖w̃‖2 .

Similarly, we get

‖q̃ − w̃‖2 = ‖〈q̃ − w̃, q̃ − w̃〉‖≤ ‖〈q̃, q̃〉‖+ ‖〈q̃, w̃〉‖+ ‖〈w̃, q̃〉‖+ ‖〈w̃, w̃〉‖ = ‖q̃‖2 + ‖w̃‖2 .

�

Definition 3.8. Let M̃ be a non-null soft quasi subset of soft quasilinear inner product

space Q̃ such that M̃ (λ) 6= ∅ for every λ ∈ P . Then the set of all soft quasi vectors of Q̃,

orthogonal to M̃ is called the orthogonal complement of M̃ . We denote this set by M̃⊥.

Theorem 3.7. Let Q̃ be a soft quasilinear inner product space and M̃ be a non-null soft

quasi subset of Q̃. Then M̃⊥ is a closed subspace of Q̃.
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Proof. Let q̃ and w̃ soft quasi vectors of Q̃ orthogonal to M̃ , that is q̃, w̃ ∈ M̃⊥. For every

soft scalars α̃, β̃ ∈ R (R) and soft quasi vector z̃ ∈ M̃ , we have∥∥∥〈α̃ · q̃ + β̃ · w̃, z̃
〉∥∥∥ ≤̃ ‖〈α̃ · q̃, z̃〉‖+

∥∥∥〈β̃ · w̃, z̃〉∥∥∥
= |α̃| ‖〈q̃, z̃〉‖+

∣∣∣β̃∣∣∣ ‖〈w̃, z̃〉‖
= 0.

Since the soft quasi norm is positive, we obtain α̃ · q̃ + β̃ · w̃ ∈ M̃⊥. Hence, M̃⊥ is a

subspace of Q̃. Let’s show that M̃⊥ is closed. Let {q̃n} be a soft quasi vector of M̃⊥ and

{q̃n} → q̃ for some q̃ ∈ Q̃. Then for any ε̃≥̃0 there exists a N ∈ N such that the following
condition hold for every n ≥ N ;

q̃n�̃q̃ + q̃ε1n, q̃�̃q̃n + q̃ε2n, ‖q̃εin‖ ≤̃ε̃.

Since every soft quasilinear inner product space is a soft normed quasilinear space with
soft quasi norm obtained soft quasi inner product, we get

q̃n�̃q̃ and q̃�̃q̃n.

For every z̃ ∈ M̃ , we obtain 0 = ‖〈q̃n, z̃〉‖ ≤̃ ‖〈q̃, z̃〉‖ and ‖〈q̃, z̃〉‖ ≤̃ ‖〈q̃n, z̃〉‖ = 0. Thus,

‖〈q̃, z̃〉‖ = 0. This gives q̃ ∈ M̃⊥. So, M̃⊥ is a closed soft quasi subspace of Q̃. �

4. Conclusions

In this work, the notion of inner product on a soft quasilinear space is introduced. Some
basic properties of soft quasilinear inner product spaces are explored with examples. Also,
the concept of soft Hilbert quasilinear space is defined. The properties of orthogonal and
orthonormal sets on soft quasilinear inner product spaces are examined and some related
theorems are proved.
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