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ON THE MONOPHONIC AND MONOPHONIC DOMINATION
POLYNOMIAL OF A GRAPH

P. A. P. SUDHAHAR', W. JEBI**, §

ABSTRACT. A set S of vertices of a graph G is a monophonic set of G if each vertex
u of G lies on an w — v monophonic path in G for some u,v € S. M C V(G) is said
to be a monophonic dominating set if it is both a monophonic set and a dominating
set. Let M(G, 1) be the family of monophonic sets of a graph G with cardinality ¢ and
let m(G,t) = |M(G,4)|. Then the monophonic polynomial M (G, ) of G is defined as
M(G,z) = 327,y m(G, i)z*, where m(G) is the monophonic number of G. In this
article, we have introduced monophonic domination polynomial of a graph. We have
computed the monophonic and monophonic domination polynomials of some specific
graphs. In addition, monophonic and monophonic domination polynomial of the corona
product of two graphs is derived.

Keywords: Monophonic set, Monophonic Dominating set, Monophonic polynomial, Mono-
phonic domination polynomial, Corona product.

AMS Subject Classification: 05C12, 05C69.

1. INTRODUCTION

The graph G considered in this paper is finite, simple, undirected and connected with
vertex set V(G) and edge set E(G) respectively. The order and size of G is denoted by n
and m respectively. [4, 5] is referred for basic graph theoretic definitions. The distance
d(u,v) between two vertices u and v is the length of a shortest u — v path in G. The
neighborhood of a vertex v denoted by N(v) is the set of all vertices adjacent to v. For
any subset S of V(G), the induced subgraph (S) is the maximal subgraph of G with
the vertex set S. A vertex v is said to be an extreme vertex if the subgraph (N(v)) is
complete. The join of graphs G and H, denoted by G + H, is the graph with vertex set
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V(G+H)=V(G)UV(H) and edge set E(G+ H) = E(G) U E(H) U {w :u € V(G) and
v e V(H)}. Two vertices (x1,y1) and (x2,y2) in the cartesian product GOH is adjacent
if and only if either z1 = z9 and y; is adjacent to ys or y1 = y2 and z7 is adjacent to
x9. F C V(Q) is said to be a dominating set if every vertex in V(G) — F' is adjacent to
at least one vertex in F'. The least order of the dominating sets of G is said to be the
domination number of G' and is denoted by 7(G). The monophonic number of a graph
was studied by Pelayo et al. in [6, 10]. Any chordless path connecting the vertices u and
v is called a u — v m-path. The monophonic closure of a subset S of V(G) is given by
JalS] = U Jelu,v], where Jg[u,v] is the set containing w and v and all vertices lying
u,VES

on some u — v m-path. If Jg[S] = V(G), then S is said to be a monophonic set in G. A
monophonic set in G of least order is called a minimum monophonic set of G. The order
of a minimum monophonic set in G is called the monophonic number of G and is denoted
by m(G). Monophonic domination number of a graph is studied in [7, 11]. M C V(G) is
said to be a monophonic dominating set if it is both a monophonic set and a dominating
set. The minimum cardinality of a monophonic dominating set of G is the monophonic
domination number and is denoted by 7;,,(G). The domination polynomial of a graph was
introduced by Saeid Alikhani et al. in [3] and was later studied in [1, 2]. The monophonic
polynomial of a graph was introduced and studied in [8].

In the third section monophonic polynomial of some graphs are derived. In the fourth
section we have defined monophonic domination polynomial of a graph and some results
corresponding to it are studied. In the last section monophonic and monophonic domina-
tion polynomial of the corona product of two graphs are studied.

2. PRELIMINARY RESULTS
Theorem 2.1. [9] Let G be a graph of order n. Then

n+p if G=K,
m<G+Kp)_{m(G) if G+ Ky

Theorem 2.2. [12] Let G be a connected graph with cutvertez v and let S be a monophonic
set of G. Then every component of G — v contains an element of S.

Theorem 2.3. [12] No cutvertex of a connected graph G belongs to any minimum mono-
phonic set of G.

3. SOME RESULTS ON THE MONOPHONIC POLYNOMIAL
Theorem 3.1. Let T be a tree with s pendant vertices, Then M (T, x) = z°(1 4+ )"~ *.

Proof. Let s be the number of pendant vertices in the tree T'. Since T is a tree, m(G) = s.
The set of all pendant vertices is the unique monophonic set of 7. Hence the number of
monophonic sets of cardinality s is 1. For a monophonic set of cardinality s +y (1 <y <
n —s), we have (”;s) choices.

Hence,

M(T,z) = Zm(t,i)xi

:xs+<n;s>x3+1+<n;8>x3+2+.,_+(ni;il>xn—1+xn

=z°(1+4z)" %
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Theorem 3.2. For the cycle Cp, (n > 3), M(Cp,z) = (14 2)" — (1 + nx + na?).

Proof. For a monophonic set of cardinality two, there are n ways to select the first vertex

n(n —3)
2

and n — 3 ways to select the second vertex. Hence there are choices to select two

n(n —3)

vertices. Hence m(Cp,2) = . For the monophonic sets of cardinality k > 2, we

have () choices to select k vertices from a set of n vertices. Hence m(Cy, k) = (}).
n(n—3) , ny 3 n -1
= —--— DY n n
M(Chp, ) SR +<3>x ot ) e

—(1+2)"—1-nz+ [”(”2_3)@”952

= (1+2)" — (1 +nz+na?).

Theorem 3.3. Let G be a connected graph of order n, Then
kars when G=K,
M(G+Kp,x)—{ M(G,z)(1+x)P when G# K, °

Proof. When G = K,,, G+ K, & K, 1,. Hence M(G+ K,,z) = ™P. Next, let us consider
the case when G # K,,. The monophonic set of G will be the monophonic set of G + K,
hence the monophonic polynomial of G + K, is M (G, z)(1 + x)P.

O

Theorem 3.4. For each path P,,n > 3 and the complete graph Ks,
M(P,0Ky, z) = [z(x + 2)]* (1 + )24

Proof. Let P, be a path on n vertices and Ko be the complete graph on two vertices. Let
Ay, Ay, -+ A, be the n copies of Ky in P,0K. It can be verified that m(P,0K3) = 2.
A monophonic set of cardinality 2 is selected by choosing a vertex from A; and a vertex
from A,. Hence m(P,0K32,2) = 4. The monophonic set of cardinality 3 is selected either
by choosing one vertex from A; and one vertex from As or by choosing one vertex from A;
and two vertex from As or by choosing one vertex from A, and two vertex from A;. Thus,
m(P,0K2,3) = 4(2n — 3). The monophonic set of cardinality k¥ + 2,(2 < k < 2n — 3)
is obtained either by choosing one vertex from A; and A, or by choosing two vertices
from A; and one vertex from A,, or by choosing two vertices from A, and one vertex from
Aj or by choosing two vertices from both A; and A,,. Hence the number of monophonic
sets of cardinality k 4+ 2,(2 < k <2n —3) is 4(2”1;3) + (25:24). Also, m(P,0K>3,2n) = 1.
Therefore,

2n—3
2n —3 2n—4
2 3 k+2 | .2n
M(P,0Ks,z) = 4z + 4(2n — 3)z —1—32 [4< i >+<k: 2>}x +x

oo+ D (1+2)2
O
Lemma 3.1. For each star graph K1, and the complete graph Ko, m(K ,0K3) = n.

Proof. Let {vi,va, -+ ,vpn,Vp41} and {uy, us} be the vertices of Ky, and Ky respectively
and deg(vi) = n. Let A1, Ag, -, Ap, Apq1 be the n+ 1 copies of Ky in K ,0K,. The
vertices in the n copies of K5 is adjacent to at least one vertex of Aq. Let w;; = (v, uj). J =
{waj, w3j, -+ ,Wny1)j/7 = 1 or 2} is a monophonic set of K1 ,[1K5. Hence m(K; ,[0K3) <
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n. Suppose m(K; ,[0K5) < n. Then there exists a monophonic set F' of K; ,0K3 which
does not contain any vertex from k** copy of K». Then the vertices {wg1, wie} will not be

contained in the monophonic path joining vertices of F', which is a contradiction. Hence
m(KLnDKg) = n. O

Theorem 3.5. For each star graph K1, and the complete graph Ko,
M (K1 0Ky, z) = [2(2+ z)]" (z + 1)°.

Proof. Let Ay, As,--- ,Ap, Apy1 be the n 4 1 copies of Ky in K;,K,. For a mono-
phonic set of cardinality n we have to choose at least one vertex from the n copies
Ag, -+, Ay, Apt1. Therefore, we have 2™ monophonic sets of cardinality n. For a mono-
phonic set of cardinality n + 1 we can select the vertices in two ways, the monophonic set
may contain no vertices of A; or it may contain a vertex of A;. Hence m(K; ,0K2,n+1) =
n.2n~t 4 27+l = (p 4 4)2"~1 For a monophonic set of cardinality n +k, 2 < k < n
the vertices can be selected in the following three ways; it may contain no vertices of
Ay or one vertex of A; or two vertices of A;. By considering the above three ways

we get m(K1,0Ka,n+ k) = ()27 % + [(kﬁl) n (kfz)] onk+2 Also. it is found that
m(K ,0K,2n + 1) = 2n + 2 and m(K; ,0K>5,2n + 2) = 1. Thus,
M (KynOK,7) = 2"a" + (n + 4)2" 12"+

@) )

4 (2n 4 2)'%,277,-‘1-1 + $2n+2

n
— —1,.n+1 T\ on—k N+ 1\ gnki2|  ntk
oty (et ()
+ (2n + 2)5627”'1 + g2 t?

n
1
ontl 4 E <Z + 1> on—hk+2 k=1 4 2(n+ 1)z" + P
k=2

+ 2" Z <Z> ok gk

k=0
= 2" 2+ 2)" a2+ 2)"
=@+ (z+ 1)

— xn—&—l

4. MONOPHONIC DOMINATION POLYNOMIAL

Definition 4.1. Let M D(G,1) be the collection of monophonic dominating sets of a graph
G with cardinality i and md(G,i) = |[M D(G,1)|. The Monophonic Domination polynomial
MD(G,x) is defined as
MD(G,z)= Y md(G,i)z"
1=vm (G)

Example 4.1. For the graph G given in Figure 1, M = {ug, us, ug} is the unique minimal
monophonic dominating set of G. Hence md(G,3) = 1. {uy,ug, us, ug}, {us, us, us, ug},
{ua, us,us,us} are the monophonic dominating sets of cardinality 4 and md(G,4) = 3.
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us ue

FIGURE 1. A graph G with m(G) = v (G) = 3.

{uy, ug,us, us, ug}, {uz,us, uq, us, ug}, {u1,us, ug, us,ug} are the monophonic dominating
sets of G with cardinality 5 and therefore md(G,5) = 3. The monophonic domination
polynomial of G is, MD(G,z) = x3 + 3z* + 32° 4 5.

Theorem 4.1. Let G be a connected graph of order n. Then
(1) md(G,i) =0 if and only if i <y (G) ori > n.
(2) MD(G,x) is a monic polynomial of degree n.
(3) Degree of MD(G,x) will be greater than or equal to two always.
(4) Zero is a root of M D(G,x) with multiplicity vm(G).

Proof. (1) Let us assume that md(G,i) =0 (i.e., G has no monophonic dominating set of
cardinality ). This condition holds if and only if i < v,,,(G) or i > n.

(2) The set of all vertices of G will be the unique monophonic dominating set of cardinality
n. Hence the coefficient of the highest power of M D(G,x) is one. Thus, MD(G,z) is a
monic polynomial of degree n.

(3) Since v, (G) > 2, it is clear that the degree of M D(G, x) will be greater than or equal
to two.

(4) By the definition of monophonic domination polynomial, it is clear that zero is a root
of M D(G,z) with multiplicity v,,(G). O

Theorem 4.2. For a connected graph G of order n, MD(G,x) = " if and only if G is
complete.

Proof. Assume M D(G,z) = z". Then md(G,i) = 0 for i < n and md(G,n) = 1. This
implies that the set of all vertices of GG is the minimum monophonic dominating set of G
and hence G is complete. The proof of the converse part is obvious. O

Theorem 4.3. The monophonic domination polynomial of the complete bipartite graph
Konm,

z? if n=m=1
B o + "t if n>2,m=1
MD(Enm, ) = (1 +x)™ if m<m<A4
(14+2)"=1—nz][14+2)"—1—ma] if n>m>4
Proof. Let A = {uy,ug, - ,u,} and B = {vy,va, -+, v} be the partition of vertices of

K, m respectively.
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Case (i) : n = m = 1. The monophonic domination number of K ; is two. Hence the
monophonic domination polynomial M D(K7 1) = 2.

Case (ii) : m» > 2, m = 1. The monophonic domination number of K, ; is n. The
monophonic domination polynomial M D(Ky, 1,z) = 2™ + 2" L.

Case (iii): n,m > 2.

Subcase (i): n < m < 4. In this case ¥y, (Ky,m) = n. There exists a unique monophonic
dominating set of cardinality n. For a monophonic dominating set of cardinality n + k
(k > 1), we have (') choices.

MD(Kn,m,J}) — 2" 4+ <ql>l,n+1 + (?)xn—ﬂ 4. _|_xn+m

=a"(1+z)™.

Subcase (ii): m > m > 4. For a monophonic dominating set of cardinality 4, we have
(g) (TQ”) choices. For a monophonic dominating set of cardinality £ > 4 we have ( kﬁ2) (73) +

(3) (kTQ) choices. Hence

MD(Kpym, ) = [<Z>x2+ <Z)x3+_,.+ (;)merJr <ni1>xn_1+xn}
X [(?>x2+ <?>x3+...+ <m”1 1>$m—1+xm:|

=[(1+2)"—1—nz][(1+2)" —1—mz|.

Theorem 4.4. If G = K,, — {e}, then MD(G,r) = 2?(1 + )" 2.

Proof. Let u and v be the non adjacent vertices of G. {u,v} will be the unique minimal
monophonic dominating set of G. Hence md(G,2) = 1. For a monophonic set of cardinality
k > 2, we have (Z:g) ways to select k vertices. Therefore, md(G, k) = (Z:;)

-2 -2 -2
MD(G,z) =z + " P e AR
1 2 n—3

=221+ 2)" 2

Theorem 4.5. Let G be a connected graph of order n, Then

Lt when G =K,
MD(G+ Kp,z) = { MD(G,z)(1+ z)? when G#K,

Proof. Case 1: G = K,,. In this case G + K, = K,4,. The set of all vertices of K,
will be the unique monophonic dominating set of G + K. The monophonic domination
polynomial, MD(G + K, ) = z"*P.
Case 2: G # K,. The monophonic dominating set of G will be a monophonic dominating
set of G+ K. The monophonic dominating set of cardinality v,,(G)+k, where v, (G)+k <
n is obtained either by selecting v,,,(G) + k elements from G or by selecting v,,(G) + (I <
k) vertices from G and the remaining k — [ vertices from K,. Hence the monophonic
domination polynomial, M D(G + K,,xz) = MD(G,z)(1 + ).

O
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5. CORONA PRODUCT OF TWO GRAPHS GG AND H

The corona product G o H of two graphs G (with p; vertices) and H (with py vertices)
is defined as the graph obtained by taking one copy of G and p; copies of H and then
joining the i*" vertex of G to every vertex in the i*" copy of H.

Lemma 5.1. Let G and H be connected graphs of order py and po, respectively. Then,
m(GoH)=m(H) X p.

Proof. Let V(G) = {v1,va,- -+ ,vp, } be the vertices of G and {u;1, w2, -+, Uip, }, 1 <7 < py
be the set of vertices in the i*" copy of H in G'o H. Since every vertex of G is a cut vertex
of G o H, the minimum monophonic set contains at least one vertex from each component
of V(G o H) — V(G). Hence the minimum monophonic set of G o H contains at least one
vertex from each copy of H in Go H. Suppose the set F' contains exactly one vertex from
each copy of H in G o H. Then Jgog[F] will not contain all the vertices of H. Hence F

p1

can’t be a monophonic set. Let K = J S;, where S; is the minimum monophonic set of
i=1

the it copy of H. Also, Jgor[S:] = Hi, for all 1 < i < p;. Hence Jgou[K] = V(G o H).

Therefore, K is a minimum monophonic set of G o H and m(G o H) = m(H) X py. O

Lemma 5.2. Let G and H be connected graphs of order p1 and p2, respectively. Then,
’Ym(GOH) = ’Ym(H) X P1-

Proof. Let V(G) = {v1,v2, -+ ,vp, } be the vertices of G and {w;1, wiz, -+ , Uipy }, 1 <1 < py
be the set of vertices in the i*" copy of H in Go H. Since every vertex of G is a cut vertex of
G o H, every minimum monophonic dominating set contains at least one vertex from each
component of V(Go H)—V(G). Hence the minimum monophonic dominating set of Go H
contains at least one vertex from each copy of H in G o H. Suppose the set F' contains

exactly one vertex from each copy of H in G o H. Then Jgop[F] will not contain all the
p1

vertices of H. Hence F' can’t be a monophonic dominating set. Let K = |J S;, where S;
i=1

is the minimum monophonic dominating set of the i*" copy of H. Also, Jaor[S:] = H;

for all 1 <i < p;. Hence Jaop[K] = V(G o H) and all the vertices of G o H is dominated

by the vertices of K. Therefore, K is a minimum monophonic dominating set of G o H

and v (G o H) = ym(H) X p1. U

Theorem 5.1. Let G and H be connected graphs of order p1 and ps, respectively. Then,
M(G o H,x) = [M(H,2)" (1 + 2"

Proof. The minimum monophonic set of G o H contains the minimum monophonic set of
H from all p; copies in G o H. Any monophonic set of G o H with cardinality pym(H) + k
can be obtained by selecting the pym(H) + k vertices from the p; copies of H or by
selecting the pym(H) +1, (I < k) vertices from the p; copies of H and the remaining k —{
vertices from G. Hence the monophonic polynomial of G o H is given by, M(G o H,x) =
M (H, )P (1 + )P,

O

Theorem 5.2. Let G and H be connected graphs of order py and pa, respectively. Then,
MD(GoH,x)=[MD(H,z)P*(1 + z)P*.

Proof. The minimum monophonic dominating set of H from the p; copies of H in Go H
forms the minimum monophonic dominating set of G o H. Any monophonic dominating
set of G o H with cardinality piv,,(H) + k can be obtained by selecting the p1v,,,(H) + k
vertices from the p; copies of H or by selecting the p1y,, (H) + 1, (I < k) vertices from the
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p1 copies of H and the remaining k —{ vertices from GG. Hence the monophonic dominating
polynomial of G o H is given by, MD(G o H,x) = [MD(H,z)[P* (1 + x)P'.
O

6. CONCLUSIONS

This paper provides a brief overview of monophonic and monophonic domination poly-
nomials of graphs. Our results about monophonic polynomials cover the cartesian product
of some families of graphs, while we can extend the results by finding out the monophonic
polynomial of the cartesian product of any two conneccted graphs G and H.

Acknowledgement. The authors wish to thank the referees for their valuable comments
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REFERENCES

[1] Alikhani, S., Peng Y. H., (2009), Dominating sets and domination polynomials of cycles, arXiv preprint
arXiv:0905.3268.

[2] Alikhani, S and Peng Y. H., (2009), Dominating sets and domination polynomials of paths,
International journal of Mathematics and mathematical sciences, vol. 2009, Article ID 542040,
https://doi.org/10.1155/2009/542040.

[3] Alikhani, S., Peng Y. H., (2009), Introduction to domination polynomial of a graph, arXiv preprint
arXiv:0905.2251.

[4] Buckley, F., Harary, F., (1990), Distance in graphs, Addison Wesley, Redwood City.

[5] Harary, F., (1969), Graph theory, Addison Wesley.

[6] Hernando, C., Jiang, T., Mora, M., Pelayo I. M., Seara, C., (2005), On the steiner, geodetic and hull
numbers of graphs, Discrete Mathematics, 293(1-3), 139-154.

[7] John, J., Arul Paul Sudhahar, P., Stalin, D., (2019), On the (m, d) number of a graph, Proyec-
ciones(Antofagasta), 38(2), 255-266.

[8] Merlin Sugirtha, F., (2020), Monophonic distance related parameters in graphs, Ph.D thesis, Manon-
maniam Sundaranar University, Tirunelveli, 111 - 132.

[9] Paluga E. M., Canoy Jr S. R., (2007), Monophonic numbers of the join and composition of connected
graphs, Discrete Mathematics, 307(9-10), 1146-1154.

[10] Pelayo I. M., (2004), Comment on the steiner number of a graph by G. Chartrand and P.
Zhang:[discrete mathematics 242 (2002) 41-54], Discrete mathematics, 280(1-3), 259-263 .

[11] Sadiquali, A., Arul Paul Sudhahar, P., (2017), Monophonic domination in special graph structures
and related properties, International Journal of Mathematical Analysis, 11(22), 1089-1102.

[12] Santhakumaran, A., Titus, P., Ganesamoorthy, K., (2014), On the monophonic number of a graph,
J. Appl. Math. & Informatics, 32(1-2), 255-266.



P. ARUL PAUL SUDHAHAR, W. JEBI: MONOPHONIC DOMINATION POLYNOMIAL 205

P. Arul Paul Sudhahar received his Ph.D from Manonmaniam Sundaranar Uni-
versity, Tirunelveli, India in 2013. His area of interest is ” Distance related parameters
in graphs”. He is currently working as an Assistant Professor in the Department of
Mathematics, Government Arts and Science college, Nagercoil, India.

W. Jebi is pursuing her Ph.D (Register No: 20111172092015) in the Department
of Mathematics, Rani Anna Government college for women, Tirunelveli - 8, Tamil
Nadu, India. Her area of interest is Monophonic distance and Domination in Graphs.




