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1 Introduction
Up to now, there have been defined some fractional derivations of which most used are
the Caputo and Riemann-Liouville operators. The applications of the fractional calculus
with these two main derivatives can be observed within a huge range of real world phe-
nomena. In order to increase the power and applicability of the fractional calculus some
researchers suggested a new type of fractional derivatives possessing different kernels.
Thus, Caputo and Fabrizio defined recently a new fractional derivative possessing a sin-
gular kernel [8] and the properties of it were discussed in [11]. Some researchers have used
distinct methods for solving some different equations including the Caputo-Fabrizio (CF)
fractional derivative (see [1-7, 9, 10] and the references therein) and multi-singular point-
wise defined equations [13-16]. Despite these original results, still several issues regarding
this new fractional derivative have to be developed. Below we discuss the existence of ap-
proximate solutions analytically corresponding to two CF fractional differential equations
(EDE).

The plan of the manuscript can be seen below. In the following section we recall the
main results needed in this paper. Section 3 contains the original results and the illustrative

examples. Finally, Section 4 summarizes our work.

2 Basic tools
Let ¢ >0, u € H'(0,¢) and o € (0,1). We recall that “FD%y(t) = % fot exp(7% (¢ -
r))u(r) dr means the CF fractional derivative, such that ¢ > 0 and M(«) denotes the nor-
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malization constant and fulfilling M(0) = M(1) = 1 [8]. The corresponding fractional in-

tegral is written as “F1%u(t) = (Zzgﬁgu)u(t) + (2_;‘}%(0[) fot u(r)dr for 0 < o < 1 [11]. We re-

call that M(«) = ﬁ for all 0 < o <1 [11]. As a result, the CF fractional derivative be-
comes “FD*u(t) = f(; exp(—-% (¢ — r))u/(r)dr, where t > 0 and 0 < « < 1 [11]. Note

1-o

that “*D*u € H' when u € H'. This hints to a new idea about high-order derivations.
If n > 1 and « € [0,1], then the CF fractional derivative of order n + « is defined by
CEpecsny .= CF e (CE Dy (t)) [8]. We need the following results.

Lemma 2.1 ([11]) The unique solution of ¥ D*u(t) = v(t) with u(0) = c and 0 <a <1 is
given by u(t) = ¢ + a,(v(t) — v(0)) + b, fot v(r)dr, where a, = 209 | _y and b, =

(2-a)M(at)
(27012)‘;‘\4(0[} = «. In addition v(0) = 0.

For investigating the existence of solutions for most FDE, researchers utilized the well-
defined fixed point results, e.g. the Banach contraction principle. We recall that there are
many nonlinear FDE admitting no exact solutions [2]. In this case, numerical methods
are utilized to get an approximation of exact solutions. In addition, u represents an ap-
proximate solution for FDE when we could get a sequence of functions {v,},>1 such that
Vy —> U.

If an exact solution u is not obtained, then we use this approach. This case arises when
we discuss the FDE within a non-complete metric space.

Below we present some basic notions needed in this manuscript. Let (Y, d) denoting a
metric space, F a self-map on Y, @ : ¥ x ¥ — [0,00) a mapping and ¢ a positive num-
ber. We say that F is a-admissible when a(x,y) > 1 implies «a(Fx, Fy) > 1 [12]. When
d(Fxg,x0) < &, x9 € Y is called an e-fixed point of F.

We say that F possesses the approximate fixed point property when F possesses
an e-fixed point for all ¢ > 0 [12]. We recall that some mappings admit approximate
fixed points while possessing no fixed points [12]. Let R be the set of all continu-
ous mappings f : [0,00)> — [0,00) fulfilling £(1,1,1,2,0) = f(1,1,1,0,2) := /1, € (0,1),
S (uaer, paxa, s, s, paxs) < f (%1, %2, 63, %4, 5) for all (1, 2, 43, %4, %5) € [0,00)° and p > 0
and also f(x1,%2,%3,0,%4) < f(y1,¥2,¥3,0,y4) and f (1, X2, %3, %4, 0) < f(y1,¥2,¥3,¥a,0) when
Xis.eesX4s Y15+, Ya € [0,00) with x; < y; for j = 1,2,3,4 [12]. F denotes a generalized o-

contractive mapping when there exists f € R obeying
a(x,y) d(Fx, Fy) < f(d(x,y),d(x, Fx),d(y, Fy), d(x, Fy), d(y, Fx))
for all v,y € Y [12]. We need the following result.
Theorem 2.2 ([12]) Let (Y,d) denoting a metric space, « : Y x Y — [0,00) be a mapping
and F denoting a generalized a-contractive and o-admissible self-map on Y. Let us sup-

pose that there exists xo € Y obeying a(xo, Fxo) > 1. Then F possesses an approximate fixed
point.

3 Theresults

We use the main idea of [6] for obtaining our results in this work.
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As is well known, by using the Cauchy formula for repeated integration, we get

t=ty s=lp-1 ty-2 3l
Ful) = / / / / ulto) dto, dts, .., d(t,) ds
0 0 0 0

1
T (-1

/t u(s)(t —s)" L ds,
0

forallm >1,a,t € Rand ¢ > 0.If n is substituted by a positive real number « and (n—1)! by
its generalization I'(«), a formula for fractional integration is obtained for the fractional
operator J*u(t) = ﬁ fot u(s)(t — s)* ' ds, which is called the Riemann-Liouville fractional
integral of order «.

Let us to consider the following symbols:

CF

Fpeu(e) = Fo (D (FDe - (FDMu®) ), FD ) = ul), (+)

¢l t=ty ps=ty_l plpo f
/ u(s)ds = / / f .. / u(ty) dty, dty, ..., d(t,_2) ds = J"u(t), (k%)
0 0 0 0 0

(0]
and JOu(t) = fo u(s) ds := u(t). Also, we define

t [n]
(o + baJu(0)) " = (zza + by / u(s) ds)
0

(1

(0]
= (n) agbg/ u(s)ds + (n) aZ’lb}x/ u(s)ds
0 0 1 0
n t[n—l] n t[”]
I ( ) “ng_lf u(s) ds + ( )agbgf u(s) ds
n-1 0 n 0

il

= (n) ag‘ibgf u(s)ds
- l 0

- (") a7 T u(e).
i=0 l

Below we present the main results of the manuscript.

Lemma 3.1 Let uy,v, € HY(0,1) and L a real number obeying |u(s) — vi(s)| < L for all
s € [0,1]. Thus, |SFD*" uy(s) — CFD" vy (s)| < 2= L for all s € [0,1]. This result implies

(1-cr)2n
that |SFD*" uy ()| < &= L for all s € [0,1] whenever u; € H*(0,1) with |uy(s)| < L for
some L >0 andall s € [0,1].

(
(1—0()2"

Lemma 3.2 Let u;,v; € H(0,1) with u;(0) = v1(0) and La real number fulfilling |u(s) —
n(s)| < L foralls € [0,1]. Thus, ICF D" 41 (s) = CEDX vy (s)] < mLfor all s € [0,1]. This
result implies that ICFD"["] ui(s)] < mL for all s € [0,1] whenever u; € H*(0,1) with

11(0) = 0 and |ui(s)| < L for some L > 0 and all s € [0,1].
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Lemma 3.3 Let uy,v; € Cr[0,1] and there is L > 0 satisfying |uy(s) —vi(s)| < L forall s €
[0,1]. Thus, |1 uy(s) — F1¢" vy (s)| < L for all s € [0,1].

This result implies that ICF1«" 4, (s)| < L for all s € [0,1] whenever u € Cg[0,1] with
|u1(s)| < L for some L > 0 and all s € [0,1].

Lemma 3.4 Let 0 < a <1 and u,v € H(0,1). The problem CEp™ (8) = w(e), u(0) = 0,
possesses the following unique solution: u(t) = (ay + b Jv(t))", where ¢F s defined
by (x).

Proof By using the Lemma 2.1 for “*D%u(t) = v(t), we get u(t) = a,v(t) + by fot v(s) ds.

Also by using Lemma 2.1 for CF ey (£) = w(t), we obtain FD*u(t) = ay v(t) + by fot v(s) ds.

Hence,

u(t) = ay (ﬂav(t) + by, /t v(s) ds) + by ft(aav(s) + by, /s v(r) dr) ds
0 0 0

t t s
= aiv(t) +2a4bg / v(s)ds + bfl / / v(r)drds
0 o Jo

t [2]
= (aa + by / v(s) ds> .
0

Suppose that u(t) = (a, + b,Jv(t))" is the solution of the equation ¥ D“[n]u(t) = 1(¢).
We show that u(t) = (a, + b Jv(t))"*! is the solution of the equation ¥ D"V u(e) =

v(t).
1f CF D" (CF D2 yu(£)) = w(t), then FD*u(f) = (ay + boJv(t)?). Thus,

t
u(t) = aq (a + b“]"(t))[n] + b / (ao + ba]v(s))[n] ds
0

(1l

0]
=dy |:(n> agbg / v(s)ds + (n) ag_lh(lx / v(s) ds
0 0 1 0
n ,g[”—l] n t["]
P < )“ibg_lf v(s)ds + < )agbg/ v(s)ds:|
n-1 0 n 0
Y (1 " 2]
+ by |:( ) agbg / v(s)ds + ( ) ag_lb(ll / v(s)ds
0 0 1 0
" ¢ " ]
+...+< )a;bg‘lf v(s)ds+< )agbfj/
n—1 0 n 0
Y 0] " " 1
= ( )a[’;”bgf v(s) ds + |:< )+( >:|af;bi/ v(s)ds
0 0 1 0 0
n n t[”] n [[”*1]
+oee + alb! / v(s) ds + alb! / v(s) ds
n n-1 0 n 0

[0]
n+1 n+10/t
= a’™b
(") eeee |

v(s) ds:|

(A

n+1
d "D d
v(s) s+( 1 )% a/o v(s)ds
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n+1 Lin (b
+ +a,b), v(s) ds
n 0

n+1 thredl
+ alprt / v(s) ds
n+1 0
= (aq + ba]v(t))[mu

and so u(t) = (ay + by $)ds)" = (ay + beJv(£))™ holds for all n. O
o

n]
In the last result, we used some notation such as fot u(s) ds, which was introduced by

(#x). We need the following result.

Lemma 3.5 ([17]) Suppose t € R, then ' =) q for 0 < |t] < oo, tTI5 (1 - ) =sint

and T35, (1 ) = cost.

4
(2i-1)272
Let y,A : [0,1] x [0,1] — [0,00) denoting two continuous maps with

SUp,¢; | fotk(r, s)ds| < oo and sup,; | [y v (r,s) ds| < oo, respectively.

Let ¢ and ¢ be two maps defined as (¢pu)(r) = fory(r,s)u(s)ds and (pu)(r) =
for)»(r, s)u(s) ds, respectively. Let n € L>°(I) with n* = sup,; [n(¢)| and k, 4 and g be con-
tinuous on [0,1] with M; = sup,; |k(£)|, My = sup,; |h(£)| and M3 = sup, |g(t)]. Put
Yo = sup| fot y(t,s)ds| and Ay = sup| fot A(t,s)ds|. Below we study the fractional-order

integro-differential problem

F D" (5) = k() D" (2ls) + h(5) D7 2(s))

+f(5,2(5), (2)(s), (92)(s), F1°" 2(s), g(5)F D" (s)) )

with z(0) = 0 under some conditions, where u > 1 and «,8,y,60,8 € (0,1) as well as
n,m,p,q,r > 1. Since cFpe e H for all n, the right hand is too.

Theorem 3.6 Letf:[0,1] x R® — R be a continuous function such that

lf(tl’xbybwlyuly MZ) _f(t11x/1’y/1’W1’V1’V2)|
< () (Jo1 =& | + [y1 = 94| + w1 = wh |+l —va| + g — va)

forall t, € I and x1,y1, w1, %7, ¥, Wy, h, U, V1, V2 € R. Then the stated problem (1 )possesses

MMy
a2 (-pPm )<1.

an approximate solution when A =n*(2 + yp + Ao + (11_\4;)’2,) + u( +

1ﬂ2m

Proof Let H' equipped with d(z,v) = ||z — v|| on X, such that ||z| = sup,.; |z(¢)|. Let F :
H' — H' be a map defined as follows:

(F2)(2) = <aa + by / t[uk(s)CFDﬂ[m] (2(s) + h(s)F D" (s)
0

[n]
+£(5,2(5), (92)(6), (92)(5), F1°" 2(5), g(5)F D" 2(s)) | ”’S) ’
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where a, and b, are introduced in Lemma 2.1 and the notation < Ie[q]z(s) and ¢F Dy[p]z(s)

is introduced by (x) and (**). By using Lemmas 3.2 and 3.3, we get

|12k(s)FDP™ (2(s) + h(s) T D" 2(s))

+£(5.20), (@2)(5), (92)(5), FI" " 2(5), g (5)F D" ()
~ 1k(s)F D" (v(s) + h(s)F D" ()
1 (5,v(5), (@V)(5), (@v)(s), 1" 0(s), g(5)F D v(s)|

< | [k(s)] D" (2(5) + H(5)F D 2(s)) ~ F D" ((s) + () T DY (s)) |
+[f (5,20, (@2)(9), (92)(s), F 1" 2(s),g(5)F D 2(s))
[ (5,7(6), @V)(6), (@v)(s), I (5), g6) T DY )|

< u[[k(s)| | D" (2(5) - v(9))|
+ [k [s)| D7 (D7 (a5) = )]
+ [n(s)|[|2(s) = v(9)| + |(@2)(s) — (@v)(s)]

+ |(@2)(s) = (@n)®)] + | T 2ls) - FIw(s)| + |g(6)|| T D 2(s) - FD ()]

<[n*(2+yo+)\o+£>+u( MM, + M )]Ilz—vll.
- -8 A-y)yr@-pym (1-p)*"

Since z(0) = 0, we obtain

|(F2)(2) - (Fv)(2))|

t . 1\/13
<\ ay + b, ; n 2+y0+)\0+m

+( MM, LM >]HZ_V” ds)["]
M\a-yyza-pge " a-p ’

and so
| Ez - Fv||
M
E(ﬂa+ba)n|:77*<2+yo+)"0+ﬁ>
+( MM, A )]nz—vn
a-yra-pe " a-ppr

for all £ € I and z,v € H'. Define the mappings g : [0,00)° — [0,00) and « : H! x H' —
[0,00) by g(x1,%2,%3,%4,%5) = %(le + 2%y + 4x3) and a(x,y) =1 for all x,y € H! and
x1,...,%5 € [0,00). One can easily check that g € R. In addition we conclude that F de-
notes a generalized o-contractive map. From Theorem 2.2, we conclude that F possesses

an approximate fixed point which is an approximate solution of (1). g

Suppose that functions &, s, &, g and g are bounded on [0,1] with M; = sup,; |k(£)] <
00, My = sup,;Is(t)| < 00, M3 = sup,;|h(t)] < 0o,My = sup,.;|g(t)| < oo and M; =
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sup,¢; 19()| < co. Now we discus the following problem:
CF pal”! u(r) = kk(r)CFD’g[m] u(r) + us(r)cplp[p] u(r)

+

i DM £ (r, ulr), (@) (), h(r) SF L (), g (r) F D" ()

i!
i=0

r 00 Cpr[i]u(s)
o fz<s, ), (p9a) Y~ ) ds @
0 i=0
with #(0) = 0 under some conditions, where A,u > 0, o, 8, 0,0,v,8 € (0,1), |d ) 2| <1

and n,m,p,q,r,k > 1. The functions %, s, i1, g and g maybe are not continuous, but the
right hand of (2) should be a member of H! because CFpey e {1,

Theorem 3.7 Suppose that fi : [0,1] x R* — R and f, : [0,1] x R?® — R are integrable
functions such that

At %1051, wivi) = A (640,55 wi, v |

<&l — x| + &y -y + E|wr - wy| + Ealv -,
Vé(thxl,thl) _fé(tl!xi;y/l’w/l)|
<&lx -]+ &y - o] + & w1 —w

for some nonnegative real numbers A, i1, &, &2, &3, 84, &(,E5, &4 and all x1,y1, w1, vi, %], ¥, Wi,
1

vieRandt e LI A= Dhidhm + My + 007 (€ + Eayo + EsMs + Eaigts) + 6 + Eh0 +

&L d(1-y)*Ms ]

2T < 1, then the stated problem (2) possesses an approximate solution.

Proof Let H' equipped with d(z,v) = ||z — v||, such that ||z|| = sup,, |z(¢)|. Define the map
F:H!'— H'by

(F2)(t) = <aa + by / t [Aku)CFDﬂ“”]z(s) + us(s)CEIP" 2(s)
0

. i CFDP fi (s, 2(s), (¢2)(s), h(s)F " 2(s), g(s)F D" 2(s))

i!
i=0

[e%s) CFDV [i] [n]
f 20 e20a0) 3 — 2 g i|ds) .
i=0

By using Lemmas 3.2, 3.3 and 3.5, we get

|:)\k(s)CFD’3 " 2(s) + pus(s)E1PY 2(s)

2. EDI L (s, 2(s), (¢2)(s), (s) CF 1" 2(s), g(s)F D" 2(s))
* Z : i

o0 CFDVM
/fz r,2(r), (pz2)(r), q()gTZ(r)dr}
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- |:)J<(s)CF D" w(s) + us(s)“E1° v v(s)

+

i D (s, (s), (@)(s), hls) F T v(s), g (s)F D" (s)

i!

r 00 Cpr[t]
+ /0 S, v(n), (@v)(1), q(r)Z 7V(r)dri|‘

< 3 |k)]| D" (2() = v(s)) | + 1]s(5)] | LI (2l5) - v(9))|

Z”(l 9)2’[fl(s’ 2(s), (@ )(5)'h(S)CFl”[q]z(s),g(s)CFD‘S[r]z(s))

+

—fi(5:v(9), (@V)(s), 1T W(s), g(5)F D () ‘

00 CF pyylil
[ }/mz(r) (p2)0), q(r)ZM

0 CF ryyli)
A0, (V) g() Y V(’)

i=0

dr

A———|| || + Mol II
z2=V|+uMsylz-v
(1- /5)

[o¢]
1 M,
+Zm<slnz V + &2yolle = vl + EaMslle = VI + 6 il - v||>

=

IA

/

ezl + Eallz—vl+ 3 e
— d'(l-v)

A— M +M+e<16 £ +E +§M+;§£

(1- g2 MV 1+52Y0 +53/M3 4(1_5)2r
Ld(1-y)2M,

+-§1’+§§}\0+M]||Z—V||

dl—yP2 -1

=Allz-v|.

Since z(0) = 1(0), |(Fz)(£) = (Fv)(£)| < (aq +bq [, Allz—v] ds)?). Hence, | Fz—Fv|| < Allz—v]|
for all ¢ € I and z,v € H'. Define the mappings g : [0,00)° — [0,00) and « : H! x H! —
[0,00) by g(x1,%2,%3,%4,%5) = %(le + 2%y + 4x3) and a(x,y) = 1 for all z,v € H' and
X1,...,%5 € [0,00). One can easily check that g € R. By simple calculations we prove that
F represents a generalized o-contractive map. Besides, from Theorem 2.2, we conclude
that F possesses an approximate fixed point which represents an approximate solution
for (2). a

Below we show two illustrative examples.

Example 3.1 Let the maps n; € L*([0,1]) and 1,44 : [0, 1] x [0,1] — [0,00) be n1(¢) =

(”Mé , n(t,s) = e and (¢, s) = e™2-514D) Then n* = % v <eand Ay < €™, Now,

putu—elé,azé,ﬂ—4,)/—5,9—7,5—2,n—61,m—3,p—2,q—57andr=
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2t+1
supe; lki(£)] =1, My = sup,¢; |/ (2)| = 2 and M3 = sup,; |€1(¢)| = ;i - Let us discus

73. Let ki(t) = sin(¢), h(¢) = £% and g (¢) = 21% tan~!(¢) be two functions. Then M; =

1l61] 1 13) t—2¢F
D3 u(t) = —¢ sin {°F D1 (u(t) +
e

321
D5 u(t)
2t +1

o—(t+16) 1 5 4 t
+ 2t + —u(t) + / HM(S)dS‘F/ Py (s) ds
2 8 11 0
1 157) 1
S )+ s (DY u(t»] ®)
e

with #(0) = 0. Letf(tl,xl,yl,wl,ul,ug) = ﬂ —6

M M
case A =[n*(2+ Yo + Ao + =) M)+ u( = 2;(1 25)2,,1 + Tp )] < 0.0374 < 1. Now by using
Theorem 3.6, (3) has an approximate solutlon

2t + 1 x1+ny1+w1+e Uy + ). In our

Example 3.2 Let 1,2 : [0,1] x [0,1] — [0, 00) be n(t,s) = =5 and A(t,s) = sin(t —

1+2t
s)e(2t=s1+D) respectively. Then yy <1 and Ao < e™®, Put A = 2037,,u = a=1,6=1
pz%,@zi,v 4,8—4,)/—2,71—7 m=3,p=2,q=3,r=3,d=12, 51:6041,

& = 5'9%, & = 803, &y = elS’ & = 106, & = ~ and & = m Now, consider the func-
tions k(t) = In(2 + ¢), s(t) = 1, h(t) = 1, g(t) = &7, q(t) = m when x € Q N [0,1] and
q(t) = 0 when x € Q° N [0,1]. Then we have M; = sup,; |k(£)| =1n3, M2 = sup,; Is(®)] = 1,
Ms = sup,; |h(t)| =1, My = sup,; 1g(t)| = e and Ms = sup,; |q(¢)| = 432 Now, consider the
integro-differential problem

1071 2

2 3]
CFDT 4(t) = @2 +6)°FDY 2(t) +
2,037 421

o0
1 @2 3 1 s
+Z,—CFD% —t+ z(t) + / ds
P, i! 91 6,041 5920 Jo 1+2¢

1 8] 1 3]
wﬁ%%wnﬁwmwwiwo

t 2z s
+ / s+ (:) + % / sin(z S)eln |25— r\+1)z(r) dr
0 10 b3 0

00 crpil
+——q(s) Z M:| ds (4)

112]
——_CF1a (1)

: 3 1 1 1
with z(0) = 0. Let fi(t1, %1, y1, w1, v1) = tl + gom®1 * 593001 + gogW1 + V1 and fa (b, X1, 31,
wy)=H + loléxl + ﬁyl + ﬁwll. In add1t1on,

A:[A M +,bLMz+€“’ (§1+€2V0+53M3+54 M )
1-p)2m 1-8)>r

’ 2
P+ S0

d1-y)? -
<0179 <1.

Now by using Theorem 3.7, the problem (4) possesses an approximate solution.
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4 Conclusions

The higher-order FDE play an important role in modelling the dynamics of complex sys-
tems. This direction is an important topic in modelling the dissipative phenomena espe-
cially by fractional derivatives as Riemann-Liouville and Caputo. However, the CF deriva-
tive is equipped with a non-singular kernel, therefore it was found attractive and very
suitable for several types of models possessing a memory effect. Thus, finding suitable
numerical techniques and their approximate solutions for some complicated models con-
taining a CF higher-order derivative are subjects of current interest. Along this line of
thought in this manuscript we show the existence of approximate solutions analytically
for two higher-order Caputo-Fabrizio FDE. We check our results by providing two exam-
ples. We conclude this manuscript by saying that, utilizing the numerical methods, one

can obtain approximations of the unknown exact solution.
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