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2Department of Mathematical Engineering, Faculty of Chemistry-Metallurgical, Yıldız Technical University, 34210 Istanbul, Turkey

Correspondence should be addressed to Arife Aysun Karaaslan; aysun.karaaslan@isikun.edu.tr

Received 27 April 2018; Revised 25 June 2018; Accepted 26 July 2018; Published 23 August 2018

Academic Editor: Richard I. Avery

Copyright © 2018 Arife Aysun Karaaslan and Vatan Karakaya. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the
original work is properly cited.

In this paper, we investigate existence of 𝑛-tuplet coincidence point theorems in partially ordered probabilistic metric spaces. Also,
we gave uniqueness of 𝑛-tuplet fixed point theorems in this space.

1. Introduction

Probabilistic metric spaces were introduced by Menger in
his fundamental paper [1] in 1942. In Menger’s theory, the
notion of distance between two points 𝑥 and 𝑦 is replaced
by a distribution function 𝐹𝑥,𝑦. The value of 𝐹𝑥,𝑦 at any
point 𝑡 is represented by 𝐹𝑥,𝑦(𝑡). 𝐹𝑥,𝑦(𝑡) is interpreted as
probability that the distance between 𝑥 and 𝑦 is less than 𝑡.
Sehgal first introduced the notion of contraction mapping
on a probabilistic metric space in [2, 3]. In fact the study of
such spaces received an impetus with the pioneering works
of Schewizer and Sklar [4].Then several authors have studied
probabilistic spaces; see [5–9].

Guo and Lakshmikantham initiated the concept of cou-
pled fixed point [10] in 1987. After that, Bhaskar and Lak-
shmikantham introduced the notion of mixed monotone
property and gave some coupled fixed point theorems in
ordered metric spaces in 2006 [11]. In 2012, the extention of
coupled fixed point theorems to tripled fixed point theorems
for nonlinear mapping in partially ordered metric space was
introduced by Berinde and Borcut [12]. Then, some coupled
and tripled fixed point results were obtained bymany authors
[13–19]. In 2013, Ertürk and Karakaya gave the concept of 𝑛-
tuplet fixed point theorems in partially ordered metric spaces
[20]. Alam, Imdad, andAli unified 𝑛-tuplet fixed point results
in ordered metric space in 2016 [21]. Their survey article is
recommended to someone who wants to have details about
this theory.

Hu andMa studied couple coincidence point theorems in
partially ordered probabilistic metric spaces in [22]. Recently,
Binayak S. et al. [23] gave tripled coincidence point results in
partially ordered probabilistic metric spaces.

Inspired by the above studies, we introduce 𝑛-tuplet
fixed point theorems in partially ordered probabilistic metric
spaces. This paper is organized as follows. Section 2 is
devoted to giving some preliminaries. In Section 3, we
obtain existence of 𝑛-tuplet fixed point theorems. Finally,
Section 4 concerns the uniqueness of fixed point. These are
the extensions of coupled and tripled fixed points in partially
ordered probabilistic metric spaces.

2. Preliminaries

Definition 1 (see [4]). A triangular norm (shorter Δ −
norm/𝑡−norm) is a binary operation Δ on the interval [0, 1],

Δ : [0, 1] × [0, 1] → [0, 1] (1)

that satisfies the following conditions:

(a) Δ(𝑎, 1) = 𝑎, Δ(0, 0) = 0,
(b) Δ(𝑎, 𝑏) = Δ(𝑏, 𝑎),
(c) Δ(𝑐, 𝑑) ≥ Δ(𝑎, 𝑏) for 𝑐 ≥ 𝑎, 𝑑 ≥ 𝑏,
(d) For all 𝑎, 𝑏, 𝑐 ∈ [0, 1], Δ(Δ(𝑎, 𝑏), 𝑐) = Δ(𝑎, Δ(𝑏, 𝑐)).
Principal examples of Δ − norms are
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(i) Δ𝑀(𝑎, 𝑏) = min(𝑎, 𝑏),
(ii) Δ𝑃(𝑎, 𝑏) = 𝑎.𝑏,
(iii) Δ𝐿(𝑎, 𝑏) = max(𝑎 + 𝑏 − 1, 0),
(iv) Δ𝐷(𝑎, 𝑏) = { min(𝑎,𝑏), if max(𝑎,𝑏)=1

0, otherwise.

Above Δ − norms have the following relations:

Δ𝐷 < Δ𝐿 < Δ𝑃 < Δ𝑀. (2)

Definition 2 (see [4]). A function 𝐹 : R → R+ is called a
distribution function if it is nondecreasing, left continuous
with

inf {𝐹 (𝑡) : 𝑡 ∈ R} = 0
and sup {𝐹 (𝑡) : 𝑡 ∈ R} = 1. (3)

In addition, if𝐹(0) = 0, then𝐹 is called a distance distribution
function. We denote the set of all distance distribution
functions by 𝐿+ and 𝐻 is a specific distance distribution
function (also known as Heaviside function) defined by

𝐻(𝑡) = {{
{
0, 𝑡 ≤ 0
1, 𝑡 > 0. (4)

Definition 3 (see [1]). Let 𝑋 be a nonempty set, 𝐹 be a
mapping defined on𝑋×𝑋 into 𝐿+, and Δ be a 𝑡−norm. If the
following conditions are satisfied, (𝑋,𝐹, Δ) is called Menger
probabilistic metric spaces:

(1) 𝐹𝑥,𝑦(𝑡) = 𝐻(𝑡) for all 𝑡 > 0 if and only if 𝑥 = 𝑦;
(2) 𝐹𝑥,𝑦(𝑡) = 𝐹𝑦,𝑥(𝑡), for all 𝑡 > 0 and 𝑥, 𝑦 ∈ 𝑋;
(3) 𝐹𝑥,𝑦(𝑡 + 𝑠) ≥ Δ(𝐹𝑥,𝑧(𝑡), 𝐹𝑧,𝑦(𝑠)), ∀𝑡, 𝑠 ≥ 0, 𝑥, 𝑦, 𝑧 ∈ 𝑋.

Example 4. Let Δ be an arbitrary 𝑡 − norm, 𝑋 = [−1, 1], and

𝐹𝑥,𝑦 (𝑡) =
{
{
{
𝑒−|𝑥−𝑦|/𝑡, 𝑡 > 0
0, 𝑡 = 0 (5)

for every 𝑥, 𝑦 ∈ 𝑋.Then (𝑋, 𝐹, Δ) is a Menger Probabilistic
Metric (for short PM) space given in [24].

Definition 5 (see [4, 25]). Let (𝑋, 𝐹, Δ) be a Menger space.

(i) A sequence (𝑥𝑛) in 𝑋 is said to be convergent to a
point 𝑥 ∈ 𝑋 if, for every > 0, lim𝑛→∞𝐹𝑥𝑛 ,𝑥(𝑡) = 1.

(ii) A sequence (𝑥𝑛) in 𝑋 is called Cauchy sequence if,
for each 0 < 𝜀 < 1 and 𝑡 > 0, there exists 𝑛0 ∈𝑁 𝐹𝑥𝑛 ,𝑥𝑚(𝑡) ≥ 1 − 𝜀 for each 𝑛,𝑚 ≥ 𝑛0.

(iii) A Menger space in which every Cauchy sequence is
convergent is said to be complete.

Lemma 6 (see [26]). If (𝑋,𝐹, Δ) be a Menger space where Δ
is continuous 𝑡-norm, then for every fixed 𝑡 > 0, if (𝑥𝑛) →𝑥, (𝑦𝑛) → 𝑦, then lim𝑛→∞𝐹𝑥𝑛 ,𝑦𝑛(𝑡) = 𝐹𝑥,𝑦(𝑡).

Lemma 7 (see [23]). If ℎ : 𝑅𝑛 → 𝑅 is continuous and
(𝑎𝛼,𝛽)∞𝛼=1, 𝛽 = 1, 2, . . . , 𝑛 are such that lim inf𝛼→∞𝑎𝛼,𝛾 =
𝑎𝛼,𝛾 for all 𝛾 ̸= 𝑚 for some 𝑚 and (𝑎𝛼,𝛼)∞𝛼=1 is
bounded, then, lim inf𝛼→∞ℎ(𝑎𝛼,1, 𝑎𝛼,2, . . . , 𝑎𝛼,𝑛) = ℎ(𝑎1,𝑎2, . . . , lim inf𝛼→∞𝑎𝛼,𝑚, . . . , 𝑎𝑛).

Let 𝑅+ = [0,∞) andΦ = {𝜙 : 𝜙 : 𝑅+ → 𝑅+}. Each 𝜙 ∈ Φ
satisfies the following conditions:

(1) 𝜙 is strict increasing,

(2) 𝜙 is upper semicontinuous from the right,

(3) ∀𝑡 > 0,∑∞𝑛=0 𝜙𝑛(𝑡) < ∞.

If 𝜙 ∈ Φ, 𝜙(𝑡) ≤ 𝑡 for all 𝑡 > 0.
Lemma 8 (see [27]). Let (𝑢𝑛) be sequence in a Menger space
(𝑋,𝐹, Δ), where Δ is a minimum 𝑡-norm. If there exists a
function 𝜙 ∈ Φ ∀𝑡 > 0 and 𝑛 ≥ 1,

𝐹𝑢𝑛 ,𝑢𝑛+1 (𝜙 (𝑡)) ≥ min {𝐹𝑢𝑛−1 ,𝑢𝑛 (𝑡) , 𝐹𝑢𝑛 ,𝑢𝑛+1 (𝑡)} . (6)

Then (𝑢𝑛) is a Cauchy sequence in𝑋.
Lemma 9 (see [27]). Let (𝑋,𝐹, Δ) be a Menger space. If there
exists a function 𝜙 ∈ Φ ∀𝑡 > 0 and 𝑥, 𝑦 ∈ 𝑋,

𝐹𝑥,𝑦(𝜙(𝑡) + 0) ≥ 𝐹𝑥,𝑦(𝑡), then 𝑥 = 𝑦.

3. Main Results

Definition 10 (see [20]). Let (𝑋, ≤) be a partially ordered
set and 𝐺 : 𝑋𝑛 → 𝑋. 𝐺 is said to have mixed
monotone property if 𝐺 is monotone nondecreasing in its
odd arguments and it is monotone nonincreasing in its even
argument. That is, for any 𝑥1, 𝑥2, 𝑥3, . . . , 𝑥𝑛 ∈ 𝑋,

𝑦1, 𝑧1 ∈ 𝑋,
𝑦1 ≤ 𝑧1 ⇒

𝐺(𝑦1, 𝑥2, 𝑥3, . . . , 𝑥𝑛) ≤ 𝐺 (𝑧1, 𝑥2, 𝑥3, . . . , 𝑥𝑛)
𝑦2, 𝑧2 ∈ 𝑋,
𝑦2 ≤ 𝑧2 ⇒

𝐺(𝑥1, 𝑦2, 𝑥3, . . . , 𝑥𝑛) ≥ 𝐺 (𝑥1, 𝑧2, 𝑥3, . . . , 𝑥𝑛)
...

𝑦𝑛, 𝑧𝑛 ∈ 𝑋,
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𝑦𝑛 ≤ 𝑧𝑛 ⇒
𝐺(𝑥1, 𝑥2, 𝑥3, . . . , 𝑦𝑛) ≤ 𝐺 (𝑥1, 𝑥2, 𝑥3, . . . , 𝑧𝑛)

(if 𝑛 odd)
𝑦𝑛, 𝑧𝑛 ∈ 𝑋,
𝑦𝑛 ≤ 𝑧𝑛 ⇒

𝐺(𝑥1, 𝑦2, 𝑥3, . . . , 𝑥𝑛) ≥ 𝐺 (𝑥1, 𝑥2, 𝑥3, . . . , 𝑧𝑛)
(if 𝑛 even) .

(7)

Definition 11 (see [20]). Let (𝑋,≤) be a partially ordered set
and 𝐺 : 𝑋𝑛 → 𝑋,𝑔 : 𝑋 → 𝑋. We say that 𝐺 has the mixed
𝑔-monotone property if 𝐺 is monotone 𝑔-nondecreasing in
its odd arguments and it is monotone 𝑔-nonincreasing in its
even argument. That is,

for any 𝑥1, 𝑥2, 𝑥3, . . . , 𝑥𝑛 ∈ 𝑋

𝑦1, 𝑧1 ∈ 𝑋,
𝑔 (𝑦1) ≤ 𝑔 (𝑧1) ⇒

𝐺(𝑦1, 𝑥2, 𝑥3, . . . , 𝑥𝑛) ≤ 𝐺 (𝑧1, 𝑥2, 𝑥3, . . . , 𝑥𝑛)
𝑦2, 𝑧2 ∈ 𝑋,

𝑔 (𝑦2) ≤ 𝑔 (𝑧2) ⇒
𝐺(𝑥1, 𝑦2, 𝑥3, . . . , 𝑥𝑛) ≥ 𝐺 (𝑥1, 𝑧2, 𝑥3, . . . , 𝑥𝑛)

...
𝑦𝑛, 𝑧𝑛 ∈ 𝑋,

𝑔 (𝑦𝑛) ≤ 𝑔 (𝑧𝑛) ⇒
𝐺(𝑥1, 𝑥2, 𝑥3, . . . , 𝑦𝑛) ≤ 𝐺 (𝑥1, 𝑥2, 𝑥3, . . . , 𝑧𝑛)

(if 𝑛 odd)
𝑦𝑛, 𝑧𝑛 ∈ 𝑋,

𝑔 (𝑦𝑛) ≤ 𝑔 (𝑧𝑛) ⇒
𝐺(𝑥1, 𝑦2, 𝑥3, . . . , 𝑥𝑛) ≥ 𝐺 (𝑥1, 𝑥2, 𝑥3, . . . , 𝑧𝑛)

(if 𝑛 even) .
(8)

If 𝑔 is taken identity mapping Definition 11 reduces to
Definition 10.

Definition 12 (see [28]). Let 𝑋 ̸= 0. An element (𝑥1, 𝑥2, 𝑥3,
. . . , 𝑥𝑛) ∈ 𝑋𝑛 is defined as a 𝑛−tuplet fixed point of the
mapping 𝐺 : 𝑋𝑛 → 𝑋 if

𝐺 (𝑥1, 𝑥2, 𝑥3, . . . , 𝑥𝑛) = 𝑥1

𝐺 (𝑥2, 𝑥3, . . . , 𝑥𝑛, 𝑥1) = 𝑥2

...
𝐺 (𝑥𝑛, 𝑥1, 𝑥2, . . . , 𝑥𝑛−1) = 𝑥𝑛.

(9)

Definition 13 (see [28]). Let 𝑋 ̸= 0. An element (𝑥1, 𝑥2, 𝑥3,
. . . , 𝑥𝑛) ∈ 𝑋𝑛 is defined as a 𝑛−tuplet coincidence point of the
mapping 𝐺 : 𝑋𝑛 → 𝑋 and 𝑔 : 𝑋 → 𝑋 if

𝐺(𝑥1, 𝑥2, 𝑥3, . . . , 𝑥𝑛) = 𝑔 (𝑥1)
𝐺 (𝑥2, 𝑥3, . . . , 𝑥𝑛, 𝑥1) = 𝑔 (𝑥2)

...
𝐺 (𝑥𝑛, 𝑥1, 𝑥2, . . . , 𝑥𝑛−1) = 𝑔 (𝑥𝑛) .

(10)

When 𝑔 is taken identity mapping Definition 13 reduces
to Definition 12.

Definition 14 (see [20]). Let (𝑋, ≤) be a partially ordered set
and 𝐺 : 𝑋𝑛 → 𝑋 and 𝑔 : 𝑋 → 𝑋 is called commutative if
for all 𝑥1, 𝑥2, 𝑥3, . . . , 𝑥𝑛 ∈ 𝑋

𝑔 (𝐺 (𝑥1, 𝑥2, 𝑥3, . . . , 𝑥𝑛))
= 𝐺 (𝑔 (𝑥1) , 𝑔 (𝑥2) , 𝑔 (𝑥3) , . . . , 𝑔 (𝑥𝑛)) .

(11)

Definition 15. Let (𝑋, 𝐹, Δ) be a Menger space. 𝐺 : 𝑋𝑛 → 𝑋
and 𝑔 : 𝑋 → 𝑋 are said to be compatible if for all 𝑡 > 0

lim
𝑘→∞

𝐹𝑔(𝐺(𝑥1
𝑘
,...,𝑥𝑛
𝑘
)),𝐺(𝑔(𝑥1

𝑘
),...,𝑔(𝑥𝑛

𝑘
)) (𝑡) = 1,

lim
𝑘→∞

𝐹𝑔(𝐺(𝑥2
𝑘
,...,𝑥𝑛
𝑘
,𝑥1
𝑘
)),𝐺(𝑔(𝑥1

𝑘
),...,𝑔(𝑥𝑛

𝑘
),𝑔(𝑥1
𝑘
)) (𝑡) = 1,

...
lim
𝑘→∞

𝐹𝑔(𝐺(𝑥𝑛
𝑘
,𝑥1
𝑘
,...,𝑥𝑛−1
𝑘
)),𝐺(𝑔(𝑥𝑛

𝑘
),𝑔(𝑥1
𝑘
),...,𝑔(𝑥𝑛−1

𝑘
)) (𝑡) = 1,

(12)

whenever (𝑥1𝑘), (𝑥2𝑘), . . . , (𝑥𝑛𝑘) sequences in𝑋 such that

lim
𝑘→∞

𝐺(𝑥1𝑘, 𝑥2𝑘, . . . , 𝑥𝑛𝑘) = lim
𝑘→∞

𝑔 (𝑥1𝑘) = 𝑥1,

lim
𝑘→∞

𝐺(𝑥2𝑘, . . . , 𝑥𝑛𝑘, 𝑥1𝑘) = lim
𝑘→∞

𝑔 (𝑥2𝑘) = 𝑥2,
...

lim
𝑘→∞

𝐺 (𝑥𝑛𝑘, 𝑥1𝑘, . . . , 𝑥𝑛−1𝑘 ) = lim
𝑘→∞

𝑔 (𝑥𝑛𝑘) = 𝑥𝑛.

(13)

Theorem 16. Let (𝑋, ≤) be a partially ordered set and (𝑋,𝐹, Δ)
be a completeMenger space, whereΔ is aminimum 𝑡-norm. Let
𝐺 : 𝑋𝑛 → 𝑋,𝑔 : 𝑋 → 𝑋 be two mappings such that 𝐺 has
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the mixed 𝑔-monotone property. Suppose there exist 𝜙 ∈ Φ and
𝑝 ≥ 0 such that
𝐹𝐺(𝑥1 ,𝑥2 ,...,𝑥𝑛),𝐺(𝑦1,𝑦2 ,...,𝑦𝑛) (𝜙 (𝑡)) + 𝑝 (1
−max {𝐹𝑔(𝑥1),𝐺(𝑦1 ,𝑦2,...,𝑦𝑛) (𝜙 (𝑡)) ,
𝐹𝑔(𝑦1),𝐺(𝑥1,𝑥2 ,...,𝑥𝑛) (𝜙 (𝑡))}) ≥ min {𝐹𝑔(𝑥1),𝑔(𝑦1) (𝑡) ,
𝐹𝑔(𝑥1),𝐺(𝑥1,𝑥2 ,...,𝑥𝑛) (𝑡) , 𝐹𝑔(𝑦1),𝐺(𝑦1,𝑦2 ,...,𝑦𝑛) (𝑡)}

(14)

for all 𝑡 > 0, 𝑥1, 𝑥2, . . . , 𝑥𝑛, 𝑦1, 𝑦2, . . . , 𝑦𝑛 ∈ 𝑋 with

𝑔 (𝑥1) ≥ 𝑔 (𝑦1)
𝑔 (𝑥2) ≤ 𝑔 (𝑦2)

...
𝑔 (𝑥𝑛) ≥ 𝑔 (𝑦𝑛) (𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑)
𝑔 (𝑥𝑛) ≤ 𝑔 (𝑦𝑛) (𝑖𝑓 𝑛 𝑖𝑠 𝑒V𝑒𝑛)

(15)

Assume that 𝑔 is continuous, monotonic increasing, compatible
with 𝐺 such that 𝐺(𝑋𝑛) ⊆ 𝑔(𝑋) and suppose either

(a) 𝐺 is continuous or
(b) 𝑋 has the following property:

(i) if nondecreasing sequence (𝑥𝑛) → 𝑥, then 𝑥𝑛 ≤𝑥 for all 𝑛 ≥ 0,
(ii) if nondecreasing sequence (𝑦𝑛) → 𝑦, then 𝑦𝑛 ≤𝑦 for all 𝑛 ≥ 0.

If there exist 𝑥10, 𝑥20, . . . , 𝑥𝑛0 ∈ 𝑋 such that

𝑔 (𝑥10) ≤ 𝐺 (𝑥10, 𝑥20, . . . , 𝑥𝑛0)
𝑔 (𝑥20) ≥ 𝐺 (𝑥20, 𝑥30, . . . , 𝑥𝑛0 , 𝑥10)

...
𝑔 (𝑥𝑛0) ≤ 𝐺 (𝑥𝑛0 , 𝑥10, 𝑥20, . . . , 𝑥𝑛−10 ) (𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑)
𝑔 (𝑥𝑛0) ≥ 𝐺 (𝑥𝑛0 , 𝑥10, 𝑥20, . . . , 𝑥𝑛−10 ) (𝑖𝑓 𝑛 𝑖𝑠 𝑒V𝑒𝑛)

(16)

then there exist 𝑥1, 𝑥2, . . . , 𝑥𝑛 ∈ 𝑋 such that

𝐺 (𝑥1, 𝑥2, 𝑥3, . . . , 𝑥𝑛) = 𝑔 (𝑥1) ,
𝐺 (𝑥2, 𝑥3, . . . , 𝑥𝑛, 𝑥1) = 𝑔 (𝑥2) ,

...
𝐺 (𝑥𝑛, 𝑥1, 𝑥2, . . . , 𝑥𝑛−1) = 𝑔 (𝑥𝑛) .

(17)

That is, 𝐺 and 𝑔 have a 𝑛-tuplet coincidence point.

Proof. Let 𝑥10, 𝑥20, . . . , 𝑥𝑛0 ∈ 𝑋 satisfy condition (16). Since
𝐺(𝑋𝑛) ⊂ 𝑔(𝑋), we can define (𝑥1𝑘), (𝑥2𝑘), . . . , (𝑥𝑛𝑘) ∈ 𝑋 sequen-
ces as follows:

for 𝑘 = 1, 2, 3, . . .,
𝑔 (𝑥1𝑘) = 𝐺 (𝑥1𝑘−1, 𝑥2𝑘−1, . . . , 𝑥𝑛𝑘−1)

𝑔 (𝑥2𝑘) = 𝐺 (𝑥2𝑘−1, 𝑥3𝑘−1, . . . , 𝑥𝑛𝑘−1, 𝑥1𝑘−1)
...

𝑔 (𝑥𝑛𝑘) = 𝐺 (𝑥𝑛𝑘−1, 𝑥1𝑘−1, . . . , 𝑥𝑛−1𝑘−1) .

(18)

Next step, we show that, for all 𝑘 ≥ 1,
𝑔 (𝑥1𝑘−1) ≤ 𝑔 (𝑥1𝑘)
𝑔 (𝑥2𝑘−1) ≥ 𝑔 (𝑥2𝑘)

...
𝑔 (𝑥𝑛𝑘−1) ≤ 𝑔 (𝑥𝑛𝑘) (if 𝑛 is odd)
𝑔 (𝑥𝑛𝑘−1) ≥ 𝑔 (𝑥𝑛𝑘) (if 𝑛 is even) .

(19)

To prove this claim, we will use the inductive method for
mathematics. Because of the inequalities in (16), (19) holds
for 𝑘 = 1. We have

𝑔 (𝑥10) ≤ 𝐺 (𝑥10, 𝑥20, . . . , 𝑥𝑛0) = 𝑔 (𝑥11) ,
𝑔 (𝑥20) ≥ 𝐺 (𝑥20, 𝑥30, . . . , 𝑥𝑛0 , 𝑥10) = 𝑔 (𝑥21) ,

...
𝑔 (𝑥𝑛0) ≤ 𝐺 (𝑥𝑛0 , 𝑥10, 𝑥20, . . . , 𝑥𝑛−10 ) = 𝑔 (𝑥𝑛1) (if 𝑛 is odd) ,
𝑔 (𝑥𝑛0) ≥ 𝐺 (𝑥𝑛0 , 𝑥10, 𝑥20, . . . , 𝑥𝑛−10 ) = 𝑔 (𝑥𝑛1) (if 𝑛 is even) .

(20)

Let us assume that (19) is true for 𝑘 = 𝑚; that is,

𝑔 (𝑥1𝑚−1) ≤ 𝑔 (𝑥1𝑚) ,
𝑔 (𝑥2𝑚−1) ≥ 𝑔 (𝑥2𝑚) ,

...
𝑔 (𝑥𝑛𝑚−1) ≤ 𝑔 (𝑥𝑛𝑚) (if 𝑛 is odd)
𝑔 (𝑥𝑛𝑚−1) ≥ 𝑔 (𝑥𝑛𝑚) (if 𝑛 is even) .

(21)

Since 𝐺 has the mixed 𝑔-monotone property and from (21),

𝑔 (𝑥1𝑚) = 𝐺 (𝑥1𝑚−1, 𝑥2𝑚−1, . . . , 𝑥𝑛𝑚−1)
≤ 𝐺 (𝑥1𝑚, 𝑥2𝑚−1, . . . , 𝑥𝑛𝑚−1)
≤ 𝐺 (𝑥1𝑚, 𝑥2𝑚, 𝑥3𝑚−1, . . . , 𝑥𝑛−1𝑚−1, 𝑥𝑛𝑚−1)

...
≤ 𝐺 (𝑥1𝑚, 𝑥2𝑚, . . . , 𝑥𝑛−1𝑚 , 𝑥𝑛𝑚) = 𝑔 (𝑥1𝑚+1) .

(22)
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Similar way we get

𝑔 (𝑥2𝑚) = 𝐺 (𝑥2𝑚−1, . . . , 𝑥𝑛𝑚−1, 𝑥1𝑚−1)
≥ 𝐺 (𝑥2𝑚, 𝑥3𝑚−1, . . . , 𝑥𝑛𝑚−1, 𝑥1𝑚−1)
≥ 𝐺 (𝑥2𝑚, 𝑥3𝑚, 𝑥4𝑚−1, . . . , 𝑥𝑛𝑚−1, 𝑥1𝑚−1)

...
≥ 𝐺 (𝑥2𝑚, 𝑥3𝑚, . . . , 𝑥𝑛𝑚, 𝑥1𝑚) = 𝑔 (𝑥2𝑚+1) .

...
𝑔 (𝑥𝑛𝑚) ≤ 𝐺 (𝑥𝑛𝑚, 𝑥1𝑚, . . . , 𝑥𝑛−1𝑚 ) = 𝑔 (𝑥𝑛𝑚+1)

(if 𝑛 is odd)
𝑔 (𝑥𝑛𝑚) ≥ 𝐺 (𝑥𝑛𝑚, 𝑥1𝑚, . . . , 𝑥𝑛−1𝑚 ) = 𝑔 (𝑥𝑛𝑚+1)

(if 𝑛 is even) .

(23)

So, inequalities in (19) are true for all 𝑘 ≥ 1.
⋅ ⋅ ⋅ ≥ 𝑔 (𝑥1𝑘) ≥ 𝑔 (𝑥1𝑘−1) ≥ ⋅ ⋅ ⋅ ≥ 𝑔 (𝑥11) ≥ 𝑔 (𝑥10)
⋅ ⋅ ⋅ ≤ 𝑔 (𝑥2𝑘) ≤ 𝑔 (𝑥2𝑘−1) ≤ ⋅ ⋅ ⋅ ≤ 𝑔 (𝑥21) ≤ 𝑔 (𝑥20)

...
⋅ ⋅ ⋅ ≥ 𝑔 (𝑥𝑛𝑘) ≥ 𝑔 (𝑥𝑛𝑘−1) ≥ ⋅ ⋅ ⋅ ≥ 𝑔 (𝑥𝑛1) ≥ 𝑔 (𝑥𝑛0) (if 𝑛 is odd)
⋅ ⋅ ⋅ ≤ 𝑔 (𝑥𝑛𝑘) ≤ 𝑔 (𝑥𝑛𝑘−1) ≤ ⋅ ⋅ ⋅ ≤ 𝑔 (𝑥𝑛1) ≤ 𝑔 (𝑥𝑛0) (if 𝑛 is even) .

(24)

Now, we will show that (𝑔(𝑥1𝑘)), (𝑔(𝑥2𝑘)), . . . , (𝑔(𝑥𝑛𝑘)) are
Cauchy sequences.

For all 𝑡 > 0, 𝑛 ≥ 1,
𝐹𝑔(𝑥1
𝑘
),𝑔(𝑥1
𝑘+1
) (𝜙 (𝑡))

= 𝐹𝐺(𝑥1
𝑘−1
,𝑥2
𝑘−1
,...,𝑥𝑛
𝑘−1
),𝐺(𝑥1
𝑘
,𝑥2
𝑘
,...,𝑥𝑛
𝑘
) (𝜙 (𝑡))

≥ min {𝐹𝑔(𝑥1
𝑘−1
),𝑔(𝑥1
𝑘
) (𝑡) , 𝐹𝑔(𝑥1

𝑘−1
),𝐺(𝑥1
𝑘−1
,𝑥2
𝑘−1
,...,𝑥𝑛
𝑘−1
) (𝑡) ,

𝐹𝑔(𝑥1
𝑘
),𝐺(𝑥1
𝑘
,𝑥2
𝑘
,...,𝑥𝑛
𝑘
) (𝑡)}

− 𝑝 (1 −max {𝐹𝑔(𝑥1
𝑘−1
),𝐺(𝑥1
𝑘
,𝑥2
𝑘
,...,𝑥𝑛
𝑘
) (𝜙 (𝑡)) ,

𝐹𝑔(𝑥1
𝑘
),𝐺(𝑥1
𝑘−1
,𝑥2
𝑘−1
,...,𝑥𝑛
𝑘−1
) (𝜙 (𝑡))})

= min {𝐹𝑔(𝑥1
𝑘−1
),𝑔(𝑥1
𝑘
) (𝑡) , 𝐹𝑔(𝑥1

𝑘−1
),𝑔(𝑥1
𝑘
) (𝑡) ,

𝐹𝑔(𝑥1
𝑘
),𝑔(𝑥1
𝑘+1
) (𝑡)}

− 𝑝 (1 −max {𝐹𝑔(𝑥1
𝑘−1
),𝑔(𝑥1
𝑘+1
) (𝜙 (𝑡)) ,

𝐹𝑔(𝑥1
𝑘
),𝑔(𝑥1
𝑘
) (𝜙 (𝑡))})

𝐹𝑔(𝑥1
𝑘
),𝑔(𝑥1
𝑘+1
) (𝜙 (𝑡)) ≥ min {𝐹𝑔(𝑥1

𝑘−1
),𝑔(𝑥1
𝑘
) (𝑡) ,

𝐹𝑔(𝑥1
𝑘
),𝑔(𝑥1
𝑘+1
) (𝑡)} − 𝑝 (1 − 1)

𝐹𝑔(𝑥1
𝑘
),𝑔(𝑥1
𝑘+1
) (𝜙 (𝑡)) ≥ min {𝐹𝑔(𝑥1

𝑘−1
),𝑔(𝑥1
𝑘
) (𝑡) ,

𝐹𝑔(𝑥1
𝑘
),𝑔(𝑥1
𝑘+1
) (𝑡)} .

(25)

By Lemma 8, we obtain that (𝑔(𝑥1𝑘)) is a Cauchy sequence.
𝐹𝑔(𝑥2
𝑘
),𝑔(𝑥2
𝑘+1
) (𝜙 (𝑡))

= 𝐹𝐺(𝑥2
𝑘−1
,𝑥3
𝑘−1
,...,𝑥𝑛
𝑘−1
,𝑥1
𝑘−1
),𝐺(𝑥2
𝑘
,𝑥3
𝑘
,...,𝑥𝑛
𝑘
,𝑥1
𝑘
) (𝜙 (𝑡))

≥ min {𝐹𝑔(𝑥2
𝑘−1
),𝑔(𝑥2
𝑘
) (𝑡) , 𝐹𝑔(𝑥2

𝑘−1
),𝐺(𝑥2
𝑘−1
,𝑥3
𝑘−1
,...,𝑥𝑛
𝑘−1
,𝑥1
𝑘−1
) (𝑡) ,

𝐹𝑔(𝑥2
𝑘
),𝐺(𝑥2
𝑘
,𝑥3
𝑘
,...,𝑥𝑛
𝑘
,𝑥1
𝑘
) (𝑡)}

− 𝑝 (1 −max {𝐹𝑔(𝑥2
𝑘−1
),𝐺(𝑥2
𝑘
,𝑥3
𝑘
,...,𝑥𝑛
𝑘
,𝑥1
𝑘
) (𝜙 (𝑡)) ,

𝐹𝑔(𝑥2
𝑘
),𝐺(𝑥2
𝑘−1
,𝑥3
𝑘−1
,...,𝑥𝑛
𝑘−1
,𝑥1
𝑘−1
) (𝜙 (𝑡))})

= min {𝐹𝑔(𝑥2
𝑘−1
),𝑔(𝑥2
𝑘
) (𝑡) , 𝐹𝑔(𝑥2

𝑘−1
),𝑔(𝑥2
𝑘
) (𝑡) ,

𝐹𝑔(𝑥2
𝑘
),𝑔(𝑥2
𝑘+1
) (𝑡)}

− 𝑝 (1 −max {𝐹𝑔(𝑥2
𝑘−1
),𝑔(𝑥2
𝑘+1
) (𝜙 (𝑡)) ,

𝐹𝑔(𝑥2
𝑘
),𝑔(𝑥2
𝑘
) (𝜙 (𝑡))})

𝐹𝑔(𝑥2
𝑘
),𝑔(𝑥2
𝑘+1
) (𝜙 (𝑡)) ≥ min {𝐹𝑔(𝑥2

𝑘−1
),𝑔(𝑥2
𝑘
) (𝑡) ,

𝐹𝑔(𝑥2
𝑘
),𝑔(𝑥2
𝑘+1
) (𝑡)} − 𝑝 (1 − 1)

𝐹𝑔(𝑥2
𝑘
),𝑔(𝑥2
𝑘+1
) (𝜙 (𝑡)) ≥ min {𝐹𝑔(𝑥2

𝑘−1
),𝑔(𝑥2
𝑘
) (𝑡) ,

𝐹𝑔(𝑥2
𝑘
),𝑔(𝑥2
𝑘+1
) (𝑡)} .

(26)

We obtain that (𝑔(𝑥2𝑘)) is a Cauchy sequence.
Using same way we conclude that (𝑔(𝑥3𝑘)), . . . , (𝑔(𝑥𝑛𝑘)) are

also Cauchy sequences. Since 𝑋 is complete metric space,
there exist 𝑥1, 𝑥2, . . . , 𝑥𝑛 ∈ 𝑋 such that

lim
𝑘→∞

𝑔 (𝑥1𝑘) = 𝑥1,

lim
𝑘→∞

𝑔 (𝑥2𝑘) = 𝑥2,
...

lim
𝑘→∞

𝑔 (𝑥𝑛𝑘) = 𝑥𝑛.

(27)

Since 𝑔 is continuous, we can write

lim
𝑘→∞

𝑔 (𝑔 (𝑥1𝑘)) = 𝑔 (𝑥1) ,

lim
𝑘→∞

𝑔 (𝑔 (𝑥2𝑘)) = 𝑔 (𝑥2) ,
...

lim
𝑘→∞

𝑔 (𝑔 (𝑥𝑛𝑘)) = 𝑔 (𝑥𝑛) .

(28)
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As (𝐺, 𝑔) is compatible and 𝑔 is continuous,

𝑔 (𝑥1) = lim
𝑘→∞

𝑔 (𝑔 (𝑥1𝑘+1))

= lim
𝑘→∞

𝑔 (𝐺 (𝑥1𝑘, 𝑥2𝑘, . . . , 𝑥𝑛𝑘))

= lim
𝑘→∞

𝐺 (𝑔 (𝑥1𝑘) , 𝑔 (𝑥2𝑘) , . . . , 𝑔 (𝑥𝑛𝑘)) ,

𝑔 (𝑥2) = lim
𝑘→∞

𝑔 (𝑔 (𝑥2𝑘+1))

= lim
𝑘→∞

𝑔 (𝐺 (𝑥2𝑘, . . . , 𝑥𝑛𝑘, 𝑥1𝑘))

= lim
𝑘→∞

𝐺 (𝑔 (𝑥2𝑘) , . . . , 𝑔 (𝑥𝑛𝑘) , 𝑔 (𝑥1𝑘)) ,
...

𝑔 (𝑥𝑛) = lim
𝑘→∞

𝑔 (𝑔 (𝑥𝑛𝑘+1))

= lim
𝑘→∞

𝑔 (𝐺 (𝑥𝑛𝑘, 𝑥1𝑘, . . . , 𝑥𝑛−1𝑘 ))

= lim
𝑘→∞

𝐺 (𝑔 (𝑥𝑛𝑘) , 𝑔 (𝑥1𝑘) , . . . , 𝑔 (𝑥𝑛−1𝑘 )) .

(29)

We will indicate that

𝐺(𝑥1, 𝑥2, . . . , 𝑥𝑛) = 𝑔 (𝑥1) ,
𝐺 (𝑥2, 𝑥3, . . . , 𝑥𝑛, 𝑥1) = 𝑔 (𝑥2) ,

...
𝐺 (𝑥𝑛, 𝑥1, . . . , 𝑥𝑛−1) = 𝑔 (𝑥𝑛) .

(30)

Suppose that (a) holds. From (27), (28), and (29),

𝑔 (𝑥1) = lim
𝑘→∞

𝐺(𝑔 (𝑥1𝑘) , 𝑔 (𝑥2𝑘) , . . . , 𝑔 (𝑥𝑛𝑘))

= 𝐺( lim
𝑘→∞

𝑔 (𝑥1𝑘) , lim
𝑘→∞

𝑔 (𝑥2𝑘) , . . . , lim
𝑘→∞

𝑔 (𝑥𝑛𝑘))

= 𝐺 (𝑥1, 𝑥2, . . . , 𝑥𝑛)

𝑔 (𝑥2) = lim
𝑘→∞

𝐺(𝑔 (𝑥2𝑘) , 𝑔 (𝑥3𝑘) , . . . , 𝑔 (𝑥𝑛𝑘) , 𝑔 (𝑥1𝑘))

= 𝐺( lim
𝑘→∞

𝑔 (𝑥2𝑘) , lim
𝑘→∞

𝑔 (𝑥3𝑘) , . . . , lim
𝑘→∞

𝑔 (𝑥𝑛𝑘) ,

lim
𝑘→∞

𝑔 (𝑥1𝑘))

= 𝐺 (𝑥2, 𝑥3, . . . , 𝑥𝑛, 𝑥1)
...

𝑔 (𝑥𝑛) = lim
𝑘→∞

𝐺(𝑔 (𝑥𝑛𝑘) , 𝑔 (𝑥1𝑘) , . . . , 𝑔 (𝑥𝑛−1𝑘 ))

= 𝐺( lim
𝑘→∞

𝑔 (𝑥𝑛𝑘) , lim
𝑘→∞

𝑔 (𝑥1𝑘) , . . . , lim
𝑘→∞

𝑔 (𝑥𝑛−1𝑘 ))

= 𝐺 (𝑥𝑛, 𝑥1, . . . , 𝑥𝑛−1) .
(31)

Now assume that (b) holds. From (19) and (29), we have for
all 𝑘

𝑔 (𝑥1𝑘) ≤ 𝑥1

𝑔 (𝑥2𝑘) ≥ 𝑥2

...
𝑔 (𝑥𝑛𝑘) ≤ 𝑥𝑛 (if 𝑛 is odd)
𝑔 (𝑥𝑛𝑘) ≥ 𝑥𝑛 (if 𝑛 is even) .

(32)

For all 𝑡 > 0, 0 < 𝜆 < 1, we have
𝐹𝑔(𝑥1),𝐺(𝑥1 ,𝑥2,...,𝑥𝑛) (𝜙 (𝑡))

≥ Δ {𝐹𝑔(𝑥1),𝑔(𝑔(𝑥1
𝑘+1
)) (𝜙 (𝑡) − 𝜙 (𝜆𝑡)) ,

𝐹𝑔(𝑔(𝑥1
𝑘+1
)),𝐺(𝑥1,𝑥2 ,...,𝑥𝑛) (𝜙 (𝜆𝑡))} .

(33)

If 𝑔(𝑥1) = lim𝑘→∞𝑔(𝑔(𝑥1𝑘+1)), lim𝑘→∞𝐹𝑔(𝑥1),𝑔(𝑔(𝑥1
𝑘+1
))(𝑡) = 1.

When we apply limit to both parts of above inequality, we
get

𝐹𝑔(𝑥1),𝐺(𝑥1 ,𝑥2,...,𝑥𝑛) (𝜙 (𝑡)) ≥ lim
𝑘→∞

inf Δ{𝐹𝑔(𝑥1),𝑔(𝑔(𝑥1
𝑘+1
)) (𝜙 (𝑡) − 𝜙 (𝜆𝑡)) , 𝐹𝑔(𝑔(𝑥1

𝑘+1
)),𝐺(𝑥1,𝑥2,...,𝑥𝑛) (𝜙 (𝜆𝑡))}

= Δ{ lim
𝑘→∞

𝐹𝑔(𝑥1),𝑔(𝑔(𝑥1
𝑘+1
)) (𝜙 (𝑡) − 𝜙 (𝜆𝑡)) , lim

𝑘→∞
inf 𝐹𝑔(𝑔(𝑥1

𝑘+1
)),𝐺(𝑥1,𝑥2 ,...,𝑥𝑛) (𝜙 (𝜆𝑡))} = min{1,

lim
𝑘→∞

inf 𝐹𝐺(𝑔(𝑥1
𝑘
),𝑔(𝑥2
𝑘
),...,𝑔(𝑥1

𝑘
)),𝐺(𝑥1 ,𝑥2,...,𝑥𝑛) (𝜙 (𝜆𝑡))} = lim

𝑘→∞
inf 𝐹𝐺(𝑔(𝑥1

𝑘
),𝑔(𝑥2
𝑘
),...,𝑔(𝑥1

𝑘
)),𝐺(𝑥1,𝑥2 ,...,𝑥𝑛) (𝜙 (𝜆𝑡))

≥ lim
𝑘→∞

inf [min {𝐹𝑔(𝑔(𝑥1
𝑘
)),𝑔(𝑥1) (𝜆𝑡) , 𝐹𝑔(𝑔(𝑥1

𝑘
)),𝐺(𝑔(𝑥1

𝑘
),𝑔(𝑥2
𝑘
),...,𝑔(𝑥𝑛

𝑘
)) (𝜆𝑡) , 𝐹𝑔(𝑥1),𝐺(𝑥1,𝑥2 ,...,𝑥𝑛) (𝜆𝑡)}

− 𝑝 (1 −max {𝐹𝑔(𝑔(𝑥1
𝑘
)),𝐺(𝑥1 ,𝑥2,...,𝑥𝑛) (𝜙 (𝜆𝑡)) , 𝐹𝑔(𝑥1),𝐺(𝑔(𝑥1

𝑘
),𝑔(𝑥2
𝑘
),...,𝑔(𝑥𝑛

𝑘
)) (𝜙 (𝜆𝑡))})] = min{ lim

𝑘→∞
𝐹𝑔(𝑔(𝑥1

𝑘
)),𝑔(𝑥1) (𝜆𝑡) ,

lim
𝑘→∞

inf 𝐹𝑔(𝑔(𝑥1
𝑘
)),𝐺(𝑔(𝑥1

𝑘
),𝑔(𝑥2
𝑘
),...,𝑔(𝑥𝑛

𝑘
)) (𝜆𝑡) , 𝐹𝑔(𝑥1),𝐺(𝑥1,𝑥2 ,...,𝑥𝑛) (𝜆𝑡)} − 𝑝(1 −max { lim

𝑘→∞
𝐹𝑔(𝑔(𝑥1

𝑘
)),𝐺(𝑥1,𝑥2 ,...,𝑥𝑛) (𝜙 (𝜆𝑡)) ,
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lim
𝑘→∞

𝐹𝑔(𝑥1),𝐺(𝑔(𝑥1
𝑘
),𝑔(𝑥2
𝑘
),...,𝑔(𝑥𝑛

𝑘
)) (𝜙 (𝜆𝑡))}) = min {𝐹𝑔(𝑥1),𝑔(𝑥1) (𝜆𝑡) , 𝐹𝑔(𝑥1),𝑔(𝑥1) (𝜆𝑡) , 𝐹𝑔(𝑥1),𝐺(𝑥1,𝑥2 ,...,𝑥𝑛) (𝜆𝑡)} − 𝑝 (1

−max {𝐹𝑔(𝑥1),𝐺(𝑥1,𝑥2 ,...,𝑥𝑛) (𝜙 (𝜆𝑡)) , 𝐹𝑔(𝑥1),𝑔(𝑥1) (𝜙 (𝜆𝑡))}) ≥ min {1, 𝐹𝑔(𝑥1),𝐺(𝑥1,𝑥2 ,...,𝑥𝑛) (𝜆𝑡)} − 𝑝 (1 − 1)
≥ 𝐹𝑔(𝑥1),𝐺(𝑥1 ,𝑥2,...,𝑥𝑛) (𝜆𝑡) .

(34)

Because 𝜆 is arbitrary 0 < 𝜆 < 1, by taking 𝜆 → 1, and left
continuous property of distribution function 𝐹, we have

𝐹𝑔(𝑥1),𝐺(𝑥1 ,𝑥2,...,𝑥𝑛) (𝜙 (𝑡)) ≥ 𝐹𝑔(𝑥1),𝐺(𝑥1,𝑥2,...,𝑥𝑛) (𝑡) . (35)

𝜙 is increasing and also is monotone increasing. Accordingly,

𝜙 (𝑡) + 0 ≥ 𝜙 (𝑡) ⇒
𝐹𝑔(𝑥1),𝐺(𝑥1 ,𝑥2,...,𝑥𝑛) (𝜙 (𝑡) + 0) ≥ 𝐹𝑔(𝑥1),𝐺(𝑥1 ,𝑥2,...,𝑥𝑛) (𝜙 (𝑡))

≥ 𝐹𝑔(𝑥1),𝐺(𝑥1 ,𝑥2,...,𝑥𝑛) (𝑡) .
(36)

From Lemma 9, 𝑔(𝑥1) = 𝐺(𝑥1, 𝑥2, . . . , 𝑥𝑛).
By the same way, we can find

𝑔 (𝑥2) = 𝐺 (𝑥2, . . . , 𝑥𝑛, 𝑥1) ,
...

𝑔 (𝑥𝑛) = 𝐺 (𝑥𝑛, 𝑥1, . . . , 𝑥𝑛−1) .

(37)

Consequently, 𝑔 and 𝐺 have 𝑛-tuplet coincidence point in𝑋.

Taking 𝑝 = 0 in Theorem 16, we obtain Corollary 17.

Corollary 17. Let (𝑋, ≤) be a partially ordered set and
(𝑋,𝐹, Δ) be a complete Menger space, where Δ is minimum 𝑡-
norm. Let 𝐺 : 𝑋𝑛 → 𝑋,𝑔 : 𝑋 → 𝑋 be two mappings such
that 𝐺 has the mixed 𝑔-monotone property. Let 𝜙 ∈ Φ exist
such that

𝐹𝐺(𝑥1 ,𝑥2,...,𝑥𝑛),𝐺(𝑦1,𝑦2 ,...,𝑦𝑛) (𝜙 (𝑡)) ≥ min {𝐹𝑔(𝑥1),𝑔(𝑦1) (𝑡) ,
𝐹𝑔(𝑥1),𝐺(𝑥1,𝑥2 ,...,𝑥𝑛) (𝑡) , 𝐹𝑔(𝑦1),𝐺(𝑦1 ,𝑦2,...,𝑦𝑛) (𝑡)}

(38)

for all 𝑡 > 0, 𝑥1, 𝑥2, . . . , 𝑥𝑛, 𝑦1, 𝑦2, . . . , 𝑦𝑛 ∈ 𝑋 with

𝑔 (𝑥1) ≥ 𝑔 (𝑦1)
𝑔 (𝑥2) ≤ 𝑔 (𝑦2)

...
𝑔 (𝑥𝑛) ≥ 𝑔 (𝑦𝑛) (𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑)
𝑔 (𝑥𝑛) ≤ 𝑔 (𝑦𝑛) (𝑖𝑓 𝑛 𝑖𝑠 𝑒V𝑒𝑛) .

(39)

Also 𝑔 is continuous, monotonic increasing, compatible with 𝐺
and 𝐺(𝑋𝑛) ⊆ 𝑔(𝑋). And suppose either

(a) 𝐺 is continuous or
(b) 𝑋 has the following properties:

(i) if a nondecreasing sequence (𝑥𝑛) → 𝑥, then𝑥𝑛 ≤𝑥 ∀𝑛 ≥ 0,
(ii) if a nonincreasing sequence (𝑦𝑛) → 𝑦, then 𝑦𝑛 ≤𝑦 ∀𝑛 ≥ 0.

If there are 𝑥10, 𝑥20, . . . , 𝑥𝑛0 ∈ 𝑋 such that

𝑔 (𝑥10) ≤ 𝐺 (𝑥10, 𝑥20, . . . , 𝑥𝑛0)
𝑔 (𝑥20) ≥ 𝐺 (𝑥20, 𝑥30, . . . , 𝑥𝑛0 , 𝑥10)

...
𝑔 (𝑥𝑛0) ≤ 𝐺 (𝑥𝑛0 , 𝑥10, . . . , 𝑥𝑛−10 ) (𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑)
𝑔 (𝑥𝑛0) ≥ 𝐺 (𝑥𝑛0 , 𝑥10, . . . , 𝑥𝑛−10 ) (𝑖𝑓 𝑛 𝑖𝑠 𝑒V𝑒𝑛) ,

(40)

then 𝑔 and 𝐺 have 𝑛-tuplet coincidence point in𝑋.
That is, there exist 𝑥1, 𝑥2, . . . , 𝑥𝑛 ∈ 𝑋 such that

𝐺(𝑥1, 𝑥2, 𝑥3, . . . , 𝑥𝑛) = 𝑔 (𝑥1)
𝐺 (𝑥2, 𝑥3, . . . , 𝑥𝑛, 𝑥1) = 𝑔 (𝑥2)

...
𝐺 (𝑥𝑛, 𝑥1, 𝑥2, . . . , 𝑥𝑛−1) = 𝑔 (𝑥𝑛) .

(41)

When we take 𝜙(𝑡) = 𝑐𝑡, 𝑐 ∈ (0, 1) in Theorem 16, we
obtain Corollary 18.

Corollary 18. Let (𝑋, ≤) be a partially ordered set and
(𝑋,𝐹, Δ) be a complete Menger space, where Δ is minimum 𝑡-
norm. Let 𝐺 : 𝑋𝑛 → 𝑋,𝑔 : 𝑋 → 𝑋 be two mappings such
that 𝐺 has the mixed 𝑔-monotone property. Let 𝜙 ∈ Φ and
𝑝 ≥ 0 exist such that

𝐹𝐺(𝑥1 ,𝑥2 ,...,𝑥𝑛),𝐺(𝑦1 ,𝑦2,...,𝑦𝑛) (𝑐𝑡) + 𝑝 (1
−max {𝐹𝑔(𝑥1),𝐺(𝑦1,𝑦2 ,...,𝑦𝑛) (𝑐𝑡) ,
𝐹𝑔(𝑦1),𝐺(𝑥1 ,𝑥2,...,𝑥𝑛) (𝑐𝑡)}) ≥ min {𝐹𝑔(𝑥1),𝑔(𝑦1) (𝑡) ,
𝐹𝑔(𝑥1),𝐺(𝑥1 ,𝑥2,...,𝑥𝑛) (𝑡) , 𝐹𝑔(𝑦1),𝐺(𝑦1,𝑦2 ,...,𝑦𝑛) (𝑡)}

(42)
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for all 𝑡 > 0, 𝑥1, 𝑥2, . . . , 𝑥𝑛, 𝑦1, 𝑦2, . . . , 𝑦𝑛 ∈ 𝑋 with

𝑔 (𝑥1) ≥ 𝑔 (𝑦1)
𝑔 (𝑥2) ≤ 𝑔 (𝑦2)

...
𝑔 (𝑥𝑛) ≥ 𝑔 (𝑦𝑛) (𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑)
𝑔 (𝑥𝑛) ≤ 𝑔 (𝑦𝑛) (𝑖𝑓 𝑛 𝑖𝑠 𝑒V𝑒𝑛) .

(43)

Also 𝑔 is continuous, monotonic increasing, compatible
with 𝐺 and 𝐺(𝑋𝑛) ⊆ 𝑔(𝑋). And suppose either

(a) 𝐺 is continuous or
(b) 𝑋 has the following properties:

(i) if a nondecreasing sequence (𝑥𝑛) → 𝑥, then𝑥𝑛 ≤𝑥 ∀𝑛 ≥ 0,
(ii) if a nonincreasing sequence (𝑦𝑛) → 𝑦, then 𝑦𝑛 ≤𝑦 ∀𝑛 ≥ 0.

If there are 𝑥10, 𝑥20, . . . , 𝑥𝑛0 ∈ 𝑋 such that

𝑔 (𝑥10) ≤ 𝐺 (𝑥10, 𝑥20, . . . , 𝑥𝑛0)
𝑔 (𝑥20) ≥ 𝐺 (𝑥20, 𝑥30, . . . , 𝑥𝑛0 , 𝑥10)

...
𝑔 (𝑥𝑛0) ≤ 𝐺 (𝑥𝑛0 , 𝑥10, . . . , 𝑥𝑛−10 ) (𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑)
𝑔 (𝑥𝑛0) ≥ 𝐺 (𝑥𝑛0 , 𝑥10, . . . , 𝑥𝑛−10 ) (𝑖𝑓 𝑛 𝑖𝑠 𝑒V𝑒𝑛) ,

(44)

then𝑔 and𝐺 have 𝑛-tuplet coincidence point inX.That is, there
exist 𝑥1, 𝑥2, . . . , 𝑥𝑛 ∈ 𝑋 such that

𝐺 (𝑥1, 𝑥2, 𝑥3, . . . , 𝑥𝑛) = 𝑔 (𝑥1)
𝐺 (𝑥2, 𝑥3, . . . , 𝑥𝑛, 𝑥1) = 𝑔 (𝑥2)

...
𝐺 (𝑥𝑛, 𝑥1, 𝑥2, . . . , 𝑥𝑛−1) = 𝑔 (𝑥𝑛) .

(45)

4. Uniqueness of 𝑛-Tuplet Fixed Point

For all (𝑥1, 𝑥2, . . . , 𝑥𝑛), (𝑥1∗, 𝑥2∗, . . . , 𝑥𝑛∗) ∈ 𝑋𝑛,
(𝑥1, 𝑥2, . . . , 𝑥𝑛) ≤ (𝑥1∗, 𝑥2∗, . . . , 𝑥𝑛∗) ⇐⇒

𝑥1 ≤ 𝑥1∗,
𝑥2 ≥ 𝑥2∗,

...
𝑥𝑛 ≤ 𝑥𝑛∗ (if 𝑛 is odd) ,
𝑥𝑛 ≥ 𝑥𝑛∗ (if 𝑛 is even) .

(46)

(𝑥1, 𝑥2, . . . , 𝑥𝑛) is equal to (𝑥1∗, 𝑥2∗, . . . , 𝑥𝑛∗) iff 𝑥1 =
𝑥1∗, 𝑥2 = 𝑥2∗, . . . , 𝑥𝑛 = 𝑥𝑛∗.
Theorem 19. In addition to the hypotheses of Theorem 16,
suppose that for all (𝑥1, 𝑥2, . . . , 𝑥𝑛), (𝑥1∗, 𝑥2∗, . . . , 𝑥𝑛∗) ∈ 𝑋𝑛
there exist (𝑦1, 𝑦2, . . . , 𝑦𝑛) ∈ 𝑋𝑛 such that

(𝐺 (𝑦1, 𝑦2, . . . , 𝑦𝑛) , 𝐺 (𝑦2, . . . , 𝑦𝑛, 𝑦1) , . . . ,
𝐺 (𝑦𝑛, 𝑦1, ⋅ ⋅ ⋅ , 𝑦𝑛−1))

(47)

is comparable to

(𝐺 (𝑥1, 𝑥2, . . . , 𝑥𝑛) , 𝐺 (𝑥2, . . . , 𝑥𝑛, 𝑥1) , . . . ,
𝐺 (𝑥𝑛, 𝑥1, . . . , 𝑥𝑛−1))

(48)

and

(𝐺 (𝑥1∗, 𝑥2∗, . . . , 𝑥𝑛∗) , 𝐺 (𝑥2∗, . . . , 𝑥𝑛∗, 𝑥1∗) , . . . ,
𝐺 (𝑥𝑛∗, 𝑥1∗, . . . , 𝑥(𝑛−1)∗)) .

(49)

Then 𝑔 and𝐺 have a unique 𝑛-tuplet common fixed point; that
is, there exist (𝑥1, 𝑥2, . . . , 𝑥𝑛) ∈ 𝑋𝑛 such that

𝑥1 = 𝑔 (𝑥1) = 𝐺 (𝑥1, 𝑥2, 𝑥3, . . . , 𝑥𝑛) ,
𝑥2 = 𝑔 (𝑥2) = 𝐺 (𝑥2, 𝑥3, . . . , 𝑥𝑛, 𝑥1) ,

...
𝑥𝑛 = 𝑔 (𝑥𝑛) = 𝐺 (𝑥𝑛, 𝑥1, 𝑥2, . . . , 𝑥𝑛−1) .

(50)

Proof. The set of 𝑛-tuplet coincidence points is nonempty
due to Theorem 16. We shall show that if (𝑥1, 𝑥2, . . . , 𝑥𝑛) and
(𝑥1∗, 𝑥2∗, . . . , 𝑥𝑛∗) are 𝑛-tuplet coincidence points, that is, if

𝑔 (𝑥1) = 𝐺 (𝑥1, 𝑥2, . . . , 𝑥𝑛) ,
𝑔 (𝑥2) = 𝐺 (𝑥2, . . . , 𝑥𝑛, 𝑥1) ,

...
𝑔 (𝑥𝑛) = 𝐺 (𝑥𝑛, 𝑥1, . . . , 𝑥𝑛−1)

(51)

and

𝑔 (𝑥1∗) = 𝐺 (𝑥1∗, 𝑥2∗, . . . , 𝑥𝑛∗) ,
𝑔 (𝑥2∗) = 𝐺 (𝑥2∗, . . . , 𝑥𝑛∗, 𝑥1∗) ,

...
𝑔 (𝑥𝑛∗) = 𝐺 (𝑥𝑛∗, 𝑥1∗, . . . , 𝑥(𝑛−1)∗) ,

(52)
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then

𝑔 (𝑥1) = 𝑔 (𝑥1∗) ,
𝑔 (𝑥2) = 𝑔 (𝑥2∗) ,

...
𝑔 (𝑥𝑛) = 𝑔 (𝑥𝑛∗) .

(53)

By assumption there is (𝑦1, 𝑦2, . . . , 𝑦𝑛) ∈ 𝑋𝑛 such that

(𝐺 (𝑦1, 𝑦2, . . . , 𝑦𝑛) , 𝐺 (𝑦2, . . . , 𝑦𝑛, 𝑦1) , . . . ,
𝐺 (𝑦𝑛, 𝑦1, . . . , 𝑦𝑛−1))

(54)

is comparable to

(𝐺 (𝑥1, 𝑥2, . . . , 𝑥𝑛) , 𝐺 (𝑥2, . . . , 𝑥𝑛, 𝑥1) , . . . ,
𝐺 (𝑥𝑛, 𝑥1, . . . , 𝑥𝑛−1))

(55)

and

(𝐺 (𝑥1∗, 𝑥2∗, . . . , 𝑥𝑛∗) , 𝐺 (𝑥2∗, . . . , 𝑥𝑛∗, 𝑥1∗) , . . . ,
𝐺 (𝑥𝑛∗, 𝑥1∗, . . . , 𝑥(𝑛−1)∗)) .

(56)

We can determine sequences (𝑔(𝑦1𝑘)), (𝑔(𝑦2𝑘)), . . . , (𝑔(𝑦𝑛𝑘))
such that 𝑦1 = 𝑦10 , 𝑦2 = 𝑦20 , . . . , 𝑦𝑛 = 𝑦𝑛0 and

𝑔 (𝑦1𝑘) = 𝐺 (𝑦1𝑘−1, 𝑦2𝑘−1, . . . , 𝑦𝑛𝑘−1) ,
𝑔 (𝑦2𝑘) = 𝐺 (𝑦2𝑘−1, . . . , 𝑦𝑛𝑘−1, 𝑦1𝑘−1) ,

...
𝑔 (𝑦𝑛𝑘) = 𝐺 (𝑦𝑛𝑘−1, 𝑦1𝑘−1, . . . , 𝑦𝑛−1𝑘−1) .

(57)

From comparability of (56) and (55) with (54), we suppose
that

(𝑔 (𝑥1) , 𝑔 (𝑥2) , . . . , 𝑔 (𝑥𝑛))
≥ (𝑔 (𝑦1) , 𝑔 (𝑦2) , . . . , 𝑔 (𝑦𝑛))
= (𝑔 (𝑦10) , 𝑔 (𝑦20) , . . . , 𝑔 (𝑦𝑛0 )) .

(58)

Using (24), we have

(𝑔 (𝑥1) , 𝑔 (𝑥2) , . . . , 𝑔 (𝑥𝑛))
≥ (𝑔 (𝑦1𝑘) , 𝑔 (𝑦2𝑘) , . . . , 𝑔 (𝑦𝑛𝑘)) for all 𝑘.

(59)

Also from (46), we get

𝑔 (𝑥1) ≥ 𝑔 (𝑦1𝑘) ,
𝑔 (𝑥2) ≤ 𝑔 (𝑦2𝑘) ,

...
𝑔 (𝑥𝑛) ≥ 𝑔 (𝑦𝑛𝑘) (if 𝑛 is odd) ,
𝑔 (𝑥𝑛) ≤ 𝑔 (𝑦𝑛𝑘) (if 𝑛 is even) .
𝐹𝑔(𝑥1),𝑔(𝑦1

𝑘+1
) (𝜙 (𝑡)) = 𝐹𝐺(𝑥1 ,𝑥2 ,...,𝑥𝑛),𝐺(𝑦1

𝑘
,𝑦2
𝑘
,...,𝑦𝑛
𝑘
) (𝜙 (𝑡))

≥ min {𝐹𝑔(𝑥1),𝑔(𝑦1
𝑘
) (𝑡) , 𝐹𝑔(𝑥1),𝐺(𝑥1 ,𝑥2,...,𝑥𝑛) (𝑡) ,

𝐹𝑔(𝑦1
𝑘
),𝐺(𝑦1
𝑘
,𝑦2
𝑘
,...,𝑦𝑛
𝑘
) (𝑡)} − 𝑝 (1

−max {𝐹𝑔(𝑥1),𝐺(𝑦1
𝑘
,𝑦2
𝑘
,...,𝑦𝑛
𝑘
) (𝜙 (𝑡)) ,

𝐹𝑔(𝑦1
𝑘
),𝐺(𝑥1,𝑥2 ,...,𝑥𝑛) (𝜙 (𝑡))}) = min {𝐹𝑔(𝑥1),𝑔(𝑦1

𝑘
) (𝑡) ,

𝐹𝑔(𝑥1),𝑔(𝑥1) (𝑡) , 𝐹𝑔(𝑦1
𝑘
),𝑔(𝑦1
𝑘+1
) (𝑡)} − 𝑝 (1

−max {𝐹𝑔(𝑥1),𝑔(𝑦1
𝑘+1
) (𝜙 (𝑡)) , 𝐹𝑔(𝑦1

𝑘
),𝑔(𝑥1) (𝜙 (𝑡))})

≥ min {𝐹𝑔(𝑥1),𝑔(𝑦1
𝑘
) (𝑡) , 𝐹𝑔(𝑦1

𝑘
),𝑔(𝑦1
𝑘+1
) (𝑡)} ,

𝐹𝑔(𝑥2),𝑔(𝑦2
𝑘+1
) (𝜙 (𝑡))

= 𝐹𝐺(𝑥2 ,𝑥3,...,𝑥𝑛 ,𝑥1),𝐺(𝑦2
𝑘
,𝑦3
𝑘
,...,𝑦𝑛
𝑘
,𝑦1
𝑘
) (𝜙 (𝑡))

≥ min {𝐹𝑔(𝑥2),𝑔(𝑦2
𝑘
) (𝑡) , 𝐹𝑔(𝑥2),𝐺(𝑥2 ,𝑥3,...,𝑥𝑛 ,𝑥1) (𝑡) ,

𝐹𝑔(𝑦2
𝑘
),𝐺(𝑦2
𝑘
,𝑦3
𝑘
,...,𝑦𝑛
𝑘
,𝑦1
𝑘
) (𝑡)} − 𝑝 (1

−max {𝐹𝑔(𝑥2),𝐺(𝑦2
𝑘
,...,𝑦𝑛
𝑘
,𝑦1
𝑘
) (𝜙 (𝑡)) ,

𝐹𝑔(𝑦2
𝑘
),𝐺(𝑥2,...,𝑥𝑛 ,𝑥1) (𝜙 (𝑡))}) = min {𝐹𝑔(𝑥2),𝑔(𝑦2

𝑘
) (𝑡) ,

𝐹𝑔(𝑥2),𝑔(𝑥2) (𝑡) , 𝐹𝑔(𝑦2
𝑘
),𝑔(𝑦2
𝑘+1
) (𝑡)} − 𝑝 (1

−max {𝐹𝑔(𝑥2),𝑔(𝑦2
𝑘+1
) (𝜙 (𝑡)) , 𝐹𝑔(𝑦2

𝑘
),𝑔(𝑥2) (𝜙 (𝑡))})

≥ min {𝐹𝑔(𝑥2),𝑔(𝑦2
𝑘
) (𝑡) , 𝐹𝑔(𝑦2

𝑘
),𝑔(𝑦2
𝑘+1
) (𝑡)} ,

...
𝐹𝑔(𝑥𝑛),𝑔(𝑦𝑛

𝑘+1
) (𝜙 (𝑡))

= 𝐹𝐺(𝑥𝑛 ,𝑥1,...,𝑥𝑛−1),𝐺(𝑦𝑛
𝑘
,𝑦1
𝑘
,...,𝑦𝑛−1
𝑘
) (𝜙 (𝑡))

≥ min {𝐹𝑔(𝑥𝑛),𝑔(𝑦𝑛
𝑘
) (𝑡) , 𝐹𝑔(𝑥𝑛),𝐺(𝑥𝑛,𝑥1 ,...,𝑥𝑛−1) (𝑡) ,

𝐹𝑔(𝑦𝑛
𝑘
),𝐺(𝑦𝑛
𝑘
,𝑦1
𝑘
,...,𝑦𝑛−1
𝑘
) (𝑡)} − 𝑝 (1

−max {𝐹𝑔(𝑥𝑛),𝐺(𝑦𝑛
𝑘
,𝑦1
𝑘
,...,𝑦𝑛−1
𝑘
) (𝜙 (𝑡)) ,
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𝐹𝑔(𝑦𝑛
𝑘
),𝐺(𝑥𝑛,𝑥1 ,...,𝑥𝑛−1) (𝜙 (𝑡))}) = min {𝐹𝑔(𝑥𝑛),𝑔(𝑦𝑛

𝑘
) (𝑡) ,

𝐹𝑔(𝑥𝑛),𝑔(𝑥𝑛) (𝑡) , 𝐹𝑔(𝑦𝑛
𝑘
),𝑔(𝑦𝑛
𝑘+1
) (𝑡)} − 𝑝 (1

−max {𝐹𝑔(𝑥𝑛),𝑔(𝑦𝑛
𝑘+1
) (𝜙 (𝑡)) , 𝐹𝑔(𝑦𝑛

𝑘
),𝑔(𝑥𝑛) (𝜙 (𝑡))})

≥ min {𝐹𝑔(𝑥𝑛),𝑔(𝑦𝑛
𝑘
) (𝑡) , 𝐹𝑔(𝑦𝑛

𝑘
),𝑔(𝑦𝑛
𝑘+1
) (𝑡)}

(60)

for each 𝑘 ≥ 1. If we take lower limit when 𝑘 → ∞ from
Lemmas 8 and 9, we have

lim
𝑘→∞

𝑔 (𝑦1𝑘+1) = 𝑔 (𝑥1) ,

lim
𝑘→∞

𝑔 (𝑦2𝑘+1) = 𝑔 (𝑥2) ,
...

lim
𝑘→∞

𝑔 (𝑦𝑛𝑘+1) = 𝑔 (𝑥𝑛) .

(61)

Likewise, one can show that

lim
𝑘→∞

𝑔 (𝑦1𝑘+1) = 𝑔 (𝑥1∗) ,

lim
𝑘→∞

𝑔 (𝑦2𝑘+1) = 𝑔 (𝑥2∗) ,
...

lim
𝑘→∞

𝑔 (𝑦𝑛𝑘+1) = 𝑔 (𝑥𝑛∗) .

(62)

Using (61), (62), and triangle inequality property,

𝐹𝑔(𝑥1),𝑔(𝑥1∗) (𝑡)

≥ Δ{𝐹𝑔(𝑥1),𝑔(𝑦1
𝑘+1
) ( 𝑡2) , 𝐹𝑔(𝑦1𝑘+1),𝑔(𝑥1∗) (

𝑡
2)} → 1

(𝑘 → ∞) ,
𝐹𝑔(𝑥2),𝑔(𝑥2∗) (𝑡)

≥ Δ{𝐹𝑔(𝑥2),𝑔(𝑦2
𝑘+1
) ( 𝑡2) , 𝐹𝑔(𝑦2𝑘+1),𝑔(𝑥2∗) (

𝑡
2)} → 1

(𝑘 → ∞) ,
...

𝐹𝑔(𝑥𝑛),𝑔(𝑥𝑛∗) (𝑡)

≥ Δ{𝐹𝑔(𝑥𝑛),𝑔(𝑦𝑛
𝑘+1
) ( 𝑡2) , 𝐹𝑔(𝑦𝑛𝑘+1),𝑔(𝑥𝑛∗) (

𝑡
2)} → 1

(𝑘 → ∞) .

(63)

So, we have
𝑔(𝑥1) = 𝑔(𝑥1∗), 𝑔(𝑥2) = 𝑔(𝑥2∗), . . . , 𝑔(𝑥𝑛) = 𝑔(𝑥𝑛∗).

Thus, we showed (53).

Using commutativity of 𝐺 and 𝑔,

𝑔 (𝑔 (𝑥1)) = 𝑔 (𝐺 (𝑥1, 𝑥2, . . . , 𝑥𝑛))
= 𝐺 (𝑔 (𝑥1) , 𝑔 (𝑥2) , . . . , 𝑔 (𝑥𝑛)) ,

𝑔 (𝑔 (𝑥2)) = 𝑔 (𝐺 (𝑥2, . . . , 𝑥𝑛, 𝑥1))
= 𝐺 (𝑔 (𝑥2) , . . . , 𝑔 (𝑥𝑛) , 𝑔 (𝑥1)) ,

...
𝑔 (𝑔 (𝑥𝑛)) = 𝑔 (𝐺 (𝑥𝑛, 𝑥1, . . . , 𝑥𝑛−1))

= 𝐺 (𝑔 (𝑥𝑛) , 𝑔 (𝑥1) , . . . , 𝑔 (𝑥𝑛−1)) .

(64)

Indicate 𝑔(𝑥1) = 𝑧1, 𝑔(𝑥2) = 𝑧2, . . . , 𝑔(𝑥𝑛) = 𝑧𝑛. From (64),

𝑔 (𝑧1) = 𝐺 (𝑧1, 𝑧2, . . . , 𝑧𝑛) ,
𝑔 (𝑧2) = 𝐺 (𝑧2, . . . , 𝑧𝑛, 𝑧1) ,

...
𝑔 (𝑧𝑛) = 𝐺 (𝑧𝑛, 𝑧1, . . . , 𝑧𝑛−1) .

(65)

Therefore, (𝑧1, 𝑧2, . . . , 𝑧𝑛) is a 𝑛-tuplet coincidence point.
Then from the assumption with 𝑥1∗ = 𝑧1, . . . , 𝑥𝑛∗ = 𝑧𝑛 it
follows 𝑔(𝑧1) = 𝑔(𝑥1), 𝑔(𝑧2) = 𝑔(𝑥2), . . . , 𝑔(𝑧𝑛) = 𝑔(𝑥𝑛); that
is,

𝑔 (𝑧1) = 𝑧1,
𝑔 (𝑧2) = 𝑧2,

...
𝑔 (𝑧𝑛) = 𝑧𝑛.

(66)

By (65) and (66),

𝑧1 = 𝑔 (𝑧1) = 𝐺 (𝑧1, 𝑧2, . . . , 𝑧𝑛) ,
𝑧2 = 𝑔 (𝑧2) = 𝐺 (𝑧2, . . . , 𝑧𝑛, 𝑧1) ,

...
𝑧𝑛 = 𝑔 (𝑧𝑛) = 𝐺 (𝑧𝑛, 𝑧1, . . . , 𝑧𝑛−1) .

(67)

Hence, (𝑧1, 𝑧2, . . . , 𝑧𝑛) is a 𝑛-tuplet common fixed point of 𝐺
and 𝑔. To prove the uniqueness, assume that (𝑞1, 𝑞2, . . . , 𝑞𝑛)
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is another 𝑛-tuplet common fixed point. Then by assumption
we have

𝑞1 = 𝑔 (𝑞1) = 𝑔 (𝑧1) ,
𝑞2 = 𝑔 (𝑞2) = 𝑔 (𝑧2) ,

...
𝑞𝑛 = 𝑔 (𝑞𝑛) = 𝑔 (𝑧𝑛) .

(68)
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[8] D.Miheţ, “Fixed point theorems in probabilistic metric spaces,”
Chaos, Solitons & Fractals, vol. 41, no. 2, pp. 1014–1019, 2009.
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