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We study the quantum Fisher information (QFI) of W states and W -like states under decoherence. In
particular, we �nd that on the contrary to amplitude damping and depolarizing decoherence, a W -like state of
3 qubits obtained by discarding 1 qubit of a genuine W state of 4 qubits is more robust than a genuine W state of
3 qubits under amplitude amplifying and phase damping decoherence.
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1. Introduction

Quantum Fisher information (QFI) characterizes the
phase sensitivity of a parameter of a system with respect
to SU(2) rotations of the system [1, 2]. It is a practi-
cal tool for detecting multipartite entanglement: If the
maximum QFI among the directions averaged over the
number of particles, i.e. maximal mean QFI of a state,
exceeds 1 (the so-called shot-noise limit), then it is mul-
tipartite entangled [3]. (We will use �QFI� for �maxi-
mal mean QFI� throughout this paper.) Since the best
separable states can achieve the shot-noise limit, such
multipartite entangled states can outperform them and
are called �useful� states. On the other hand, multipar-
tite entanglement does not imply a QFI larger than 1, in
general: There are multipartite entangled states that are
not useful even when they are pure [4]. Also the useful
states may become un-useful when they are subjected to
decoherence due to unavoidable interactions with the en-
vironment. For example although an N particle pure
Greenberger-Horne-Zeilinger (GHZ) state achieves the
fundamental limit on the QFI, i.e. N ; it cannot achieve
even the shot-noise limit when the (amplitude damp-
ing/amplifying, depolarizing or phase damping) decoher-
ence is strong enough [5]. Studying the QFI of states in
the context of multipartite entanglement and the sensi-
tivity, they can provide under decoherence, is recently
attracting more attention in quantum metrology and in
quantum information [6�17].
On the other hand, currently there is an intense e�ort

on e�cient generation of large-scale photonic W states,
yet usually not taking into account the experimental im-
perfections and photon losses [18�25], where QFI may
be extremely helpful. QFI of genuine W states under
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decoherence has been studied in [26].
In this work we study QFI of W states under deco-

herence as they lose one particle. In particular, we con-
sider a genuine W state of 3 particles and another state
(we call �W -like state�) of 3 particles, which is obtained
by discarding 1 particle of a genuine W state of 4 par-
ticles. Considering each particle of these two states in
the same decoherence channel with the equal decoherence
strength, we show that, although genuine W state per-
forms better than theW -like state in amplitude damping
and depolarizing channels, it is interestingly the opposite
when the states are in amplitude amplifying or in phase
damping channels: W -like state performs better than the
genuine W state.

2. Quantum �sher information

Maximum mean quantum Fisher information per par-
ticle of a mixed quantum state ρ of N particles with the
eigenvalues pi and the associated eigenvectors |i〉, can be
obtained by λmax/N [5], where λmax is the largest eigen-
value of the symmetric C matrix with the elements

Ckl =
∑
i 6=j

(pi − pj)2

pi + pj
[〈i|Jk|j〉 〈j|Jl|i〉

+ 〈i|Jl|j〉 〈j|Jk|i〉], (1)

with the angular momentum operators Jn in the n th
direction de�ned in terms of the Pauli operators σx,y,z

Jn =
∑

α=x,y,z

1

2
nασα. (2)

A genuine W state of 3 particles, ρG = |W3〉 〈W3| is
given as

|W3〉 =
|001〉+ |010〉+ |100〉√

3
, (3)

and the mixed W -type state of 3 particles, ρL obtained
by tracing out 1 particle from a genuineW state of 4 par-
ticles is given as

(1233)
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ρL =
3

4
|W3〉 〈W3| +

1

4
|000〉 〈000| . (4)

3. Decoherence channels

The basic decoherence channels we consider in this
work can be represented by the Kraus operators, i.e.
Amplitude damping,(

1 0

0
√
1− p

)
,

(
0
√
p

0 0

)
. (5)

Amplitude amplifying( √
1− p 0

0 1

)
,

(
0 0
√
p 0

)
. (6)

Depolarizing √1− 3p
4 0

0
√
1− 3p

4

 ,

(
0

√
p

2√
p

2 0

)
,

(
0 − i

√
p

2
i
√
p

2 0

)
,

( √
p

2 0

0 −
√
p

2

)
. (7)

Phase Damping( √
p 0

0 0

)
,

(
0 0

0
√
p

)
,

( √
1− p 0

0
√
1− p

)
. (8)

Applying the Kraus operators of the decoherence chan-
nels to each qubit of ρG and ρL, we obtain the density
matrices of the decohered states. Substituting the eigen-
values and the associated eigenvectors of the states and
the angular momentum operators to Eq. 1, it is straight-
forward to calculate the QFI of the states under each
decoherence channels. We �nd that, as one would intu-
itively expect, in amplitude damping channel (Fig. 1a)
and depolarizing channel (Fig. 1b), ρG is more robust
than ρL but surprisingly, in amplitude amplifying chan-
nel (Fig. 1c) and phase damping channel (Fig. 1d), ρL

turns to be more robust than ρG.

4. Conclusions

In conclusion we found that in amplitude amplifying
and phase damping channels, a W -like state of 3 par-
ticles, which is obtained by discarding 1 particle of a
genuine W state of 4 particles, is more robust than a
genuine W state of 3 particles, in a sense that it pro-
vides higher quantum Fisher information (QFI). Since
QFI characterizes the phase sensitivity of a state with
respect to SU(2) rotations, our results suggest that in
phase sensitive quantum metrology and quantum infor-
mation processing tasks that require an N particle state
in the W form as resource, if the system is subject to an
inevitable amplitude amplifying or phase damping deco-
herence, rather than a genuine W state of N particles, it
is preferable to use the state obtained by discarding one
particle of a genuineW state of N+1 particles. Our work
may also shed light to the e�orts on preparing large-scale
W states when particle loss is taken into account.

Fig. 1. Quantum Fisher information of genuine
W state of 3 particles (solid lines) and W -like state
of 3 particles, obtained by discarding 1 particle of a
genuine W state of 4 particles (dashed lines) under
the decoherence channels: (a) amplitude damping,
(b) depolarizing, (c) amplitude amplifying, (d) phase
damping, with respect to decoherence strength p.
W -like state is more robust than genuine W state in
amplitude damping and in phase damping channels.
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