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VARIATION FORMULAS OF SOLUTION FOR A CONTROLLED
FUNCTIONAL-DIFFERENTIAL EQUATION CONSIDERING DELAY
PERTURBATION

T. TADUMADZE!, A. NACHAOUI? §

ABSTRACT. Variation formulas of solution are proved for a controlled non-linear functional-
differential equation with constant delay and the continuous initial condition. In this pa-
per, the essential novelty is the effect of delay perturbation in the variation formulas.The
continuity of the initial condition means that the values of the initial function and the
trajectory always coincide at the initial moment.
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1. INTRODUCTION

Linear representation of the main part of the increment of a solution of an equation with
respect to perturbations is called the variation formula of solution (variation formula).The
variation formula allows one to construct an approximate solution of the perturbed equa-
tion in an analytical form on the one hand, and in the theory of optimal control plays the
basic role in proving the necessary conditions of optimality [1-3,6,7,10], on the other. Vari-
ation formulas for various classes of functional-differential equations without perturbation
of delay are given in [2-5,7,8,10,11]. Here we are interested in the variation formulas for
the controlled delay functional-differential equation

o(t) = f(t,z(t), z(t — 10),uo(t))
with the continuous initial condition
x(t) = po(t),t € [too — 70, too]

under perturbations of initial moment ¢go, delay parameter 79, initial function ¢g(¢) and
control function ug(t). In this paper, the essential novelty is the effect of perturbation of
delay 79 in the variation formulas (see c2). The variation formula in a neighborhood of
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the right end of the main interval (so called local variation formula) for the differential
equation
&(t) = fo(t,x(t), z(t — 10)) (1.1)

with the initial condition
x(t) = @o(t),t € [too — T0,%00), z(too) = Zoo0,

when perturbation of initial data, delay and right-hand side of the equation (1.1) occurs
is proved in [12]. It is important to note that the variation formula which is proved in the
present work doesn’t follows from the formula proved in [12] (see c6).

2. NOTATION AND AUXILIARY ASSERTIONS

Let R? be the n-dimensional vector space of points = = (z!,...,2™)T, where T means
transpose; suppose that O C R} and V' C R;, are open sets. Let the n-dimensional function
f(t,z,y,u) satisfies the following conditions: for almost all ¢ € J = [a,b], the function
f(t,-) : O*xV — R" is continuously differentiable; for any (z,y,u) € O? x V, the functions
f(t,z,y,u), f2(-), fy(-), fu(-) are measurable on J; for arbitrary compacts K C O,U C V
there exists a function mg (-) € L(J,[0,00)), such that for any (z,y,u) € K? x U and
for almost all ¢t € J the following inequality is fulfilled

|z yu) [+ [ f() [+ FC) [+ ] ful) [Smro(?).
Further, let 0 < 71 < 72 be given numbers; E, be the space of continuous functions
@ :Ji — R}, where J; = [7,b],7 =a—1;® = {p € E, : ¢(t) € O,t € Ji} be a set of
initial functions; let E, be the space of bounded measurable functions u : J — R;, and
Q={ueE,:cu(J) CV} be aset of control functions, where u(.J) = {u(t) : t € J} and
clu(J) is the closer of the set u(.J).
To each element p = (to, 7,9, u) € A = (a,b) x (11, 72) X ® x Q we assign the controlled

delay functional-differential equation

(t) = f(t,z(t),z(t — 7),u(t)) (2.1)
with the initial condition
z(t) = p(t),t € [T, to]. (2.2)
The condition (2.2) is said to be continuous initial condition since always z(tg) = (o).
Definition 2.1. Let pu = (to,7,¢,u) € A. A function z(t) = z(t; u) € O,t € [7,t1],t1 €
(to,b), is called a solution of equation (2.1) with the initial condition (2.2) or a solution
corresponding to p and defined on the interval [7,¢1] if it satisfies condition (2.2) and is
absolutely continuous on the interval [to, 1] and satisfies equation (2.1) almost everywhere
on [t(), tl].
Let po = (too, 70, @0, ug) € A be a fixed element. In the space E,, = Rtlo x RL x E,x E,
we introduce the set of variations:

V = {op = (to, 61,0p,0u) € E,, — po : | 6to |< o, | 67 |[<

k k
590 = Z )\iégoi, ou = Z )\iéui, | )\i |§ Oé,’i = 1, k‘}, (2.3)
i=1 i=1
where dp; € E, — @0, 0u; € Ey —ug,i = 1,k are fixed functions ; o > 0 is a fixed number.



60 TWMS J. APP. ENG. MATH. V.1, N.1, 2011

Lemma 2.1. Let xo(t) be the solution corresponding to po = (too, 70, o, u0) € A and
defined on [T, t10],t10 € (too,b) and let Ko C O and Uy C V be compact sets containing
neighborhoods of sets po(J1) U xo([too, t10]) and clug(J), respectively. Then there exist
numbers €1 > 0 and 61 > 0 such that, for any (¢,6p) € [0,e1] X V, we have pg + edp € A.
In addition, a solution x(t; po + edp) defined on the interval [7,t10 + 61] C Ji corresponds
to this element. Moreover,

{l’(t, o + E(SIU‘) € K07t € [%7t10 + 51]7

(2.4)
uo(t) + edu(t) € U, t € J.

This lemma is a result of Theorem 5.3 in [9, p.111].
Remark 2.1. Due to the uniqueness, the solution x(¢; up) is a continuation of the solution
xo(t) on the interval [7,¢10 + 01]. Therefore, in the sequel the solution zo(t) is assumed to
be defined on the interval [7,t109 + d1].

Lemma 2.1 allows one to define the increment of the solution xo(t) = x(¢; uo) :

{Aw(t) = Ax(t;edp) = x(t; po + e6p) — o(t),

2.5
(t,e,0p) € [T, t10 + 61] x [0,e1] x V. (25)

Lemma 2.2. Let the following conditions hold:

2.1. the function po(t),t € Jy is absolutely continuous and the function ¢g(t) is bounded;

2.2. there exist compact sets Ko C O and Uy C V containing neighborhoods of sets
wo(J1)Uzo([too, t10]) and clug(J), respectively, such that the function f(t,x,y,u) is bounded
on the set J x Kg x Up;

2.3. there exist the limits

m () = ¢g, lim flw,uo(t)) = f~,
w—wo

t—too—

where w = (t,2,%) € (a,too] x O%, wo = (too, wo(ten), vo(too—70)). Then there exist numbers
g2 € (0,e1] and 2 € (0,01] such that

max | Az(t) |< O(eop)t (2.6)
te[7,t10+62]

for arbitrary (e,6p) € [0,e2] X V=, where V= ={du € V : §tg < 0,07 < 0}. Moreover,
Az(too) = e|dp(too) +{bg — f~ }oto| + o(cp). (2.7)
Lemma 2.3. Let the conditions 2.1 and 2.2 of Lemma 2.2 hold, and there exist the limits
t_l}g(?)+ o(t) = ¢3L,wllr30 f(w,up(t)) = f,w € [too, b) x O>.

Then there exist numbers ez € (0,e1] and d2 € (0,61] such that the inequality (2.6) is valid
for arbitrary (g,0p) € [0,e2] x V', where V' = {6u € V : §tg > 0,57 > 0}. Moreover,

Ax(too + edty) = e |6¢(too) + {@g — f+}5t0} + o(edp). (2.8)

Lemmas 2.2 and 2.3 can be proved in analogy to Lemma 2.4 (see [11]).

'Here and throughout the following, the symbols O(t;edu), o(t; edu) stand for quantities (scalar or
vector) that have the corresponding order of smallness with respect to e uniformly with respect to ¢ and

7
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3. FORMULATION OF MAIN RESULTS

Theorem 3.1. Let the conditions of Lemma 2.2 hold. Then there exist numbers eo €
(0,e1] and 92 € (0,61] such that

Ax(t;edp) = edx(t; o) + o(t;edp) (3.1)
for arbitrary (t,e,dp) € [too, t10 + d2] X [0,e2] x V™ and

Sw(t: o) = ¥ (toos {5 — f~}oto + B(ts ), (3:2)
where
8(t:0) = V(o eton) + | V(E-+mst)fyl€ + mldpl)de
~{ | Y@nhldiole - mideor+ | V&0 fldou(e)ds (3.3)

Here Y (&;t) is the n x n-matriz function satisfying the linear functional-differential equa-
tion with advanced argument

Ye(&5t) = =Y (& 8) fel€] = Y (€ +70:) fy[€ + 0], € € [too, 1], (3.4)

and the condition
I for&=t,

O for & >t, (8:5)

V(&) = {
0
Jz = %f) fx[ﬂ = fz(£7$0(£)a$0(£ - 7_0)’ UO(g))a
1 is the identity matriz and © is the zero matrix.
Some comments.The expression (3.2) is called the variation formula.

cl. Theorem 3.1 corresponds to the case when the variations at the points tg9 and 7y are
performed simultaneously on the left.

_{ t Y (&:t) fyl€lao(€ — TO)dg}‘ST

in formula (3.3) is the effect of perturbation of the delay 7.

c2. The summand ,

c3. The expression
Y (too; t){g — /™ }dto
is the effect of continuous initial condition (2.2) and perturbation of the initial moment
tOO.
c4. The expression
too t

Y (too; t)0¢(too) + / Y (& + 70;t) fyl§ + T0]op(€)dE + [ Y (&) ful€]ou(§)dE

too—7o0 too
in formula (3.3) is the effect of perturbations of initial ¢g(t) and control uy(¢) functions.
c5. The variation formula allow one to obtain an approximate solution of the perturbed
functional-differential equation

z(t) = f(t,x(t), z(t — 10 — €07), up(t) + edu(t))
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with the perturbed initial condition x(t) = @o(t) + €dp(t),t € [T, too + €dtp]. In fact, for a
sufficiently small € € (0, &3] from (3.1) it follows x(t) &~ xo(t) + edx(t; 6u) (see (2.5)).
c6. In the variation formula proved in [12], for the equation (1.1) instead of the expression

Y(&t) ful€lou()dg

too

(see (3.3)), we have t
| ¥i&067€.00(€).0(6 ~ ri,

too

where ¢ f is a perturbation of the right-hand side of the equation (1.1). The local version
of the formula (3.2) follows from the formula obtained in [12] if the function f additionally
satisfies the conditions : the function f,(t,x,y,uo(t)) is continuously differentiable with
respect to x and y; there exists the limit

lim f(w,uo(t)),w = (t,x,y) S (G,,too +7—0} X 02
1

w—wo

where w1 = (too + 70, zo(too + 70), @o(too)), with too + 70 < t19. In the present work vari-
ation formulas are proved without of these conditions.

Theorem 3.2. Let the conditions of Lemma 2.3 hold. Then for each to € (too,t10) there
exist numbers g9 € (0,e1] and 0y € (0,81] such that for arbitrary (t,e,0p) € [to, tio + 2] X
[0,e2] x VT, formula (3.1) holds and

dx(t:0p) =Y (toos ){¢g — f*}oto + B(t; dp). (3.6)

Theorem 3.2 corresponds to the case when the variations at the points tgy and 79 are
performed simultaneously on the right. Theorems 3.1 and 3.2 are proved by a scheme
given in [3]. The following assertion is a corollary to Theorems 3.1 and 3.2.

Theorem 3.3. Let the assumptions of Theorems 3.1 and 3.2 be fulfilled. Moreover,
oo — [ =¢f — fF = f.Then for each ty € (too, tio) there exist numbers e € (0,21] and
b2 € (0,81] such that for arbitrary (t,e,5u) € [to, t1o+ 6] x [0, €2] x V, formula (3.1) holds,
where
Sax(t;0) = Y (o3 1) foto + B(t; Opn).

Theorem 3.3 corresponds to the case when at the points tg9 and 79 two-sided varia-
tions are simultaneously performed. All assumptions of Theorem 2.3 are satisfied if the
function f(t,x,y,u) is continuous, the function ¢g(t) is continuously differentiable and
the function ug(t) is continuous at the point tgg. Clearly, in this case f = ¢o(too) —
f (too, o (too), wo(too — 70), uo(too))-

4. PROOF OF THEOREM 3.1

Here and in what follows we shall assume that ty = too + €dto, 7 = 79 + €07, p(t) =
wo(t) +edp(t), u(t) = uo(t) + edu(t). Let g2 € (0,e1] be so small (see Lemma 2.2) that for
arbitrary (e,du) € (0,e2] x V~ the following inequalities hold tgg — 7 < to,t9 + 7 > too.
The function Ax(t) (see (2.5)) satisfies the equation

Ax(t) = f(t,zo(t) + Ax(t), zo(t — 7) + Az(t — 7),u(t)) — f[t]
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= fo[t]Az(t) + fy[t]Ax(t — 10) + e fult]ou(t) + r(t;edp) (4.1)
on the interval [too, t1g + d2], where
r(t;eop) = f(t,zo(t) + Ax(t), zo(t — 7) + Ax(t — 1), u(t)) — f[t]
—fo[t]Az(t) — fylt]Ax(t — 10) — e fult]ou(t), (4.2)

flt] = F(t,zo(t), wo(t — 70), uo(t))-
By using the Cauchy formula ([3],p.21), one can represent the solution of equation (4.1)

in the form .

Az(t) =Y (too; t) Ax(too) + ¢ [ V(&) ful€]ou(€)dE

too
1

+ Z R;(t;too,e0p),t € [too, tio + O2], (4.3)
i=0
where

Ro(t;too, €0p) = [} V(€ + 103t) fyl€ + mo] Aa(€)dE,

too—7o0

(4.4)
Ry (t:too, 0p) = [y, Y (651)r (€ ebp)de

and Y (&;t) is the matrix function satisfying equation (3.4) and condition (3.5). The
function Y'(&;t) is continuous on the set IT = {(£,t) : a <& <t,t € J} ([3], Lemma 2.1.7).
Therefore,

Y(too; t)Ax(to()) = é‘Y(too; t) [(5(,0(?500) + {(Pa - f_}5t0] + O(t; 6(5/1) (4.5)

(see (2.7)). One can readily see that

to
Ro(t: too, ebp) = ¢ / Y (€ + o ) € + roldip(€)de

too—70
too too
# [TV min e mldade == [ YE+miofl+ nlsele)de
+o(t;edp) (4.6)

(see (2.5) and (2.6)). We introduce the notations:
flt;s,e0pu] = f(t, zo(t) + sAx(t), xo(t — 10) + s{xo(t — 7) — 2o(t — 70)
+Az(t — 1)}, up(t) + sedu(t)),o(t; s, edp) = fz[t;s,edpu] — fu[t],

p(t;s,eop) = fylt;s,eou] — fylt], 0(t; s,e0p) = fult;s,eou] — fult]-
It is easy to see that

ft,zo(t) + Ax(t), zo(t — 7) + Ax(t — 7), up(t) + edu(t)) — ft]
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1 1
= [ Gttt ctulds = [ {files.eouan(t) + gt il ault - 7)
—xo(t — 10) + Azx(t — 7)} + e fult; s, sé,u]&u(t)}ds
1 1
= [/0 a(t;s,sé,u)ds} Ax(t) + [/0 p(t;s,sfs,u)ds} {zo(t — 1)
1
—xo(t —10) + Ax(t — 1)} + 8[/0 0(t; s, E5ﬂ)d8:| du(t)

+fo[t)Az(t) + fyltl{zo(t — 7) — xo(t — 70) + Az(t — )} + e fu[t]ou(t).

By taking account of last relation for ¢ € [too, t10 + d2] we have

6
R1(t;too, e0p) = ZRz‘(t; too, €011),
=2
where ,
Ry(titoo, edp) = [ Y(&§t)o1(&;edpu) Az (§)dE,

too

1
0—1(‘5;56”) :/O (7(45;8,6(5,&)613, R3(t;t00a€6:u)
t
— / Y (€ £)pr (€ 20) o€ — 1) — wo(€ — ) + Aw(E — 7)}de,

1
p1(&;edp) = / p(&;s,e6p)ds, Ra(t;too, €0p)
0

t

=c [ Y(&)01(&eop)du(§)d, 01(&:e0p)

too

1 t
:/0 0(&;s,e0p)ds, Rs(t;too,eop) = [ Y (&) fyl{wo(§ —7)

too

—20(§ — 70) }d€, Re(t;too,e0p) = [ Y (&) fylE{AZ(E —7)

too
—Az(§ — 70) }d€
(see (4.2)). The function xo(t),t € [T, 110+ 2] is absolutely continuous, then for each fixed
Lebesgue point & € (tgo, t1p + d2) of function &o(& — 19) we get

E—eoT
zo(§ —7) — xo(§ — 7o) Z/5 Zo(s —70)ds

= —edo(§ — 10)0T + (&5 0p), (4.7)
with

lim W = 0 uniformly for dp € V. (4.8)

e—0
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Thus, (4.8) is valid for almost all points of the interval (tgp, %10 + d2). From (4.7) taking
into account boundedness of the function

. . ()bO(t)vt € [717 tOO]a
o(t) =
f[ﬂ,t S (too, t10 + (52]
it follows
| 2o(§ — 7) — xo(§ — 70) |< O(edp) and "Y(&;éu)’ < const. (4.9)
It is clear that

;eop) f too, t
|A$(€—T)—ACC(€—TQ) _ 0(575 N) OTEE [OOa 0+T]7 (410)
O(&;edp) for € € [to + 7.t + 7]
(see (2.6)). We note that there exists L(-) € L(.J, [0,00)) such that
| f(t, 21, y1,u1) — f(t, 2, y2,u2) [S L) (| 21 — 22 |+ [y1 —y2 | + | w1 —ua |),
t € J, (i, yi,ui) € Kg x Up,i = 1,2 ([3], Lemma 2.1.2).
Let € € [too + 70,t10 + 52] then & — 7 > g9, & — 79 > too, therefore
-7
| Aaf¢ =)= Aalg~m) < [ | Aa(s) | ds
§—70
E—1
< [ {1806 |+ L an(s = 7) —aufe )|
1o
I Ax(s —7) | +e | du(s) | }ds — o(&; 20p) (4.11)

(see (4.1),(2.4),(2.6) and (4.9)). It is not difficult to see that for the expressions R;(t; too, dp), i =
2,6 we get

| Ra(t;t00, 0p) |<[|'Y || O(edp)oa(edp), | Ra(t; too, €dp) |

<IIY || O(edm)pa(edp), | Ralt:too,=0p) |< ea || Y | 6a(edp), Rs(t: too, =6p)
t
= —c| | Y(&0)f[€i0(€ — ro)dg] 67 + 1t 20p), | Ro(t: ton, e6p) |
t10+02
<y | | 4161 1| Az — 1) — Aw(E — 7o) | dE = o(edp) (4.12)

too

(see (2.6),(2.3),(4.7) and (4.9)-(4.11)). Here

too

1Y ll=sup { | Y (&) s €.0) € (et = | V(&G04 e

too

t10+62

t10+02
aaeow = [ o) e, mon) = [ | prl&em .

too too
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t10+02 k
oatesn) = [ {3 10wl } I on(eeom) | de
=1

too
Obviously,
Yi(t; £611) fo02 V(& 6p)
ZEE <y | fule] |2 e,

too
By the Lebesguer theorem on passing to the limit under the integral sign, we have

lim o9(edp) = 0, lim pa(edp) =0, lim O(edp) = 0, lim ’%(t’géu)‘ =0
e—0 e—0 e—0 e—0 €
uniformly for (¢,0u) € [too, t10 + d2] x V™~ (see(4.9)). Thus,
Ri(t§t00755ﬂ) = O(t755:u)72 =2,3,4; (413)
and .
&@mmmm:—%/‘Y@o@mm@—mmq&+duwm. (4.14)
too
On the basis of (4.12)-(4.14) we obtain
t
Bi(titoo,20p) = —=[ | V(&) f,[€Ja0(€ — ro)dg]or + olticon).  (4.15)

too
From (4.3) by virtue of (4.5),(4.6) and (4.15) we obtain (3.1), where dz(t;du) has form
(3.2).

5. PROOF OF THEOREM 3.2

Let £y € (too,t10) be a fixed point, and let g5 € (0, 1] be so small (see Lemma 2.3) that
to < to and tg — 7o < tgo, for arbitrary (e,du) € (0,1] x V*. The function Az(t) satisfies
equation (4.1) on the interval [to, t19 + d2]. By using the Cauchy formula, we can represent
it in the form

t 1
Az(t) = Y (to;t) Ax(to) + ¢ [ V(&) ful€lou€)dé + ) Riltsto,edp),  (5.1)
to i=0
(see (4.4)). The matrix function Y (&;t) is continuous on [tgo,fo] % [to,t10 + 2] C II,
therefore
Y(to; t)Al‘(to) = EY(too; t)[égo(too) + (308_ - f+)](5t0 + 0(5(5#) (5.2)
(see (2.8)). Now let us transform Ry(t;to,cdp). It is not difficult to see that

too

Ro(t: o, e6p1) — / Y (€ + 70; ) fy € + To)8p()dE

to—T70
to

+ [ Y(E+70:)fy[€ + ol A (§)dE

too

e /t U Y€ )y €+ moldp(€)de + ot ). (5.3)

00—70
In a similar way, for ¢ € [fg, 19 + 2] one can prove
t

mmmﬁwy;f[ Y@w@mm@—mm4&+qumm. (5.4)

too
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Finally, we note that
t

°) V(& 1) ful€lou©)ds = e | V(&) fulflou(§)dE + oft; edp). (5:5)

too
for ¢t € [tg,t10 + 02]. By taking account of (5.2)-(5.5), from (5.1), we obtain (3.1), where
dx(t;edp) has form (3.6).
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