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SINGULAR PERTURBATIONS FOR ABSTRACT ELLIPTIC
OPERATORS AND APPLICATIONS

V. B. SHAKHMUROV! §

ABSTRACT. Dirichlet problem for parameter depended elliptic differential-operator equa-
tion with variable coefficients in smooth domains is studied. The uniform maximal reg-
ularity, Fredholmness and the positivity of this problem in vector-valued L,-spaces are
obtained. It is proven that the corresponding differential operator is positive and is a
generator of an analytic semigroup. In application, the maximal regularity properties of
Cauchy problem for abstract parabolic equation and anisotropic elliptic equations with
small parameters are established.
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1. INTRODUCTION, NOTATIONS AND BACKGROUND

In last years, the maximal regularity properties of boundary value problems (BVPs)
for differential-operator equations (DOEs) have found many applications in PDE, psedo
DE and in the different physical process (see for references [1 —4], [8], [10], [12 — 23],
[26 — 27] ). The main objective of the present paper is to discuss the maximal L,, regularity
properties of BVP for elliptic variable coefficient DOE with small parameter
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where I' is a boundary of region G C R", ¢ is a positive small parameter and A is a
spectral parameter, a;; are complex-valued functions, A and A are possible unbounded
linear operators in a Banach space F.

Maximal regularity of partial DOE in L, spaces was studied in [1], [4], [7], [18 — 23].
The results in [4] and [18 — 23] are restricted to rectangular domains and equations do not
contain mixed derivatives in leading part. Moreover problems investigated in [1] and [8]
involves only bounded operator coefficients.
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In contrast to all above we study elliptic problems with unbounded operator coefficients
in general domains with smooth boundaries.

We say that the problem (1) is uniform maximal Ly,-regular (or separable in L) if:

(1) for all f € L,(G;E) there exists a unique solution u. = u € W2 (G; E(A),E)
satisfying (1) a.e. on G;

(2) there exists a positive constant C' independent of f and e such that

0%u
a.xial‘j

n

d e

ij=1

+ ||Au||Lp(G;E) <C ”fHLp(G;E) )
LP(G§E)

Let O be an operator generated by the problem (1) i.e.
D(0:) = W;(G:E(4),E, Lr)
= {u:ue Wg(G;E) NL,(G;E(A)), ulr=0}, Ocu= Leu.

We show that the problem (1) is maximal L, regular, which implies that there is a
bounded inverse of O from L, to WI? (G;E (A), E). Moreover, we prove that the operator
O is positive and generator of analytic semigroup in L.

Since (1) involves unbounded operator coefficients, it becomes difficult to obtain global
estimates for solutions of (1). Therefore to show O has a left inverse and that its range
coincides with L,, we use covering and flattening arguments, representation formulas,
operator-valued Fourier multiplier results, abstract embedding theorems ( Theorems Aj,A,
) and the separability properties of local differential operators with constant coefficients
(both on plane and half plane). Then by using these results along with qualitative proper-
ties of some embedding operators we prove discreetness of spectrum and completeness of
roots elements of O. In applications well posedness of abstract parabolic Cauchy problem
and optimal regularity of anisotropic elliptic equations in Ly, p = (p1,p) (i.e. Lebesgue
spaces with mixed norm) and maximal regularity for infinite systems of elliptic equations
are derived.

The paper is organized as follows: Section 2 collects definitions and background ma-
terials, embedding theorems of Sobolev-Lions spaces, maximal regularity properties for
elliptic DOE in line and halfline and estimates of approximation numbers. In Section3,
the Ly-separability and Fredholmness results for (1) are presented. Finally Section 4-5 are
devoted abstract parabolic Cauchy problem and to some applications, respectively.

A Banach space F is called UM D-space if the Hilbert operator

wne -t [ g
lz—y|>e

is bounded in L, (R, E) , p € (1,00) (see. e.g. [6]). UMD spaces include e.g. L, I, spaces
and Lorentz spaces Lyq, p, ¢ € (1,00).
Let C be the set of complex numbers and

S, ={AeC, |arg\| < p} U{0},0< ¢ <.

A linear operator A is said to be a positive in a Banach space F with bound M > 0 if
D (A) is dense on E and

|ca+ )\I)_IHL(E) <M (1+ A

with A € Sy, ¢ € (0, 7], where I is an identity operator in E and L (F) is the space of all
bounded linear operators in E. Sometimes instead of A + AI will be written A + \ and
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denoted by Ay. It is known that ([24,§1.15.1]) there exist fractional powers A? of positive
operator A. Let F (Aa) denote the space D (Aa) with graphical norm

1

p
HUHE(Ae) = (IIUIlp + HAHUH )p 1<p<oo, —o0<8<o0.

Let Eq and E5 be two Banach spaces. (E17E2)97p, 0<6<1,1<p< oo will denote
the interpolation spaces defined by K method [24, §1.3.1].

A set W C B(Ej, E2) is called R-bounded (see [7], [24]) if there is a constant C' > 0
such that for all 71,75, ...,T,, € W and uqug,...,um € E1,m € N

L m 1 m
/ > i (y) Tyuy dySC/ > oriw) || dy,
o |li=t B o |li=t B
where {r;} is a sequence of independent symmetric {—1, 1}-valued random variables on
[0, 1].

Let S (R"; E) denote the Schwartz class, i.e. the space of all E-valued rapidly decreasing
smooth functions on R™. Let F denote the Fourier transformation. A function ¥ €
C (R™; B (E1, E»)) is called a Fourier multiplier from L, (R";E1) to L, (R"; E) if the
map u — Au = F1W () Fu, u € S(R"; Ey) is well defined and extends to a bounded
linear operator

A: L,(R";Ey) = L,(R"; Es).
The set of all multipliers from L, (R™; E1) to Ly, (R"™; E3) will be denoted by M} (E4, Es) .
For Ey = Ey = E it denotes by M} (E).
Let
£ = (§1,&,, &), EER, B=(B1,P2, - Bn),
¢ = @Gl Un= {8 = (B1.B2, 8n) . B € {0.1}}.
Definition 1.1. A Banach space E is said to be a space satisfying a multiplier condition if
for any ¥ € C™ (R"; B (E)) the R-boundedness of the set {gﬁD?‘Il (&) :£€ RM\0,5 € Un}
implies that U is a Fourier multiplier in L, (R™; E), i.e. ¥ € M} (E) for any p € (1, 00).

Definition 1.2. The p-positive operator A is said to be an R-positive in a Banach space
E if there exists ¢ € [0 7) such that the set

L= {A(A+§)_1 £ S¢}
is R-bounded.

A linear operator A (x) is said to be positive in E uniformly in x if D (A (z)) is inde-
pendent of x, D (A (x)) is dense in E and

M
1+ ||

Jato a0 <

for all A € S (¢), ¢ € [0 ).

Let 0o (E1, E2) denote the space of all compact operators from FE; to Ey. For Ey =
Ey = E it is denoted by o (E) .

Let Eg and E be two Banach spaces and Ey continuously and densely embedded into
E. Let m be a natural number.
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Let W} (G; Eo, E') denote a function space of all functions u € L, (G; Eo) possess the
generalized derivatives Dj'u = % such that D*u € L, (G; E') with the norm
k

||u||W;n(G;EO,E) = llullz,cm) + Z 1Dl L,y < 00
k=1

We will called it Sobolev-Lions type space. For Ey = E the space W," (G; Eo, E) will
denoted by W) (G; E) . Tt is clear to see that
W, (G; Eo, E) = W' (G; E) N Ly (G; Ey) -

Let we define the following parametrized norm

HU||W;7€(G;E0,E) = llull,(cm) 25 1Dz ull 1, () < 00
k=1

Let G be a domain in R" with the sufficiently smooth boundary I'. The space W; (I'; Eo, E)
is defined as the trace space of W}" (G; Ep, E) as in a scalar case (see [15, § 1.7.3] or
[24,§ 3.6.1]) i.e. for Ey = E = C replacing the space L, (R""!) by L, (R" 1, E).

From [22] it follows the following theorem.

Theorem 1.1. Suppose the following conditions are satisfied:

(1) E is a Banach space satisfying the multiplier condition with respect to p € (1,00)
and A is an R-positive operator in E;

(2) a = (a1, 02, ...,00) are n tuples of nonnegative integer numbers such that

la] = Zak,%:‘|<land0<h<h0<oo O<pu<l—s

(3) Q G R" is a region such that there exists a bounded linear extension operator from
Wy (G5 E(A), E) to W) (R E(A), E).
Then an embedding

D*W]" (G5 E (A) ,E) C L, (G; E (A'™%71))

is continuous and there exists a positive constant C,, such that

e D%l Gsmar-y) < Co [W Nl ey + 507 Nl e
for allu e W) (G, E(A),E).
Theorem 1.2. Suppose all conditions of the Theorem 1.1 are satisfied and suppose G is
a bounded region in R", A~! € 0 (E). Then for 0 < u < 1— 3 an embedding
DW" (G;E(A),E) C L, (G; E (A"7H))
18 compact.
Consider at first, the following DOE in all space R"
<L+Au—iw Pu) (At Nu=fl), e R )
ox}!

where ¢ is a positive small parameter and a; are complex numbers.
n
We set L(§) = > ap&)*, for £ = (&1, &2, ...,&) € R™. From [15, § 1.7.3] or [24,§ 3.6.1]
k=1

it follows the followi_ng theorem.
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Theorem 1.3. The maps u — ul?) (1‘1,0) are bounded linear and surjective from
Wy (R E (A)E) to Fy.

Then, by [4], we get

Theorem 1.4. Let E be a Banach space satisfying the multiplier condition with respect
top € (1,00) and A is a R-positive operator in E for a ¢ € [0 7). Moreover

L] =MD [&l™, L&) €S (p).

k=1
Then the problem (2) has a unique solution u € Wi (R"; E (A), E) for f € L, (R"; E),
larg A| < ¢ and the uniform coercive estimate holds

I

k=1 i=0
Considering BVPs for DOE

| Diull g,y + 144l oy < ML, iy -

(L+Nu=>Y eaDi'u(z)+ Ayu= f(z),z € R}, (3)
k=1

mj
Lju= Zs‘jiaﬁu(i) (a;l,O) =fi, 7=12,..m
i=0

where o; = % <i+% , mj € {0,1,...,m — 1}, a, aj; are complex numbers and Ay =
A+ X\, Ais a possible unbounded operator in E. Let w;, j = 1,2,...,m be roots of an

equation
a,w™ +1=0.

Let

m n— n— m; + 1
Fj= (W) (RS E(A),E), L, (RS E)), = Py

0i=—"— 7=1,2,..
j,p’ J mp ) ) 4y , M,

n—1
Lo (§) = Z ;&
j=1

By virtue of [5] and trace Theorem 1.3 we obtain

Theorem 1.5. Let E be a Banach space satisfying the multiplier condition with respect to
p € (1,00) and A is a R-positive operator in E for a ¢ € (0, %) Let |arg w; — 7| < § — ¢,
J=12,..d |arg wj| <5 -, j=d+1,d+2,...m, 0<d<m,am, #0 and

n—1
Lo ()] = MY [&]™, Lo (€) € S () -
k=1
Then the operator uw — {[L + N u, L1u, Lau, ...Ly, } is an isomorphism ( algebraic and
topological) from W} (Ri;E (A) ,E) onto L, (R’i;E) x [I Fj. Moreover, for A € S ()
j=1
and sufficiently large || the uniform coercive estimate holds

DD e A

k=1 1i=0

’Dzu“Lp(Rﬁ;E) - ||Au”LP(R1;E) <
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m

M1l s +Z (155 lg, + A 11 il )

Proof. Since L, (Ri; E) =1L, (R+; L, (R”‘l; E)), the problem (3) can be express as
Lu = ea, D7 u(xy) + (B+MNu=fr(y), Lyu= fi, k=1,2,

where B is a differential operator in L, (R”fl; E) generated by problem (2). By virtue
of [4, Theorem 3.1] the operator B is R positive in L, (R"_l; E) By [1, Theorem 4.5.2],
L, (R"';E) € UMD provided E € UMD, p € (1,00). Then by virtue [25], L, (R""; E)
is the space satisfying the multiplier condition. Then by virtue of [2, Theorem 2] we get
the assertion. g

2. PARTIAL DOE WITH VARIABLE COEFFICIENTS

Consider the inhomogenous problem (1), i.e.

(Lo +Nu = Z caij ( (@) oy (@) + Nu(z)+ Y e3 4, (z) dula) —y

8x o0x;
[l k=1

1
= f(x), z€q, Lreu=c?u|r=g,

where the second equality is in the trace sense.

First we obtain coercive estimate for strong solutions of the problem (4).
Condition 1. Suppose the following conditions are satisfied:

(1) aij = aj; and there is ¢ > 0 such that

n
,U'il |§’2 < LO (.T,f) <u ’6‘2 for x € Gv LU (x,§) = Z Qjj ( )ézéﬂ?
Q=1
2) T e Cc@ 10, §6.2].
Let
= (W; (0 E(4),E), Ly (11 E)) o

Theorem 2.1. Let the Condition 1 be satisfied and:
(1) E is a Banach space satisfying the multiplier condition with respect to p € (1,00);
(2) A(z) is a R-positive in E uniformly with respect to x € G, A(z) A~ (2%) €

C(G;B(E));

(3) for any 6 > 0 there is C (§) > 0 such that for a.e. x € G and for uw € (E(A),E)

_+CO) [ul.

1
2,

1A (2) ull < dllullma.m)

Nl

Then for u e W7 (G; E (A),E) and for A € S () and sufficiently large |\ we have

>3 NE [ Djully < M I+ N ullp, iy + I Ereullp] . (5)
k=1 1=0

Proof. Let G1 (g, ..., Gn be regions in R™ and ¢1, @2, ..., oN be a corresponding partition

N
of unity that functions ¢; are smooth on R, o; =suppy; C G; and ) ¢; () = 1.Then
j=1
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N

for u € VVp2 (G;E(A),E) we have u(z) = Zluj (x), where u; (x) = u(x)g;(x). Let
J:

ue W2 (G;E(A),E) then, from the equation (4) we obtain

(Lot Nuy = canDlus () — (@) + Ny (2) = f; (2). (6)
k=1
LFauj = Gj j:17277N (7)
where
n
fi=Ffej+ Y eari [0;Diu+ DiuDyp; + @;Diu+ uDjp;] — (8)
ki=1
du () -
Zg2<p]Ak , ji=12,..,N.
Oz,

Let G; NG = Gj. Since the boundary I' is sufficient smooth, then ( see e.g. [15,§ 1.7.3]
there are differentiable diffeomorphism W¥; on neighborhood of G transform G; to G;

with plain boundary and such that Lru; are transformed to Lrii; = i; (y) |y.=0 ,
where @ (y) = v (¥, (y)) for v € W2 (Gj; E(A), E) . For these transformations the space

V[/p2 (Gj; E(A),E) are isomorphically mapped to spaces Wp2 (éj;E(A) ,E) and under

these maps the equation (6) is transforms to

(L+ N Z eari; Dyl (y) — Ajx () T (y) = f () -
k,i=1

Moreover by virtue of condition (1), there is a linear mapping which transforms the
n ~
expression &k,D,%ZJN (y) + Ajx (y) 4 (y) to
k,i=1

ZsakJDku] AJ ()5 (y), ax; >0 .

After redenoting y by z, G by Gj,ar; (y) by ag; (z), zzlj,\ (y) by Ay (z) and @; (y) by
uj (z) et.c, and freezing coefficients in transformed equation (6) we obtain that

> ear; (zj0) Diuy () + (A (zj0) + N uj (2) = Fj (2), (9)
k
Lreu; =Vj (1‘1) , (10)
where
Fj=fi+[A(xj0) = A@)u; + > elag (z) — ag; (zj0)] Dju; (), (11)
k

By Theorem 1.4 we obtain that the problem (9) — (10) has a unique solution u; €
Wg (Gj; E(A),E) and for A € S(p) and for sufficiently large |A| the following coercive



26 TWMS J. APP. ENG. MATH. V.2, N.1, 2012

estimate holds

n 2
i 1—% .

SN e AE D, + HAusll,, < CUF g, , + 19 (12)

k=1 i=0
In a similar way, by virtue of Theorem 1.3 we obtain estimates of type (12) for regions
G C G. Whence, using properties of the smoothness of coefficients of equation (11) and
by virtue of Theorem 1.1 and Theorem 1.3 choosing diameters of o; sufficiently small, we
get that

1B, < 8 l1usllwace, ey 5y + € ) sl (13)

WVilly < € llgslly + 8 i llwa g, mar. ) + € O sl (14)

where ¢ is a sufficiently small and C () is a continuous function. From (12)- (14) we get

n 1 ; .
Zzeéwlié HD;CUJ'HGj,p + ||Auj”Gj’p
k=1 i=0

< Clflg; p+ lgillp + e llujllye + C (@) lujllg, , -
J D 7P

Choosing € < 1 from the above inequality we have

n 2

i 1—% ;
SN e N [ Diusllg, , + 1Auslla,, < C {1l + il + loslle] - (15)
k=1 1i=0

By a similar manner we also obtain estimates (15) for regions G; entirely belonging to G.
Then by virtue of the estimate (15) for u € Wg (G;E(A), E) we have

n 2 )
4 A | D], + 1 Aul, < € [I(Le + Nl + ull, + sl - (16)
k=1 1i=0

Let u € W2 (G; E (A), E) be the solution of the problem (4) . Then for A € S (¢) we get

1
July = (B + N~ Leal, < % [I(Ze + A)ull, + ] (17)
Then by Theorem 1.1, by virtue of (16), (17) for sufficiently large |A| and for u €
W2 (G; E(A),E) we get the estimate (5). O

Consider now the BVP (1).

Theorem 2.2. Let all conditions of Theorem 2.1 are satisfied. Then for all f € L, (G; E),
for X € S () and sufficiently large |\| there is a unique solution of the problem (1) and
the following uniform coercive estimate holds

n 2

S W Dh g +C @ sl < MU e (8)

k=1 i=0
Proof. From Theorem we obtain the estimate (18). The estimate (18) implies that the
problem (1) has only a unique solution and the operator O + A has an invertible operator
in its rank space. We need to show that this rank space coincide with the space L, (G; E) .
We consider the smooth functions g; = g; (x) with respect to the partition of the unique
©; = ¢; (y) on the region G that equal one on supp ¢;, where supp g; C G; and |g; (x)| < 1.
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Let us construct for all j the function u;, that are defined on the regions 2; = GNG; and
satisfying the problem (1). Consider first when G; adjoin to the boundary points. The
problem (1) can be express in the form

> caki (w5) Diguy () + Ax (25) uy () = (19)
kim1

- Iu; (z)

gi{ f+[A) —A@)]u; Y elani (x7) — ai ()] Diuy — > e 4y (x) “one [
Eyi=1 k=1

LFUjZO, j=1,2,..,N.

Consider operators O; (¢) + A in L, (G; E) generated by BVPs (19) when G partially
belong to G. By virtue of Theorem 1.4 for all f € L, (Gj; E), for A € S (¢) and sufficiently
large |A| we have

Lo @+ N || +|aloj @+ X <ol @0

Extending u; zero on the outside of supp ¢; and passing substitutions u; = [O; (¢) + )\]_1 v;
we obtain from (19) operator equations;

Uj:Kj)\EUj +g]f7]: 1727”'7N7 (21)
where
Kjne = g5 {f + A (00)) = A@)] 05 () + N ™" +

n 92 . n i 9 .
3 elog ()= o 5 10,9+ = b ) 500,61+ b
By virtue of Theorem 1.1 and the estimate (20), in view of the smoothness of the coef-
ficients of the expression K., and in view of condition (4) for A € S (¢) and sufficiently
large |A| we have ||Kjx:|| < 6, where ¢ is sufficiently small. Consequently, equations (21)

have unique solutions v; = [I — K] " g;f and
-1
losll, = | = Epel ™ g ]| <171,

Whence, [I — KjAa]_l g;j are bounded linear operators from L, (G; E) to L, (G;; E) . Thus,
we obtain that the functions

uj = Upef = [05 () + N7 [ = K] ™ g f
are solutions of the problem (19). In a similar way, by using Theorem 1.4 we can construct

the solutions u; for problems (19) with respect to regions entirely belonging to G. Consider
a linear operator (U. + A) in Ly, (G; E) such that

N
U=+ N =0 W) Ujaef.

j=1
It is clear from the constructions U; and the estimate (20) that operators U;y are bounded

linear from L, (G; E) to W2 (G; E (A) ,E) and for X € S (¢) and sufficiently large || we
have
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n 2 ]
HICT
k=1 i=0

Therefore (U + A) is a bounded hnear operator from L, to L,. Then act of O; + A to

oty + aviie| < e, (22)

N
u= Y piUf gives Oyu= f + Z ®; . f, where ®;). are linear operators defined by
j=1 j=1

N n
e = ZZ . a%aU.)\_‘_a% AZEA a\
REES e P 8::: 88 Ine aak“ Uixe

By virtue of embedding Theorem 1.1 and the estimate (22) from the expression ®;). we
obtain that operators ®;). are bounded linear from L, (G; E) to L, (G;; E) and [|®;x.|| <
1. Therefore, there exists a bounded linear invertible operator

N
I+ Z (I)j)\g
Jj=1

Whence, we obtain that for all f € L, (G; E) BVP (1) have a unique solution
-1

u(z) =05'f = Zsoj O [T - K™ g; I+Z¢>]A f

-1

i.e. we obtain the assertion. O

Result 1. Theorem 2.1 implies that the operator O has a resolvent (O + X) ™! for A € S (i)
and the following estimate holds

n 2 ] ]
PO

k=1 1=0

Lo +|a©.+07 <C. (23)

B(Lp(G;E)) B(Lp(G;E))

Remark 1. The estimate (18) and the embedding Theorem 1.1 implies that under
conditions of Theorem 2.2 the following estimate

0%u
awial'j

n
e
ij=1
holds for the solution of the problem (1). Le the problem (1) is separable in L, (G; E).
Remark 2. Result 1 implies that the operator O is positive in L, (G; E). Moreover in
view of (22) and by virtue of [24, § 1.14.5] the operator O generates an analytic semigroup
when ¢ € (%,ﬂ') :

+ [[Aullp my < C Il cim)
LP(GQE)

Theorem 2.3. Let all conditions of Theorem 2.1 hold and A~ € 0 (E). Then the
operator O is Fredholm from Wz? (G;E(A),E) into L, (G; E) .

Proof. Theorem 2.2 implies that the operator O.+A\ for sufficiently large |\| have a bounded
inverse (O.+A\) " from L, (G; E) to W2 (G;E(A), E), that is the operator O+ is Fred-
holm from W7 (G;E (A), E) into L, (G; E). By virtue of Theorem 1.2 the embedding
W}? (G;E(A),E) C L, (G; E) is compact. Then by perturbation theory of linear opera-
tors we obtain that the operator O is Fredholm from W} (G; E (A), E) into L, (G; E). O
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Result 2. If we put a;; () =1, A(z) = q(z), Ax(x) =0, k =1,2,..,n in (1) then we
obtain from Theorem 2.3 that the following operator with small parameter

- Z axlax] g(z)u(z), ulr=0

7-]_

is positive and is a generator of analytic semigroup in Ly, (G) .

3. ABSTRACT CAUCHY PROBLEM FOR DEGENERATE PARABOLIC EQUATION

Consider now the following abstract parobolic problem with small parameter

(9t © 5 CLW o 8:1;,8%

1,j=1

—A(@x)u + (24)

u(t,z) [r=0, u(0,z) =0,

where I is a boundary of region G' C R", ¢ is a positive small parameter, a;; are complex-
valued functions, a > 0, A and Aj are possible unbounded linear operators in a Banach
space E.

In this section we obtain the well-posedness of problem (23).

If Gf =Ry xG,p=(p,p1), Lp(G4; E) will be denote the space of all p-summable
scalar-valued functions with mixed norm (see e.g. [7, §1] for E = C), i.e. the space of all
measurable functions f defined on G, for which

1
p —
S r1

1l = / /||f eylbdr | dy| <o

Analogously, Wi* (G+; E) denotes the E-valued Sobolev space with corresponding mixed
norm for (see e.g. [7, §10] for £ = C).
First, let us show that the operator O. is R-positive in L, (G; E).

Theorem 3.1. Let all conditions of Theorem 2.1 are hold. Then, the operator O. is an
R-positive in L, (G; E) .

Proof. Really, by virtue of Theorem 2.2 we obtain that for f € L, (G; E) the BVP (1)
have a unique solution exspressing in the form

-1

u(x) ( f ZSO] ) [I KJ)\E gj I+Z(I)])\s f7

where O; () are local operators generated by BVPs with small parameter of type (9) —
(10) for V; = 0 and Kj)., ®;j). are uniformly bounded operators in L, (G; E) defined in
Theorem 2.2. By virtue of [4] the operators O; (¢) are R-positive. Then by using the
above representation and by virtue Theorem 2.2 we obtain the assertions. U
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Theorem 3.2. Let all conditions of Theorem 2.1 hold. Then for all f € L, (G4; E) and
sufficiently large a > 0 the problem (23) has a unique solution belonging to
Wé’z (G4+; E(A), E) and the estimate holds

' ou - ’ 9%u

a 83:18903
Proof. The problem (23) can be express as the following Cauchy problem

du

5 T (O +a)ult)=f(t), u(0)=0. (25)
The Theorem 2.3 implies that the operator O, is R-positive and generator of analytic

semigroup in Ey = L, (G; E). Then by virtue of [25, Theorem 4.2] we obtain that for all

f € Ly, (Ry; Ep) the problem (24) has a unique solution belonging to W, (R ; D (O¢) , Ey)

and the uniform estimate holds

du
— +10eully, (g, i) < C UL, (B0 -
dt Lpl(RJ,-;Eo) € P1( +;Eo) P1( +;Eo)

Since Ly, (Ry; Ep) = Lp (G4+;E), by Theorem 2.2 we have ||(O. +a)u||Lp1(R+;F) =
D (O.) . These relations and the above estimate implies the assertion. 0

_|_
Lp(G4iE) =1

T Aull cm) < CUF L psm) -
Lp(G4;E)

4. BOUNDARY VALUE PROBLEMS FOR ANISOTROPIC ELLIPTIC EQUATIONS WITH
PARAMETERS

The Fredholm property of BVPs for elliptic equations with parameters in smooth do-
mains were studied in e.g. [5], [8] also for non smooth domains these questions were
investigated e.g. in [12].

Let 2 C R™ be an open connected set with compact C?™_boundary 0f). Let us consider
the boundary value problems on cylindrical domain €2 = G x 2 for the following anisotropic
elliptic equation

n 2u (x ~ u (x
Lou = Zeaij(iv)w‘dekM'i' Z da (y) Dyu(z,y)  (26)
k=1

u(z,y) [r=0 (27)

= > bigly)Diu(z,y)=0,z€G, yedQ, j=1,2,. (28)
|B|<m;
where I' is the boundary of the region G' € R" and a;; are complex-valued function on G.
Dj=—igy. mp € {0,1}, y = (Y1, Yn) -
If Q=GxQ, p= (p1,p), Lp (Q) will be denote the space of all p-summable scalar-

valued functions with mixed norm i.e. the space of all measurable functions f defined on
), for which

» 1
p1 P

1Al Ly ey = / /!facypldy de | < oo
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Analogously, Wg’Qm <Q> denotes the anisotropic Sobolev space with corresponding mixed
norm.

Theorem 4.1. Let the following conditions be satisfied;

(1) The Condition 1 holds;

(2) aq € C () for each la| =2m and aq € [Loo + Ly, | () for each |a| =k < 2m with
re > q and 2m — k > rk’

(3) bjg € C*™=mi (9R)) for each j, B and mj < 2m, > bjs (y') o # 0, for |B] =m
j=1

y € 0G, where o = (01,02, ...,0,) € R" is a normal to OS2 ;
(4) fory €, £ € R", A€ S(p), ¢ € (0,m), [§] +[A| #0 let A+ > aa(y)E* #0;

|a|=2m

(5) for each yo € OS2 local BVP in local coordinates corresponding to yo
A+ Y aa(yo) DY (y) =0,

|a|=2m
|8]=m;
has a unique solution ¥ € Cy (Ry) for all h = (h1, ha, ..., hm) € R™, and for ¢ € R*!
with |§ '] + |A| # 0.
Then: }
a) Then for all f € Ly <Q>, larg A| < ¢ and sufficiently large || problem (25) — (27)

has a unique solution u that belongs to I/V2 2m (Q) and the coercive uniform estimate hold

D D oy I

k=1 i=0 o(2)  |s1=2m

n
_ i

2

w\s

- < ClAll Ly (@)

c%rk

b) the problem (25) — (27) is Fredholm in Ly (Q) .

Proof. Let E = Ly, (). Then by virtue of [25, Theorem 3.6] the (1) part of Theorem 2.2
is satisfied. Consider the operator A defined by

D(A) = Wl?lm (; Bju=0), Au= Z aq (y) D%u (y) .
|a|<2m
For z € Q) also consider operators
Ak (I’)U = dk’ (ZL‘,y)’LL(y), k= 1,2,...,7’L

The problem (25) — (27) can be rewritten in the form (1), where u (z) = u(z,.), f(z) =
f (x,.) are functions with values in E = L,, (2). By virtue of [5] the problem

Me(y)+ Y aa(y) Dyu(y) = f(y),

|| <2m
> bipW) Dyu(y)=0,j=1,2,...m
|BI<m;
has a unique solution for f € L, () and arg A € S (¢o), |A\| = co. Moreover, in view
of [8, Theorem 8.2] the differential operator A is R-positive in Ly, . It is known that
the embedding Wz?lm (Q) C Ly, () is compact ( see e.g. [24, Theorem 3.2.5] ). Then by
using interpolation properties of Sobolev spaces (see e.g. [24, § 4] ) it is clear to see that
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condition (3) of the Theorem 2.2 is fulfilled too. Then from Theorems 2.2 and 2.3 the
assertions are obtained. 0
5. BVPS FOR INFINITE SYSTEMS OF ELLIPTIC EQUATIONS WITH SMALL PARAMETER

Consider the following infinity systems of boundary value problem

- U (2
Z a;j () M + (dm () + A up, () + (29)
ij=1

ZEgdejm aum( ) = fm(‘r)v IEGG’ m:1,2,...,oo

oz
k=1 j=1 k

U (z) |[r=0, (30)
where I is the boundary of the region G € R"™ and a;; are complex-valued function on

Let
d(z) = {dn(2)}, dn >0, u={upn}, Du={dnun}t, m=1,2,...00

lg(D) = qu:iu&lg|uly,@ = Dul;, = (Zldmum|> <oy,

reG, 1 <qg<oo.
Let Q. denote a differential operator in L, (G;1,) generated by problem (28) — (29). Let

B =B (L (Gilg))-
Theorem 5.1. Let the following condition hold:

(1) The Conditionl holds;
(2) dj € C(G) ,dpmj € L (G) and

1
maxsupdem] )dj(2 ") < M for alleGandO<u<§.
j=1

a.e. forx € G and 1 < p < oo.

Then:

(a) for all f(z) = {fm (2)}7° € Ly (G;ly), for X € S(¢), ¢ € (0,7) and for suffi-
ciently large || the problem (28) — (29) has a unique solution u = {uy, (z)}7° belonging to
W2 (G,14(D),lg) and the coercive estimate holds

ZE / (Z ‘D%um (;C)|q> ’ de| + / (Z |d i, (x)]q> dx (31)
k=1 m=1 G m=1

G

S

p

<c|f (Z fm <w>\q> "o
m=1

G

3=
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(b) For sufficiently large |\| > 0 there exists a resolvent (Qe + /\)_1 of operator Q. and
n 2 ) )
DIET
k=1 j=0
Proof. Really, let E =1,, A and Ay, () be infinite matrices, such that
A= [dp (z)6jm], Ak (x) = [drjm ()], m, j =1,2,...00.

It is clear to see that this operator A is R-positive in ;. Therefore, by virtue of
Theorem 3.1 we obtain that the problem (28) — (29) for all f € L, (G;l,), for A € S (p)
and sufficiently large |\| has a unique solution u that belongs to space Wg (Gl (D), 1)
and

DL+ N7+ A+ 07 < b (32)

n
2
25 HD]‘?UHLP(G;lq) + ”DUHLP(G?Zq) =C HfHLP(G;lq) '
k=1
From the above we obtain (30). The estimate (31) is obtained from Result 1. O

Remark 4. There are many positive operators in the different concrete Banach spaces.
Therefore, putting concrete Banach spaces and concrete positive operators (i.e. pseudo-
differential operators or finite or infinite matrices for instance) instead of E and A, respec-
tively, by virtue of Theorem 2.2 - 3.1 we can obtain different class of maximal regular BVPs
for partial differential or pseudo-differential equations or its finite and infinite systems with
parameters.
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