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HARMONIC MAPPINGS RELATED TO STARLIKE FUNCTION OF
COMPLEX ORDER «
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ABSTRACT. Let Sy be the class of harmonic mappings defined by
Su={f =h(z) +9() | h(z) = 2+ 3 anz", () = 3 ba2"}
n=2 n=1

The purpose of this talk is to present some results about harmonic mappings which was
introduced by R. M. Robinson [8].

Keywords: Harmonic Mappings, Subordination principle, Distortion theorem, Growth
theorem, Coefficient inequality.

AMS Subject Classification: Primary 30C45, Secondary 30C55.

1. INTRODUCTION

Let D = {z € C||z| < 1} be the open unit disc in the complex plane C. A complex-valued
harmonic function f : D — C has the representation

f=h(z)+9(2) (1)

where h(z) and g(z) are analytic in D and have the following power series expansion,
[e.e]
h(z) = Z anz",
n=0

o
g(z) = anz”,z eD,
n=0

where ay,b, € C, n=0,1,2,.... Choose (i.e, bp = 0) so the representation (1) is unique in
D and is called the canonical representation of f.

For the univalent and sense-preserving harmonic functions f in D, it is convenient to make
further normalization (without loss of generality), h(0) = 0 (i.e. , agp = 0) and A'(0) = 1
(i.e. , ap = 1). The family of such functions f is denoted by Sy [5] . The family of all
functions f € Sy with the additional property that ¢’(0) =1 (i.e. , by = 0) is denoted by
59 [5] . Observe that the classical family of univalent functions S consists of all functions
f € S% such that g(z) = 0. Thus it is clear that S C S% C Sy [5] .

Let Q be the family of functions ¢(z) regular in the open unit disc D and satisfying the
conditions ¢(0) = 0, |¢(z)| < 1 for every z € D.
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For arbitrary fixed numbers A, B, —1 < B < A < 1 denote by P(A, B), the family of
functions p(z) = 14 p1z + p2z? + ... regular in D and such that p(z) is in P(A, B) if and
only if

1+ Ag(2)
=0 2
for some function ¢(z) € Q and every z € D. This class was introduced by Janowski W.
[6].
We note that if we give special values to A and B we obtain the following classes.
i. P(1,—1) is the set defined by Rep(z) > 0, which is Caratheodory class [1],
ii. P(1—2a,—1),0 < a < 1is the set defined by Rep(z) > «,
iii. P(1,0) is the set defined by [p(z) — 1| < 1
iv. P(,0), 0 < a < 1 is the set defined by [p(z) — 1| < a,
v. P(1,—1+ 57), M > § is the set defined by |p(z) — M| < M, P(a, —a), 0 < a <1

. p(z)—1
is the set defined by ‘p(z)ﬂ

Moreover, let S*(1 — b) be denote the the family of functions
h(z) = z + a22% + a32® + ... regular in D and such that h(z) is in S*(1 — b) if and only if

‘<oz.

3 — 1) =p(2),b # 0, complex (3)
for some p(z) € P(—1,1) and all z € D. At the same time we note that if we give special
values to b we obtain the following subclasses of starlike functions.

i. For b =1, S*(0) is the class of starlike functions [5],
ii. forb=1—-a, 0 <a <1, S*(a) is the class of starlike functions of order a. [5],
iii. for b= e " cos A, |A| < Z is the class of A—spirallike functions [5],
iv. for b= (1 —a)e™™cosA, 0 < o < 1, A < % is the class of A—spirallike functions
of order «, [5], and the class S*(1 — b) was introduced by M. A. Nasr and M. K.
Aouf [7].
Let s1(2) = z + doz? + ... and s2(2) = z + €22 + ... be elements of F. If there exists
#(z) € Q such that s1(z) = s2(¢(2)), then we say that s;(z) is sunbordinate to s2(z) and
we write s1(2) < sa2(z). Specially if s3(z) is univalent in D, then s;(z) < sa2(z) if and only
if S1(D) C S2(D) and S1(0) = S2(0) implies S1(Dy) C Sa2(Dy). [3]

In this paper we will investigate the class of harmonic mappings defined by

* . - 4G 1+ A¢(2)
Si(A,B,1—b) = {f =h(z)+9(2) | w(z) = 1 (2) b11 + Bo(z)’

Lemma 1.1. ([5]) Let ¢(2) be regular in the open unit disc D with $(0) = 0 and |¢p(z)| < 1.
If |¢(2)| attains its maximum value on the circle |z| = r at the point z1, then we have
21.9'(2) = k¢(z1) for some k > 1.

h@)eswl—w}(@

2. MAIN RESULTS

Theorem 2.1. Let f = (h(z) + g(z)) be an element of S§;(A, B,1 —b). Then

g(2) 1+ Az
=< 01 )
h(z) 1+ Bz
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Proof. Since f = h(z) + g(z) be an element of S};(A, B,1 —b), then

(
J(2) 1+ Az 1g(z) 14 Ad(2)
)

b - = 6
Wz U 1T¥ Bz b h(z) 1+B¢(z) (6)
1) 1-ABR| _(A-B)r
by h’( ) 1-— B2 1 B2r2
Ar g’(z) 1+ Ar
|b1! | < b
W(z) 1+ Br
Therefore the relations (6) shows that the values of ( h,EZ;) are in the disc
/(2 (2 b1 (1—AB)r? b1|(1—AB)r?
i’gz; ‘ ‘ZIEZ% o 1(11—327‘2) S | 1|1(iB2r2) ) B 7& 0’
Dy (b1) = (7)
PG |58 — | < ol ar, B=0.
Now we define a function ¢(z) by
1+A
92) _, L+49(2) .

h(z) 1+ B¢(z)
then ¢(z) is analytic in D and ¢(0) = 0. Now we need to show that |¢(z)| < 1. If we take
derivative from (8), we obtain

/() _y 1A | (A= b () he) o)
W(z) ~ U1+ B(z) | (L+Bo(2))? 2h(2)
On the other hand since h(z) € S*(1 — b), then
W (z 1+ (20— 1)r? 2|b|r
Zh((Z)) - +§—r2 ! = 1|—‘r2 (10)
h’(z) 1+ (20—1)r>  2b|r
h(z) 1—r2 12 (11)
W (z 1 2b—1 21b|r
h((z)) . 5 — 72 - 1 |—|r2 (12)

(2) is

1—r?
1+ 2|b|re? + (2b — 1)r2

If we use Jack’s Lemma in this step we can write,

1+A(¢2;) | k(A-B)g(z1) 1—r? :
b1y + (1+B¢>(z1))12 1+2|b|re“’+(2b71)r2) ¢ w(Dr(br)), B#0;

this shows that the boundary value

bi[(1+ Ap(21)) + kAd(21)7 +2|b|reli;ﬁ2b_l)r2] ¢ w(D, (b)), B=0.
(13)

because |¢(z1)| = 1 and k& > 1. But this is contradiction to the condition
! 1+ A
g(2) , 1+A2
h'(z) 1+ Bz

and so have |¢(z)| < 1 for all z € D.
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Lemma 2.1. Let f = (h(z) + g(2)) be an element of S*(1 —b). Then

1 — p)lb|—Reb 1 |b|—Reb
s < @) < (1)
(1 + r)|b|+Reb (1 _ r)|b|+Reb

Proof. Since f = (h(z) + g(2)) € S*(1 —b),

Re[l + ll)(z];((j)) )] >0=1+4 ll)(zf;/((j)) 1= izgg
1 0@ ) 1+0(z) —1+6(2)
AT 1-o(z)
h(z)  2bp(z)
) T T
h'(z) 14 (2b—1)¢(2) Zh’(z) 1+ (2b—1)z
W) T el Che) & 1-=2 (15)
Re[l + 2(/2((5)) 1> 0=1+4 ll)(z’;((j)) 1= izgg — () =
1+11)(z};l((zz)) —-1)< T_ri =
(= 72 r
‘[1%—[1)(22((2)) R (16)
1, B(2) 1+72 2r
‘b(zh(z) —D+(1- 1—r2) —1—r2
1, hW(z) 2r? 2r
‘b(zh(z) -b- 1—r2 = 1—1r2
R'(2)  1—7r%+2br? 2|b|r
zh(z)_ 1—1r2 —1—1r2
R'(z) 14 (2b—1)r? 210b|r
Zh(z) B 1—r2 = 1—1r2 (17)

If we take b = x 4 iy, then we can write the following relations

Zh’(z) 1+ 2 +iy) - 1)r? < 2100 r
h(z) 1—r2 —1—1r2
R'(z) 142z —1)r2  yr? 2100 r
— <
‘Zh(z) ( 1—1r2 +21—7‘2) —1—1r?

W(z) 14 (22— Dr?  oyr? - Re(zh/(z) 1+ (22— 1)1"2) (18)

Re(z h(z) 1—1r2 T2 h(z) 1—1r2
If we use the following property in the inequality (17) and equality (18) then,
—|z| < Rez < |7
2 [b|r R'(z) 14 (20 —1)r? 2 bl r
— < — < 1
1_T2_Re(zh(z) 2 )S71_.2 (19)
1-2 27 — 1)r? ! 1+2 2z — 1)r?
|b|r + (22 — 1)r §Rezh(z)< +2blr + (2x )7“‘ (20)

1—1r2 h(z) — 1—r2
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Using the well known equality

Rez Z/((;) = r% log |h(z)]

we can get

1—2|blr + (22 — 1)r? 0 1+20b|r + (22 — 1)r?
<r—Ilog|h <
1—1r2 ="ar og |h(z)] < 1—72
After simple calculations and taking integration in inequality (21) from 0 to r, we get the
result easily.

(21)

O

Lemma 2.2. Let f = (h(z) + g(2)) be an element of S};(A,B,1—0b). Then
F(|b|, Reb,—r)(1 = 2[b|r — [2b—1|7?) < |W'(2)| < F(|b], Reb,r)(1 +2[b| r + |2b — 1| r?)

(22)
where bl—Reb—1
(L p)limem
F(Jbl, Reb, ) = (1- T.>|b\+Reb+1
Proof. It f = (h(2) + g(2)) be an element of S};(A, B,1 — b) the transformation
(1 + (26— 1)2)
1-=2
maps |z| = r onto the disc with the centre
1+ (20— 1)r?
Clr) = 1—1r2
and the radius
(r) = 21b|r
PT=1 02
Therefore we can write
P (z) 14 (2b—1)z 2 bl r
- < 23
‘ h(z) ( 1—2 )_1—7"2 (23)
If we use the property
|21] = |z2] < [z1 = 2za| < [z1] + |22
in the inequality (23) then,
' (2) 1+ (26— 1)r? R'(z) 1+ @2b—1)r%|  2]b|r
— < - < 24
Zh(z) ‘ 1—1r2 _Zh(z) 1—7r2 —1—r2 (24)
' (z) 20b|r |14 (2b— 1)r?
< 2
‘Zh(z) 12 1—r2 (25)
R'(2)] _ 1+2[blr+|2b—1|r?
= < 26
‘Z h(z)| — 1—1r2 (26)
On the other hand after simple calculations from inequality (23) then we take,
1—2]bjr—[2b—1|r? h'(z)
< 27
1—r2 =7 h(z) (27)
If we use the inequalities (26) and (27)
1—2b|r—|2b—1|7? R'(z)] _ 1+2]blr+|2b—1|r?
< < 28
1— 72 7Zh(z) - 1 — 2 ( )
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Here by using Lemma 2.1, we get the result.

(|
Theorem 2.2. Let f = (h(z) + g(2)) be an element of S};(A,B,1—10). Then
LS R (bl Reb, —r)(1 =20 r — |20 — 1]1%) < |g(2)] <
PUQEAD B (1], Reb, ) (1 + 26| 7 + [2b — 1] 2), B #0;
(29)
[b] (1 = Ar)F([b], Reb, —r)(1 = 2[b] 7 — [2b — 1] 7?) < |¢/(2)| <
|b1] (1 4+ Ar)F(|b], Reb,7)(1 + 2 |b] r + |20 — 1] 7?), B =0.
b1|(1—Ar 1—r |b| Reb b1 |(1+Ar) r(14r)Iol—Reb
i) e < lg(2)| < P e B #0;
(30)
r(1—p)|bl—Reb r(14-7) bl —Reb
b1 (1 = Ar) S < lg(2)] < b1l (1 + An) ey, B =0,
Proof. Using the definition of S};(A, B,1 — b), then we write
/ P _ 7.2
45 - 24 < MR B2
(31)
}h’ —b1‘<‘b1|AT B =0.
these inequalities can be written in the following form
b1|(1—Ar z by |(14+Ar X
o <[] < B0 5o
(32)
Ib] (1 — Ar) < ‘%) < || (1+ Ar), B=o0.
and using Theorem 2.1 we can write
b —Ar z b Ar
g < || < B s
(33)

Iby| (1 — Ar) < ‘%’ < || (1+Ar), B=o0.

Finally if we use Lemma 2.1 and Lemma 2.2 respectively in the inequalities (32) and (33),
we get the result.

]
Lemma 2.3. Let f = (h(z) + g(2)) be an element of S};(A, B,1 —b), then
by|(1—Ar b Ar
BUAZAD < fu(z)| < 12, B#0;
(34)
|b1] (1 — Ar) < |w(2)| < |b1] (1 4+ Ar), B=0.
Proof. Using Theorem 2.1, then we have
/ P _ 7.2
e < e, o
(35)
| < Jou) A, B=o.
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Corollary 2.1. Let f = (h(z) + g(2)) be an element of S*(1 —b), then
(1= 1b1]) + (B = [ba] A)r][(1 + |ba]) + (B + [ba] A)r]

(1+ Br)?
[(1 = [b1]) = (B = [ba| A)r][(1 + [ba]) + (B + |ba| A)r]

(1 — Br)?

< (- |w(x)") <

(14 |b1]) = (B + |b1] A)r (1+1|b1]) + (B + |b1| A)r

< (I +fw(z)]) <

1—Br 1+ Br
(1 —|ba]) + (B —[ba| A)r (1 —1b1]) = (B = |ba] A)r
<(1- <
T Br < (1= Jw(z)]) < -
Proof. This corollary is a simple consequence of Lemma 2.3. (|

Corollary 2.2. Let f = (h(z) 4+ g(z)) be an element of S*(A, B,1—10), then

[F(‘b’ , Reb, —T)]2(1—2 |b| ’I”—‘2b _ 1’ 7‘2)2 [(1 - |b1|) + (B — |b1|("f)£}gi; |b1’) + (B + ‘b1| A)T]
< J; <
1= [b1]) = (B = [ba] A)r][(1 + [ba]) + (B + |ba] A)r]

[F(|b] , Reb, 7)]* (142 b r+(2b — 1] r?)? ( - B2

Proof. Since
Jr= W@ ~ld@f = @] - W]
= K@) (1= w(z)P),
then using Lemma 2.2 and Corollary 2.1 we get it. g
Corollary 2.3. Let f = (h(z) + g(2)) be an element of S*(A, B,1 —b) , then

[l Reb, =) - 2l 212y EEPDEEE R < gy <
/T[F(]b| Reb, 1) (14 2b 7+ 26— 172 L= ’bl)l_ (g_ ol Ar g,
0 — T
Proof. Since
(IW'(2)] = 19" (2)]) |d=| < |df| < (|1 (2)] + |4/ ( \ \dZI =
([ ()| = [P (2)w(2)|) |dz| < |df| < (|W'(2)] + [P (2)w(z)|) |dz| =
W' (2)| (1= [w(2)]) |dz] < [df| < [P/ (2)] (1 + |w( )\) |dz]| (36)

Using Lemma 2.2 and Corollary 2.1 in the inequality (36) we get

1—r)(1 —[bi1])
F(|b|, Reb, —r L= 2pb)r— |2b— 1) < |df] <
(7 (o (1 =2} 26— 1)) SR < | <
(14 7)1 = [ba]?)
(L+1[b1]7)
After the integration of this inequality we obtain desired result. U
Theorem 2.3. If f = (h(z) + g(2)) be an element of S};(A, B,1 —b) then
n—1
Z|Gk—hk] <(A-B)*+) |-BGi+ Ahyf (37)
k=1 k=1

[F(|b], Reb,7)](1 + 2 |b| 7 + |20 — 1] ?)
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Proof. It f = (h(2) + g(2)) € S};(A,B,1 -)
J'(2) 1+ A4z g(2) 1+ Az
b
W) 1Bz h(z) M1+ Bz
g(z) , 1+ Az
hz) 1+ Bz
(D12 4 b2? + bg2® + ... + by2") 1+ Az

z+ a2 +a3z3+...+apz® 1+ Bz (38)
G(z) 1+ Az
h(z) 1+ Bz
where
G(2) = 2+ 2% + 323 + ...
and

o0
= Z ekzk
k=1
If we make simple calculations

[G(2) = h(z)] = ¢(2)[-BG(2) + Ah(z)]
Z 2t — Z hyz® = Z ekzk[z —Bepz® + Z —Bhkzk} (39)
k=0 k=0 k=1 k=0 k=0

= (co+crz+ e+ ..+ cp2 4+ .. —hg— hiz — ho2? — .. — hkzk)
= (elz—i—egz2+...—|—ekzk)(—BCO—Bclz—BCQZQ—...—Bckzk—|—...+Ah0+Ah12+Ah222+...+Ahkzk)
Then we can write,

[(Go—ho +Z Gr—hy)Z"] = Zekz BGo—l-Aho)-i-Z(—BGk—i-Ahk)zk}. (40)
k=1 k=1

if we take Go = hg =1, in the equahty (39), then

= [ (Gr—hi)2* = (O ens®) )+ (—BG + Ahy)z"). (41)
k=1 k=1 k=1

Therefore we have

2w
FEP <|GEP = ; /

12
F(rew)‘ do < —

:>Z|Gk hi? 72 Z |sk|2 2% < [(A— B) +Z|Bhk+Ahk|2 2k (42)
k=n+1 k=1

(> Isl*r*) >0

k=n-+1
then the equality (42) can be written in the following form.

Since

n

> (k+1) bria]” 2’*<Z (k +1)% |aga [ ¥,
k=0 k=0
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taking when r — 1 we obtain,

n

Dk 1P P < Dk + 1) |agsa

k=0 k=0

Here after brief calculations we get the result. We note that the proof of this theorem has
been based on the Clunie method [2]. O
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