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INTEGRITY AND DOMINATION INTEGRITY OF GEAR GRAPHS

R.SUNDARESWARAN !, V.SWAMINATHAN?Z, §

ABSTRACT. C.A. Barefoot, et. al. [4] introduced the concept of the integrity of a
graph. It is an useful measure of vulnerability and it is defined as follows. I(G) =
min{|S| + m(G — S) : S C V(G)}, where m(G — S) denotes the order of the largest
component in G — S. Unlike the connectivity measures, integrity shows not only the
difficulty to break down the network but also the damage that has been caused. A
subset S of V(G) is said to be an I-set if I(G) = |S| + m(G — S). We introduced a new
vulnerability parameter in [4],namely domination integrity of a graph G. It is a defined
as DI(G) = min{|S| + m(G — S)}, where S is a dominating set of G and m(G — S)
denotes the order of the largest component in G — S. K.S. Bagga.et. al. [2] gave a
formula for I(K2 x Cy). In this paper, we give a correct formula for I(K2 x C,). We
find some results on the integrity and domination integrity of gear graphs.

Keywords: Connectivity, Network Design and Communication, vulnerability, In-
tegrity , Domination Integrity, Gear Graph.
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1. INTRODUCTION

The communication network can be represented as an undirected and unweighted graph,
where a processor(station) is represented as a node and a communication link as an edge
between corresponding nodes. Communication network can be represented as a graph,
there are many graph theoretical parameters used to describe the vulnerability of commu-
nication networks.

The stability of a communication network is of prime importance for network designers.
In an analysis of the vulnerability of a communication network to disruption, two quantities
that come to our mind are

(1) the number of elements that are not functioning and

(2) the size of the largest remaining sub network within which mutual communications
can still occur. In adverse relationship, it would be desirable for an opponent’s network to
be such that the two quantities can be made simultaneously small. Unlike the connectivity
measures, integrity shows not only the difficulty to break down the network but also the
amount of damage that has been caused.

For convenience, we recall some graph parameters [3]. Let G = (V, E) be a simple,
undirected and finite graph with vertex set V(G) and edge set E(G). k(G),a(G), 5(G)
denote the connectivity , vertex covering and independence number of G respectively. For
a subset S of V(G), m(G — S) and w(G — S) denote the number of components and the
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order of the largest component in G — S respectively. A cut-set or vertex cut of G is a set
S C V(G) such that G— S has more than one component. An edge is said to be subdivided
when it is replaced by a path of length two connecting its ends and the internal vertex in
this path is a new vertex.

Vertex connectivity

k(G) = min{|S|: S C V is a cut set of G}

The vertex connectivity and edge connectivity have been frequently used. The difficulty
with these parameters is that they do not take into account what remains after the graph
is disconnected. Consequently , a number of other parameters has been introduced that
attempt to cope with this difficulty. Those parameters are listed below.

The toughness (Chvtal, 1973, [6])

tG) = min{% : S C V(Q) is a vertex cut of G}

The scattering number (Jung, 1978, [12])
$(G) = max{w(G — S) —|S|: S C V(G) is a vertex cut of G}

The integrity (Barefoot, et al., 1987, [4])
I(G) = min{|S|+ m(G — S) : S C V(GQ) is a vertex cut of G}

Definition 1.1. A set S for which the minimum is attained is called an I-set and an I-set
with smallest cardinality is called a minimum I-set.

The tenacity (Cozzens, et al., 1995, [7])

T(G) = mm{%i(f;)‘q) : S C V(G) is a vertex cut of G}

The rupture degree (Li. Zhang and Li [14])

r(G) = max{w(G — ) — |S| —m(G — S) : S C V(G) is a vertex cut of G}
Edge analogues of these parameters are defined similarly.

Integrity of paths was found by Barefoot, Entringer and Swart in [9].

Theorem 1.1. I(C,) = [2y/n] — 1, where [z]| denotes the smallest integer greater than
or equal to x.

Theorem 1.2. [11] For any graphs G and H, if G C H then I(G) < I(H).

Theorem 1.3. [2]
(a) Forn =3 or4,1(Ky x C,) =2I(C,) — 1 =5.
(b) Forn >5, ifn=1r%2+k with 0 < k < 2r, then
21 -1 ,if1<k<? < 3
(K % Cy) = (Cn) L if _I?_zorr<k_2,
21(Cy) , otherwise

Theorem 1.4. [2]
Forn > 2, z'fnzr2—|-k with 1 < k < 2r, then
2I(P,) -1 , ifogkggorr§k<37r,

I(Ky x Pp) =
(2 x Fo) 21(P,) , otherwise

P.D. Chawathe and S.A. Shende [8] proved the correct formula for I(Ks x P,), stated
below.



56 TWMS J. APP. ENG. MATH. V.6, N.1, 2016

4r — 3, 72§n<r2+L%J

4r — 2, r2+L%J§n<r2+r

dr —1, 1247 <n<r?4 [3H]
4r, r? 4 [+ <n < (r41)2

Theorem 1.5. [(Ky x P,) =

Similarly, In [2], a formula for I(Ks x C),) is given. According to this formula, (K> X
Ci4) = 14,1(Ky x Cg) = 30. However it can be easily proved that I(Ks x C14) =
13, I(K2 X 060) = 29.

In section 2, we give a correct formula for I(Ks x Cy,).

2. INTEGRITY OF Ky x C),

Definition 2.1. The Cartesian product of two graphs G1 and G, denoted by G1 x G, is
defined as follows: V(G1 x G2) = V(G1) x V(Ga) , two vertices (ui,u2) and (v1,va) are
adjacent if and only if u1 = vy and ue is adjacent to vo in Go or uy is adjacent to vi in
G1 and ug = vs.

Example 2.1.

- L]

U1 () V3 Un—2 Up— Un

The following lemmas and remark are proved in [8].

Lemma 2.1. If S is a minimum I-set with smallest number of components of order
m=m(G—S) in G— S, then {u;,uir1} € S and {v;,vi:1} £ S fori=1,2,--- ,n—1.

Remark 2.1. Let S be a minimum I-set for G = Py X Py,n > 4. If m = 1, then
by minimality of S, exactly one of {u1,v1} and exactly one {un,v,} is in S. Suppose
u1, v, € S . Then S" =S — {uy,v1}is an I -set , a contradiction. Hence m > 2.

Lemma 2.2. If S is a minimum I-set with smallest number of components of order
m =m(G — S), then there does not exist any component of order one in G — S.

In a similar way, we prove the following.

Lemma 2.3. If S is a minimum [-set with smallest number of components of order

m=m(G—2S5) in G- 8, then {u;,uit1} € S and {vj,vis1} € S fori=1,2,,--- ,n—1.

Remark 2.2. Let S be a minimum [-set for G = Koy x Cpy,n > 9. If m = 1, then
by minimality of S, exactly one of {ui,v1} and exactly one {un,v,} is in S. Suppose
ui,vp € S . Then 8" =S — {uy,v1}is an I -set , a contradiction. Hence m > 2.
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Lemma 2.4. If S is a minimum I-set with smallest number of components of order
m =m(G — S), then there does not exist any component of order one in G — S.

Remark 2.3. By using the above lemmas 2.3 , 2.4 and remark 2.2, |S| = 2t fort € N

and G — S has t components. Hence, 1(S) > 2t + [2272L] =2t — 2 4 [22] .

Lemma 2.5. Fort,n € N, let f(t) =2t — 2+ [22]|. Then the minimum value of f(t) is
4r — 3, rz—r+1§n<r2—L%J
4r — 2, TQ—L%JSR<T2+1
dr—1, r*+1<n<r?+ 5]

4r, P <n<r? 4y

given by minf(t) =

Proof:
Let g(z) = 2:E—2—|—27”, where x is positive real number. Then g(x) achieves its minimum
at © = y/n. Moreover, g(z) is increasing when z > y/n and decreasing when 0 < x < \/n.

Let I = [y/n] and I’ = |y/n|.Then
g(s) > g(l) for all s e N, s > [
and
g(s) >g(l') for all s e N, s > 1
It follows that
f(s) > f(l) for all s e N,s >
f(s) > f(l) for all s e N,s >
Hence the minimum of f(¢) is minimum of {f(1), f(I')} and it is stated above. [

dr—3, r’—r+1<n<r?—|"H]
dr—2, -5 <n<r?+1
dr—1, r?*4+1<n<r?+ 5]
4r, 4 [+ <n<r?4r

Theorem 2.1. [(K; x C,,) =

Proof:

It can be easily verified that

I(K2><C3):4;I(K2><C4):5;I(KQXC5):6;

I(KQXCG):'?;I(KQXC7):8;I<K2XCS):9

Let n > 9 and S be a minimum /-set with smallest number of components of order
m = m(G — S). Then by Remark 2.2, it follows that I(S) > min{f(g)|t € N}. Hence by
Lemma 2.5 , we have

dr—3, rP—r+1<n<r?— L%J
dr -2, 12— L%J <n<ri+1l
I{Kzx C) 2 4r — 1, r2+1§n<r2+[%1
4r, P <n<r? 4

We now construct a suitable S with I(S) > min{f(g)|t € N} to prove the reverse
inequality.
Casel. 2 —r+1<n<r?— L’”;—lj
Case 1la. Let r be odd.

Define S = {ua, v, Up+2, Vp42, U2p41, V241, * * ,ur27(3r7;2)71)r27(%)}.

|S| = 2r,m(G —S) =2r —3and I(C,) = 4r — 3.
Case 1b. Let r be even.

Define S = {ug, v2, Ur42, Vr+2, U2r 41, V2r 41, " ,urz_(y),vﬂ_(¥)}.

|S| = 2r,m(G —95)=2r—3and I(C,) = 4r — 3.
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Case 2. % — L%J <n<r+1.
Define S = {U27'U27u'r+2;vr+2a U2p4-2, V2r 42, "+ 7ur2—(r—2)7vr2—(r—2)}-
|S| = 2r,m(G —95)=2r—2and I(C,) = 4r — 2.

Case 3. 2 +1<n <r? 4[],

Case 3a. Let r be odd.

Define S = {ug, v2, Ur42, V43, U243, V243, " - - ,u,nz,L%J,pUﬂ{gJA}-

|S| =2r,m(G —S) =2r—1and I(C,) =4r — 1.
Case 3b. Let r be even.

Define S = {u27v2,Ur+2,vr+3,u2r+3,v2r+3, T 7u7‘2—%—|—17v7’2—%+2}'
Case 4. r? + [H ]+ <n <r? 41
Define S = {u27v2)ur+27vr+27 U2r+1,V2r41," " )UT2_(37‘2—Q)>UT2_(37‘2—4)}'

|S| = 2r,m(G —S) =2r —3and I(C,) = 4r — 3.

4r — 3, r2—r+1§n<r2—L%J
4r — 2, TQ—L%JSTL<T2—|—1
dr—1, r?+1<n<r?+ [
dr, r2+ [ER ]+ <n<r?+r

Thus ,we get I(Ky x Cp) > . Hence the result.

3. INTEGRITY OF GEAR GRAPHS

Geared systems are used in dynamic modeling. These are graph theoretic models that
are obtained by using gear graphs. Similarly the complement of a gear graph, the Cartesian
product of gear graphs and the sequential join of gear graphs can be used to design a gear
network. Consequently these considerations motivated us to investigate the vulnerability
of gear graphs by using the integrity and the domination integrity in this section.

Example 3.1.
U1 U2
Ug u3
us Uyg
Figure 1(a): W5 Wheel graph
Ul U1 (75
V2
Ve
Ug uz
Vs v3
U
5 V4 U4

Figure 1(b): G Gear graph

Definition 3.1. [3] The wheel graph with n spokes, W, is the graph that consists of an
n-cycle and one additional vertex, say w, that is adjacent to all the vertices of the cycle.
In Figure 1(a) we display W.
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Definition 3.2. [5] The gear graph is a wheel graph with a vertex added between each
pair of adjacent vertices of the outer cycle. The gear graph G, has 2n + 1 vertices and 3n
edges. In Figure 1(b) we display Gg.

The following table gives a survey of results on Gear graphs [9, 10, 13] for various
vulnerability parameters.

Parameter G, | G, L(Gy) Ky x G,
Toughness Tl 5 1 -
Tenacity 1 n 2"n—+1 323
Rupture Degree 0 [2-2n|<n+2-2V6n -
Scattering number 1 2-n 0 -
Integrity - - - -
Domination Integrity | - - - -

Theorem 3.1. Let G,, be a gear graph of order n > 3. Then I(G,) = [2v/2n].

Proof:

Let S be a cut set of G, with |S| = z, (2 < < v/2n), then the remaining graph G,, — S
has atmost x — 1 components, and so,

m(Gpn — S) > % . Since % > 1, So  must be at most v/2n.

By the definition of Integrity, I(G,) > mmln{x + 2ntl-s

z—1
Now, for x > 0, the function f(x) = x+% has a minimum value of 2v/2n. Since the
integrity is integer valued, we round this up to get a lower bound. Thus , I(G,,) > [2v/2n].
On the other hand, let S = {u} U S; is a cutset of V(G,) and S; is a cut set of
V(Cap,) with I(Ca,) = |S1| + m(Cay — S1) = [2v/2n] — 1 ( by Theorem 1.1). Thus
I(Gr) < |S1] + 14 m(Gp — S1) = [2v2n].

Definition 3.3. [3]
The complement of a graph G denoted by G, has the same vertex set of G such that two
vertices of G are adjacent if and only if they are not adjacent in G.

The complement of G, has two complete subgraphs K, which consists of all vertices of
the outer cycle ,say {ui,ug,...,u,} and K, 11 consists of the subdivided vertices of the
outer cycle along with the center vertex u, say {u,v1,v,...,v,}. Also, G, contains some
edges joining K, 11 to K.

Example 3.2.

G : The complement of Gg
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Similarly, u}s,2 < i < 6 are adjacent with respective v}s except the vertices v;—; and

Vi41-
Theorem 3.2. Let G, be a gear graph of order n > 3. Then I(G) = 2n — 1.
Proof:
Let S1 = {ui,ug,...,un} be a set of vertices of the outer n-cycle in W, and let
Sa = {u,v1,v9,...,v,} be a set of vertices which are added to the outer n-cycle in G,,. Let

u be a center vertex. Since S is an independent set of GGy, these vertices form a complete
graph with order n in G,,. Similarly, since So U {u} is an independent set of G,,, these
vertices form a complete graph with order n + 1 in G,,. Moreover, the graph G,, contains
some edges joining K, 1 to K. It is obvious that the vertex u in G, is not adjacent to
any vertex in K,. So we have three cases:

Case 1. If we remove n — 1 vertices from K, and n — 1 vertices from K, except u,
we get exactly two components of order 2, say {u,v1} and {uj,us}. Clearly , v; is not
adjacent with u; and ug in G,,. So, we get |S| = 2n — 2 and m(G,, — S) = 2. Therefore,
I(G,) = 2n — 1. Since, any vertex cut other S produces higher value than I(G,,).

Case 2. If we remove the vertices of S in G,,, then we have only one component which
is graph K, 41. Then

m(Gp — S1) = |[V(Kp+1)| =n+ 1 and so |S1| + m(G,, — S1) =2n+ 1

Case 3. If we remove the vertices of Sy in G,,, then we have two components which are
graphs K, and K;. Then

m(G, — S2) = |V(K,)| =n and so |Se| + m(G,, — S3) =n

Hence, we have I(G,,) = min{2n — 1,n,2n + 1} = 2n — 1.

Definition 3.4. [3] The line graph L(G) of a graph G is a graph such that each vertex of
L(G) represents an edge of G, and any two vertices of L(G) are adjacent if and only if
their edges are incident, meaning they share a common end vertex in G.

The line graph of G,, has 3n vertices and ”2%7" edges.

Theorem 3.3. Let Gy, be a gear graph of order n > 3. Then I(L(G,)) =n+ [2v2n] —1.

Proof:
Let S be a cut set of Gy, with |S| = n+ z,(2 < z < +/2n), then the remaining graph
G, — S has atmost x components, and so,
m(G, — S) > W Since W > 1, by the definition of integrity, I(G,) >
min{(n + x) + M}
x

xT

Now, for x > 0, the function f(z) = (n+x) + w has a minimum value of 2v/2n.
Since the integrity is integer valued, we round this up to get a lower bound.

Thus , I(L(Gyn)) > n+ [2v2n] — 1. = (1)

On the other hand, let S = {uy,ug, -+ ,un} U S is a cut set of V(L(G,)) and S; is a
cut set of V(Cy,) with I(Cay,) = |S1| + m(Cay — S1) = [2v/2n] — 1 ( by Theorem 1.1).

Thus I(L(G,)) < |S1| +n+ m(Cap — S1) =n+ [2¢/2n] — 1 — (2).

From (1) and (2), we get the result.

Theorem 3.4. Let n > 3 be a positive integer.

4r — 3, r2—r+1§n<r2—L%J
4r — 2, rz—L%J§n<r2+1
dr—1, r?+1<n<r?4+ 2]
4r, T2+[7“5—11+§n§7‘2+7‘

ThenI(K2 XGn):I(KQ XCn):2+
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Proof:
Clearly, (K2 x Gy,) — {u,v} = Ky x Cy,. Clearly S = S; U {u,v} is a I- set of K3 x G,
where S is an I-set of K9 x C},. Hence the result.

4. DOMINATION INTEGRITY

In an administrative set up, decisions are taken by a small group whose members have
effective communication links with other members of the organization. Domination in
graphs provides a model for such a concept. A subset D of V' (G) of a graph is a dominating
set if for every u € V — D, there exists a v € D such that wv € E(G). In a network,
a minimum dominating set of nodes provides a link with the rest of the nodes. If D is
a minimum dominating set and if the order of the largest component of G — D is small,
then the removal of D results in a chaos in the network because not only the decision
making process is paralyzed but also the communication between the remaining members
is minimized. In the case of disruption of a network, the damage will be more when
vital nodes are under siege. This motivated the study of domination integrity when the
sets of nodes disturbed are dominating sets. So, we introduce the concept of Domination
Integrity of a graph [15] as another measure of vulnerability of a graph which is defined
as follows.

DI(G) = min{|S|+m(G—S)}, where S is a dominating set of G and m(G —S) denotes
the order of the largest component in G — S and is denoted by DI(G).

3 n=34

Theorem 4.1. [15] DI(C,) = {[ﬂ >5
21 n>

In this section, we find some results on the domination integrity of gear graphs.
Theorem 4.2. Let G,, be a gear graph of order n > 3. Then DI(G,) = [2?"] + 3.

Proof:

Clearly, 7(Con) = [%] = v(Gy). Also D = S U {u},m(G,, — D) = 2, where S is a
minimum dominating set of Cy, and u is the center vertex of G,,. Therefore, DI(G,,) <
|D|+2 = [%]43. If S is any dominating set other than D of Gy, then |D|+m(G, — D) =
(2] + 3.

Theorem 4.3. Let G,, be a gear graph of order n > 3. Then DI(G,,) = 2n — 1.

Proof:

It is easily seen that I(Gy,) = 2n—1 < DI(G,,). On the other hand, remove n—1 vertices
from K, and n—1 from K, 1 except u,we get exactly two components of order 2 say {u,v1}
and {uy,v3}. Clearly, vy is not adjacent with uq and ug in Gy,. So, |S|—2n—2,m(G,—S) =

2. Therefore, DI(G,,) < 2n — 1. Hence DI(G),) = 2n — 1.
Theorem 4.4. Let G,, be a gear graph of order n > 3. Then DI(L(G,)) = 2n — 1.

Proof:

It is easily seen that I(L(G)) = 2n — 1 < DI(L(Gy)). On the other hand, we let S
denote a cut set of L(Gy,) with I(L(G,) = 2n — 1 , which is also a dominating set of G,,.
Therefore, DI(L(Gy)) < 2n—1. Clearly, any other dominating set S” of L(G,,), m(L(G,)—
Sy > m(L(Gy)) — S). Hence DI(L(G,)) = 2n — 1.
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5. CONCLUDING REMARKS

A communication network can considered as a graph model with nodes and links. There
are many graph theoretical parameters used to describe the vulnerability of communica-
tion networks including connectivity, integrity, toughness, tenacity , rupture degree and
scattering number. In order to measure the performance, we are interested in the follow-
ing performance metrics, the number of elements that are not functioning, the number of
remaining connected sub-networks and the size of a largest remaining group within which
mutual communication can still occur. The vertex-connectivity and edge- connectivity
have been frequently used. The difficulty with these parameters is that they do not take
into account what remains after the graph is disconnected. Consequently, a number of
other parameters have been introduced that attempt to cope with this difficulty, including
toughness and edge-toughness , integrity and edge-integrity, tenacity and edge-tenacity,
rupture degree and scattering number. Unlike the connectivity measures, each of these
parameters shows not only the difficulty to break down the network but also the damage
that has been caused. The domination and vulnerability of network are two important
concepts for the network security. In this paper, We have studied two important measures
of vulnerability known as integrity and domination integrity and investigate domination
integrity of gear graphs.
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