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SOLUTIONS FOR A DISCRETE BOUNDARY VALUE PROBLEM
INVOLVING KIRCHHOFF TYPE EQUATION VIA VARIATIONAL
METHODS

ZEHRA YUCEDAG!'

ABSTRACT. In this paper, Mountain Pass theorem is applied together with Ekeland
variational principle, and we show the existence of nontrivial solutions for a discrete
boundary value problem of p (k)-Kirchhoff-type in a finite dimensional Hilbert space.
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1. INTRODUCTION

1. Introduction
We are concerned with the following problem

—M (A(k—1,Au(k —1))) Aa(k—1,Au(k—1))) = Af (k,u(k)),
{ w(0)=u(T+1)=0, keZ[1,T],

where T' > 2 is a positive integer, Z [a, b] denotes the discrete interval {a,a + 1, ..., b} with
a and b are integers such that 0 < a < b; Au(k) = u(k+1) —u(k) is the forward difference
operator; f :Z[1,T] x R — (0,+00) is a continuous function; A is a positive constant.
Moreover, we assume that the function a(k,&) : Z[1,T] x R — R is continuous derivative
with respect to § of the mapping A : Z [1,T| xR — R, A = A(k,§),ie. a(k,§) = VA(E,§);
p:Z1]0,T] — [2,00) satisfies

= min p(k) <p" = max p(k) < oco.
keZ[0,T) k€eZ[0,T]

(P)

We suppose that f, M, a and A satisfy the following conditions:
(Mj) M : (0,+00) — (0, +00) is continuous function such that

(1=m)s*™H < M(s) < (1 +m) s>,

forall s >0,0<n<1and a>1.
(fo) There exists a function (k) : Z [1,T] — [2,00) such that

U D) < o (1+ 14997
for all (k,t) € Z[1,T] x R, where ¢ is pozitif constant.
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(A1) There exists a constant ¢y such that

la(k, €)| < co(1+ [P,

for all (k,£) € Z[0,T] x R
(A2) The following inequalitiy holds true

E[P®) < a(k,€) - € < p (k) Ak, ),

for all (k,&) € Z[0,T] x R.
(A3) The following inequality holds true

(a(k, &) —alk,n)) - (€ —n) >0,
for all k € Z[0,T] and &,n € R such that £ # .
(A4) A(k,0) =0, for all k € Z[0,T].
Problem (P) is related to the stationary version of a model, the so-called Kirchhoff
equation, introduced by Kirchhoff [20]. To be more precise, Kirchhoff established a model
given by the equation

0*u

2
dv | 5=

L
2
2o (ko ) "
ot h 2LJ |0x
0
where p, Py, h, E, L are constants, which extends the classical D’Alambert’s wave equa-
tion, by considering the effects of the changes in the length of the strings during the
vibrations.

Discrete boundary value problems have been extensively studied by applying variational
methods in the last few years because they can be used to models various phenomena
arising from the study of elastic mechanics [30], electrorheological fluids [26] and image
restoration [9]. We refer to the recent results of involving the discrete p—Laplacian op-
erator and p (k) — Laplacian operator [6, 7, 8, 7, 19, 22, 29]. The discrete problems of
type (P) involving anisotropic exponents have first been discussed by [24, 21]. Moreover,
Koné and Guiro studied a more general operator in [21, 13]. In [24], by using critical
point theory, the authors showed the existence of a continuous spectrum of eigenvalues
for a discrete anisotropic problem. In [21], using minimization method, Koné and Ouaro
obtained the existence and uniqueness of weak solutions for anisotropic discrete bound-
ary value problems. Then, the authors studied the existence and multiplicity of positive
solutions for a discret anisotropic equation by variational methods and a critical point
theory in [11, 28]. Moreover, many interesting results are obtained see for examples, in
2, 3,4, 5,12, 15, 16, 17, 18, 25]

In this paper, applying Mountain-Pass theorem together with Ekeland variational prin-
ciple of Ambrosetti-Rabinovitz’s (see [24]), we obtain the existence of at least one nontrivial
weak solution of an anisotropic discrete boundary value problem of p (k)-Kirchhoff type.

This paper is organized as follows. In Section 2, we present some necessary preliminary
results. In Section 3, we get some existence results for (P).

2.Preliminaries
Let us define the function space

W ={u:7Z[0,14+T] — R; such that u(0) =u(T +1)=0}.
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Then, W is a T-dimensional Hilbert space [1] with the inner product

T+1
(u,v) = Z Au(k —1)Av(k — 1), Yu,v e W.
k=1

Then, the associated norm is defined by

T+1 1/2
Jull = (Z |Au(k — 1)\2) :
k=1

On the other hand, it is useful to introduce other equivalent norms on W, namely

T 1/m
lul,, = <Z ]u(k)]m> , Yu € W and m > 2.
k=1
It can be verified [7, 24] that

T2 @M ul, < Jul, < TV uly, Yu€ W and m > 2. (2.1)

Lemma 2.1[24]
(i) For every w € W with |lul| > 1,we have

T+1 B
> 1Atk = DPED 2 7CI (74 1).
k=1

(17) For every uw € W with ||u|| < 1,we have

T+1 N
3 Au(k — 1)PED > 7T 2)2
k=1

(7i1) For any m > 2 there exist a positive constant ¢, such that

T T+1
D lulB)™ < em Y |Aulk = 1™, VueW.
k=1 k=1
Furthermore, from (2.1) and Lemma 2.1(i74), it reads
T+1 Fl
ulfs < T ulf < T (Z Au(k - 1>|2> = enT lull™ (22)
k=1

Definition 2.2 Let X be a real Banach spaces and let Iy be a functional such that I €
C(X,R). We say that I satisfies Palais-Smale condition ((PS) condition for short) if
any sequence {u,} in X such that {Iy (un)} is bounded and I} (un) — 0 as n — oo, has
a convergent subsequence.

Theorem 2.3 (Mountain-Pass lemma)(see [27]) Let X be a Banach space and I
€ C' (X, R) satisfy the Palais-Smale condition. Assume that I(0) =0, and

(1) There exist two positive real numbers v and r such that I (u) >r >0, for all u € X
with ||ul| = 7.

(13) There exists u € X with ||u|| > v such that and I (u) <O0.

Then, I has a critical value 8 > «. Moreover, 5 can be characterized as
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0 := inf I t
<p Inf, max (e (1),

where G = {p € C([0,1],E): ¢ (0) =0, ¢ (1) = u}.

3. The Main results
The energy functional corresponding to problem (P) is defined as I : W — R,

(TZHA k—1,Au(k )—)\ZFku

where k € Z[1,T7, J\?(t):jM( ds and F (k,t) ff (k,&)d
0
A critical point to Iy is a point u € W such that

T+1

i k—1,Au(k - ))) > alk—1,Au(k—1))Av(k—1)

k=1

T
Z v(k), Yk € Z[1,T)

which in turn is a weak solution to (P) for any v € W. Since we work in a finite dimensional
space, we see that any weak solution of (P) is in fact a strong, i.e. classical solution. Hence,
in order to solve (P), we need to find critical points of I .

Lemma 3.1
(1) The functional Iy is well defined on W.
(ii) The functional I is of class C*(W,R) and

) T+1 T+1
<I/\(u),v> (ZA 1, Au(k— ))) Y a(k—1,Au(k - 1)) Ao (k- 1)
k=1
—)\kau (k),Vk € Z[1,T],

for all v,v e W.
Since the proof of Lemma 3.2 is very similar to that of the proof of Lemma 3.4 in [13],
we omit it.

Lemma 3.2 [23]| A varifies the following condition

Ak, t6) < Ak, &) t*®) for all (k,t) € Z[0,T] x R,t > 1.

Theorem 3.3 Assume that (M) and (fy) hold with ¢© < ap~. Then, there exists
Aix > 0 such that for any X € (0, Aix) the problem (P) has at least one nontrivial solution.
Proof. Let |lu|| > 1.Using the condition (M;), we have
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. T+1 T
L(u) = M <ZA(k—1,Au(k—1))> —A> F(k,u(k)) (3.1)
k=1 k=1

T+1
S A(k—1,Au(k—1))
k=1 T k)
_ k)|
> (1 — s Ids — \e L
> (1) { o3

If we use the inequalities [u(k)[?® < |u(k)|T + |u(l€)\q+ for Vk € Z[1,T],u € W , Lemma
2.1(47i) and relation (2.2), we obtain

- " T+1 o+ T+1 -
()T + [uk)” < e > |Au(k— DT +ep- > |Au(k - 1) (3.2)
k=1 k=1

+ —
< e T lull® +cg-T [luf

For u € W with ||u]| > 1, the above inequalities combined with (3.1) ,Lemma 2.1(7), (fo)
and relation (A2), imply that

1—n ! “ AC + T
L > Al =1, Au(k—1)) | =22 e
q

k=1
1—1n (227 a - Acgr +
> LI O e = 25 et
a(pt) q
Thus, if we choose as
N g TCF"
T a(ph) e T

then for any A € (0, \y) and ¢ < ap™, I, is coercive.

A continuous coercive functional on a finite dimensional space is bounded from below.
On the other hand, it is obvious that it is also weakly lower semicontinuous on the finite
dimensional Hilbert space W. Therefore, (P) has at least one nontrivial solution in W.

Ezample 3.1 As examples of a and A functions satisfying assumptions (A2)-(A4), we
can give the following.

If we take
a(k,&) =[PP =2¢, for all (k,€) € Z[1,T] xR
we have
1
Ak, &) = —— |¢P®)
(k,€) o) €]

On the other hand, if we let

alk,€) = (1 + |§12)(p(k)_2)/25, for all (k,€) € Z[1,T] x R

then we have

Alk.€) = p(lk) [(1 N |£‘2)p(k)/2 B 1} ‘



ZEHRA YUCEDAG: SOLUTIONS FOR A DISCRETE BOUNDARY VALUE PROBLEM 149
Ezample 3.2 As an example of application of the Theorem 3.3, we consider the following:
Let
Fllot) = [t"2, p(k—1) = " 145, (k) = k+3, M (t) =t,T =2,a =2, c;+ = L and n = 1/2,

then we have

1
k+3
Thus, all the assumptions requested in Theorem 3.3 are provided.

F(k,t) = (L3 pm =6, pt =e+5, ¢ =4, ¢ =5 and A, = 0,134291561.

Theorem 3.4 Assume that (My),(fo) hold. Suppose, additionally, that the following
conditions hold:

(f1) : f(k,t) = 0(\t]°‘p+_1), t — 0,with ap™ < q~ for Yk € Z[1,T);

(AR) : Ambrosetti-Rabinovitz’s condition holds, i.e. There exists constants Jt. > 0,
0<n<1

0> 1_’_777047"'
L=
such that
0 < O0F(k,t) < f(k,t)t, |t| >ts, Yk € Z[1,T].

Then, the problem (P) has at least a nontrivial solution for any X > 0.

Lemma 3.5 Assume that the assumptions of Theorem 3.4 hold. Then,

(i) There exist two positive real numbers v and r such that Iy (u) >r >0, u € W with
lull = -

(i7) There exists w € W such that ||ul| > v and I (u) < 0.

Proof. (i) Let ||u|| < 1. Then, using condition (M), (A2), (A4) and relation (2.2), we
have

- T+1 T
Iy(u) = M(ZA(k—l,Au(k:—l)))—AZF(k,u(k))

k=1 k=1

T
(1-mn) 227y +
——5T 2 ul| P =AY F(ku(k)).
— Il AT F ()
From (fy) and (f;), we can write the following inequality

Fk,t) < et + e |1,

where c; is pozitif constant and ¢ € R. Let € > 0 be small enough such that Aec,,+T <

Ml(}'%f)aT(%p_)a Thus, considering also inequality (2.2), (3.2) and Lemma 2.1(ii) we
obtain
(L=n) g VR VR
- -p « k
I(u) = )" TEF [l = A Y Ju (B)| = der D fu (k)1
p k=1 k=1
1—n 2-p" ya + + + -
> (a(m)aT( 0 ull” = Aecaps Tl = Acr (g T llull "+ ¢y T lul*)
1— e -
> o T ull ™ — s, T ul

2a (pT)*
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Sincellu|| < 1 and apt < ¢, there exist two positive real numbers v and 7 such that
Iy(u) >r>0,ue W with ||u|| =~ € (0,1).
(77) From (AR) and for each ¢ > 1, we can write

F (k,tu) > t°F (k,u), Vk € Z[1,T].
Thus, for ¢ € W, # 0 and ¢t > 1, we have

T+1
I\ (tY) = M(ZA( —1,Atp (k )—)\Zsztcp
k=1
T+1

T
1+n 1+"a
k=1

a(pm)i=r
Since 0 > ﬁZap it can be obtanied that I (t)) — —oo as t — 4o0.

IN

Lemma 3.6 Assume that the conditions (Mi), (fo) and (AR) hold with ap™ <
q~—.Then, for any A > 0 the functional I satisfies Palais-Smale condition.
Proof. First, we deduce the existence of a sequence {u,} C W such that

|Ix(un)| < ¢ and I} (u,) — 0 as n — oo.

We prove that {u,} is bounded in W. Arguing by contradiction and passing to a
subsequence, we have ||u,|| — 0o as n — co. Thus, we may assume that for n large enough,
we have ||u,|| > 1. Moreover, using the conditions (M), (AR), (fp), and relations (A2),
(A4), we can write

%<I§\(un)7un>

T+1
S A(k—1,Aup (k—1))

k=1 + T+1 ¢
> (1—p) / sl gg (Z Ak —1,Auy (k- 1)))

¢+ [luall = In(un) -

k=1
T+1 “
(1;77 B p*) (iA —1,Aun(k—1))> ,

for n large enough. From (A2),(AR) and Lemma 2.1 (7), we obtain

1 1-n (1+n)p" . -
c—|—||un||2(p+)a< - _{ 9) )T(M)/?”uup — K (o, T)T*.

Dividing the last inequality above by ||u|’ , and passing to the limit as n — co,we infer
that {||un||} is bounded in W. This information combined with the fact that W is a finite
dimensional Hilbert space imply that there exists a subsequence, still denoted by {u,},
and ug € W such that {u,} converges to ug in W. Thus, I, satisfies (P.S) condition.

Proof of Theorem 3.4 From Lemma 3.5, Lemma 3.6 and the fact that I, (0) = 0,
I satisfies the conditions of Theorem 2.3. Therefore, the problem (P) has at least one
nontrivial solution.
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Ezample 3.3 We consider the function
Flk,t) = [t1"™=2¢ for all (k,t) € Z[1,T] x R,

From the above definition of f, we get F'(k,t) = ﬁ \t\q(k) If we take

pk—1)=k+1, qk)=2(k+1),M(t) =2t,T =2, =1 and n = 0, 1316309013,

f(1,t) = t3and f(2,t) =
we obtain
p=2,p =3, ¢ =4, ¢" =6, F(1,t) =t*/4 and F(2,t) = t9/6.

Hence, all the assumptions requested in Theorem 3.4 hold.

Theorem 3.7 Assume that (My) and (fo) hold with ¢— < ap—. Then, there exists
A« > 0 such that for any X € (0, \y) the problem (P) has at least one solution.

Lemma 3.8 Assume that the assumptions of Theorem 3.7 hold. Then, there exist n,
a>0 and A\, >0 such that for any A € (0, ), we have
Iy(u)>a>0,YueW with |ul=n.

Proof. Let ||u]] < 1. Using conditions (M), (fy) and relations (A2), (A4), (2.2), we
obtain that for v € W with ||u|| = n the following inequalities hold true

T+1 T
(ZA —1,Au(k— )))—/\ZF(k,u(k))

k=1

_ t_2)a

. a ’QT(” )
a(pt)

= (Cspaﬁ_qi - )\C4> nt,

where c3 and ¢4 are positive constants. If we use (3.3) and ¢~ < ap™ < ap™, and choose
Ax as

apt C2C,— —
[Ju]| P —ATETIIUHq (3.3)

+_ —
cnP 4
A= o0

2¢cy

apt
then for any A € (0,\,) and Yu € W with ||u|| = n there exists a = 03’7; such that
Iy (u) >a>0.

Lemma 3.9 Assume that (My) and (fy) hold with q— < ap~. Then, there exists
© € W such that ¢ > 0,0 # 0 and Iy (tp) <0, for t > 0 small enough.

Proof. For any fixed ¢ € W, ¢ # 0 and each t € (0, 1), using conditions (M), (fy) and
Lemma 2.1(i7), we have

T+1 T
I (tp) = A?(ZA( — 1, Aty (k )—AZF/@W

+1 @ + T (k)
147, ¢yt | ()|
< g E—1,Ap(k—1 - A g
( = . ))) ¢ = mk)
T+1 o T
1_|-77 _ Clt
G Ak—1,Ap(k—1)) —
S (k: ( A ( )) > o

k=1
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Thus,
I)\ (tSO) < 07

1
for all t < jer——a= with

T T+1 @
0<d< min{l,)\aclz|gp(k)m(k)/ ((1 +n)q (ZA(k:— LA (k- 1))) )}

k=1 k=1
The proof of of Lemma 3.9 is complete.

Proof of Theorem 3.7 By Lemma 3.8, we infer that there exists a ball centered at
the origin B C W, such that

inf I, > 0.
B, (0

Moreover, from Lemma 3.9, there exists ¢ € W such that I (t¢) < 0, for all ¢ > 0 small
enough. Thus, by taking into account (3.3), we obtain the following

—oo < c:= inf I, <O.
B,(0)

Let choose € > 0. Then, it follows

0<e< inf Iy— inf I,.
9B,(0) B,(0)

Applying Ekeland’s variational principle [10] to the functional Iy : B, (0) — R, we can
find u. € B, (0) such that

Iy (ue) < inf Iy +eand Iy (ue) < Iy (u) + e lju — uel|, u# ue.
B,(0)

By the fact that
I/\(ug) < inf Iy +e< inf Iy +e< inf I,
By(0) 9B,(0) 9B, (0)
we can infer that u. € B, (0).Now, we define ¢, : B,(0) = R by ¢, (u) = I (u) +
el|lu — uel| . It is clear that u. is a minimum point of ¢, and thus
O (ue +tv) — ¢ (uc)
t
for ¢ > 0 small enough and any v € By (0) .By the above relation, we have
Iy (UE + tv) — I (UE)
t

>0,

+¢ejv]| > 0.

Letting t — 0, we have that <I:\(u5), ’U>—|—€ |v]| > 0, and hence, we infer that HI:\(UE) ‘ <e.

The information obtained so far shows that there exists a sequence {u,} C B, (0) such
that
I\ (uy) —» c= inf Iy <0and I} (u,) — 0. (3.4)
B,(0)
Since the sequence {u,} is bounded in W, there exists u € W such that, up to a subse-
quence, {u,} conververges to u in W. So, we conclude that I, has at least one nontrivial
critical point, i.e., the problem (P) has a nontrivial solution.
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