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A DIGITAL SCRAMBLING METHOD BASED ON BALANCING
NUMBERS
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ABSTRACT. In this article, a new approach to the study of image scrambling based
on balancing numbers, balancing transformation is presented. The properties of the
proposed transformation and its periodicity are studied in details. In order to reduce
the periods of the balancing transformation, we separate the consecutive pixels as far as
possible from each other in that domain of the digital images.
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1. INTRODUCTION

Digital image scrambling is commonly approached to secure the image data security.
In recent years, researchers have developed a number of methods to scramble the (x,y)
positions of images [1, 3, 4, 5, 6, 11, 14]. There were several image scrambling schemes
for protecting the confidentiality of sensitive images basically through cryptographic and
stenographic techniques [4]. In [5], Dong-xu et al., have formed and studied extensively
on two nonlinear transformations, i.e., one is higher dimensional Arnold transformation
and other is higher dimensional Fibonacci-Q transformation. They used the properties
of these two transformations for scrambling digital images. Bai et al., presented a digital
image scrambling algorithm based on Knight-tour problem (KTP) [1]. In [13], Zou et
al., has introduced two new methods for scrambling digital images and established the
periodicity of these transformations. In a subsequent paper [15], Zou et al., presented
two transformations, namely Fibonacci transformation and Lucas transformation, based
on the well known Fibonacci numbers and Lucas numbers. They have also shown that
the Fibonacci transformation and Lucas transformation are uniform and can be applied to
digital image scrambling. Bing et al., studied the periodicity of the Arnold transformation
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up to two dimensions [3]. Also in [3], they proposed a new method for computing the
periods of the Arnold transformation. It is experimentally proved that any transformation
with higher periodicity may reduce the level of image security [6]. The periodicity of the
above methods are high reaching. In this paper, we present digital image scrambling
method based on the sequence of balancing numbers and also discuss its uniformity and
periodicity.

The concept of balancing numbers was first introduced by Behera et al., [2] in the year
1999 which are obtained from a simple Diophantine equation

I1+24+--4+n—1)=n+1)+n+2)+---+(n+7),

calling n as balancing number and r as balancer corresponding to n. The balancing
numbers, though obtained from a simple Diophantine equation, are very useful for the
computation of square triangular numbers. If n is a balancing number then 8n? + 1 is
a perfect square, and hence n? is a square triangular number and the positive square
root of 8n? + 1 is called a Lucas-balancing number. The balancing numbers satisfy the
recurrence relation B,,; = 6B, — By_1, for n > 1 with initial conditions By = 0 and
Bi =1, where B,, denotes the n-th balancing number. The first four balancing numbers
are 1,6,35 and 204 with balancers 0, 2, 14 and 84 respectively. The n-th Lucas-balancing
number is denoted by C,, and defined as C,, = /8B2 + 1. These numbers satisfy the same
recurrence relation as that of balancing numbers with different initials Cy = 1 and C; = 3.
It is observed that Lucas-balancing numbers are very closely associated with balancing
numbers just like Lucas numbers are associated with Fibonacci numbers [7].

The balancing numbers and Lucas-balancing numbers are related to Pell and associated
Pell numbers by several means. Every even Pell number is twice of a balancing number
and the sum of first 2n — 1 Pell numbers is equal to the sum of n-th balancing number [8].

The balancing numbers satisfy many interesting identities. The Fibonacci numbers
satisfy the strongly divisibility Fyeq(mn) = gcd(Fim, Fr), while balancing numbers satisfy
Bgca(mn) = 8¢d(Bum, Bn) [7]. The sum of first n odd terms of the sequence of balancing
numbers is equal to square of the n-th balancing numbers, a property satisfied by the
sequence of natural numbers. This property makes the sequence of balancing numbers a
natural sequence.

The identity that connects three adjacent Fibonacci numbers is the famous Cassini for-
mula, which is given by F,,_1F,,+1 — Fg = (—1)". This formula is used to established many
important properties involving Fibonacci numbers and their related sequences. Cassini for-
mula for balancing numbers B,,_1B,,;1 — B2 = 1 which was introduced in [7], is also very
useful to proof many important identities concerning balancing numbers.

2. THE BALANCING TRANSFORMATION

Based on the sequence of balancing numbers, we develop a new transformation, balanc-
ing transformation which is applicable to digital image scrambling.

Definition 2.1. Let Ty = a, 1o =b and T,, = 61,1 — Tr_o for n > 3, where a, b are
non-negative integers. The sequence {T,,} is called the generalized balancing sequence.

When a = 1,3 and b = 6,17, then the generalized balancing sequence {7} is the
sequence of balancing numbers {B, } and the sequence of Lucas-balancing numbers {C), }
respectively.

A repeated application of the recurrence relation for T;, yields the following result.
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Theorem 2.1. Let {T,,} be the generalized balancing sequence defined by a and b and
{By} be the sequence of balancing number, then

Tn = an,1 - CLBn,Q, n Z 3.

Now we establish the Cassini formula for generalized balancing sequence T,, where
Tn = an—l — aBn_g, n > 3.

Theorem 2.2. The Cassini formula for the sequence Ty, is given by Ty 1Ty 1—T2 = —pu,
where 1 = a® — 6ab + b>.

Proof. Since T,, = bB,,_1 — aB,,_2, and using Cassini formula for balancing numbers, we
have

Tpi1Tn—1 — Ty = (bBn — aBp_1)(bBn—2 — aBp_3) — (bBn_1 — aBp_3)*
= _a2(372z—2 — By-1Bp-—3) — bQ(BZ—l — ByBn—2)
+ ab(ananfQ - Banf?))
= —(a* — 6ab + b*) = —p,
which ends the proof. ]

The following results are immediate consequence of Theorem 2.3.
Corollary 2.1. For the sequence of balancing numbers { By}, Byy1Bn_1 — B2 = —1.
Corollary 2.2. For Lucas-balancing sequence {Cy}, Cpy1Cn1 — C2 = 8.

Definition 2.2. A generalized balancing sequence {T,} is called a distinguished generalized
balancing sequence {Dr,} if T,, and T,,4+1 are relatively prime.

For example, the sequence of balancing numbers {B,} is in {Dr, } as the consecutive
balancing numbers are relatively prime.

Consider a sequence of consecutive distinct integers {0,1,2,...,m—1}. It can be easily
shown that, for a distinguished generalized balancing sequence {Dy, }, the sequence of
integers {Sx}, Sy = (kDp, + 1) mod Dr,, ,, for k =0,1,2,...,m — 1 is a permutation of
the original sequence {0,1,2,...,m — 1}.

Keeping the above result in mind, we now define the balancing transformation as follows.

+17

Definition 2.3. For a given positive integer r, the balancing transformation is defined as:
Sk = (kB + 1) mod Bpt1, fork=0,1,2,...,Bpt1 — 1.

Here the values of r play the role of secret key for balancing transformation. For different
applications of this transformations, different values of r may be chosen.

The following results are shown in [7]. These results help to explain the uniformity and
periodicity of the balancing transformations which we are going to introduce in the next
section.

Proposition 2.1. Let B,, is the n-th balancing number, then
e B3 — 1= Boy1Bon1.
hd B%n—l—l —-1= BQnB2n+2~
e By, divides B%n—i—l — 1.

e By, divides B;ln —1.
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3. UNIFORMITY AND PERIODICITY OF THE BALANCING
TRANSFORMATION

Periodicity of Fibonacci transformation was studied by Wall in the year 1960 [12]. Panda
et al. studied the periodicity of balancing numbers modulo primes and modulo terms of
certain sequences, which exhibit some important results, some of them are identical with
the corresponding results of Fibonacci numbers while some others are more interesting
[9]. They observed that the period of the balancing sequence coincide with the modulus
of congruence if the modulus is any power of 2. Also, they claimed that there are three
known primes for which 7(p) = m(p?), where 7(p) denotes the period of the sequence of
balancing numbers modulo prime, while there are no such primes are available till date
for Fibonacci sequence. Some similar results are also studied using matrix algebra by
Patel et al. in [10]. In this section, the uniformity properties and periodicity of balancing
transformation are examined.

The following results show the uniformity property of balancing transformation. After
applying this transformation to the results, it is observed that the adjacent pixels are
uniformly distributed. For the sequence {Sjy}, we have the following results from the
above table.

Obsevation 3.1. Let By, C,, and P, be the n-th balancing number, n-th Lucas-balancing
number and n-th Pell number respectively, then

|Sk+1 — Sk| = By or Popy1.
|Sk+2 — Sk| = 2B,.

|Sk+3 — Sk| = 3By, or Cy,.
|Skra — Sk| = 4B,.
 [Sk+p, , — Skl = 6.

The equidistant pixels are scattered uniformly across the whole images by applying
the balancing transformations to each row and then each column to the image. Conse-
quently, the original image can be recovered by implementing the same transformation
N times, this we call as balancing periodic transformation. Further, the period of the
balancing transformation has a period depending on the values of B, and B,i;. It is
observed that the period of the balancing transformation comes in terms of Pell numbers
or Lucas-balancing numbers. In particular, the periods of even balancing numbers are in
terms of Pell numbers while for odd balancing numbers, those are distinct Lucas-balancing
numbers. In particular, B, = Pop+1 and Bap+1 = Ch42, where the key r is different for
either Po, 41 and Ch4o. If we choose r = Pop 41 for Ba, or Cyio for Ba,y1, the period of
balancing transformation is 2.

Zou et al. showed that the period of the Fibonacci transformation is either 2 or 4,
depends on the size of the image [15]. As the period of the Fibonacci transformation is
less, distortion of the image is poor. Lucas transformation gives the higher periodicity, as
a result having more time complexity. The balancing transformation has less periodicity
as compared to Lucas transformation and the distortion is high as compared to Fibonacci
transformation, which eliminates the short coming of above two transformations.

3.1. Examples of Scrambling Digital Images Based on Balancing Transforma-
tion. In the present study, we have used two different images to implement the entire
work. The first one is Lena.jpg shown in Fig. 1(a) and other one is cameraman.jpg shown
in Fig. 2(a). The main aim is to reduce the periodicity of balancing transformation, so
that the time complexity is lesser. To do this, the balancing transformation is applied
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on original images [Fig. 1(a) and Fig. 2(a)], first row wise and then column wise. The
transformed images of the original images after 7 and 20 iterations are shown in Fig. 1(b),
Fig. 1(c), and Fig. 2(b), Fig. 2(c) respectively.

FIGURE 1.
el.ﬁ‘ :
N
LI i
Fig. 2(b) Fig_ 2(c)
FIGURE 2.

Peak Signal to Noise Ratio (PSNR) is error metrics used to compare image quality. It
is used to find out how much distortion is there in the image. The PSNR is used in the
transformed image of cameraman.jpg and Lena.jpg in Fig. 3.

In the above figure blue line indicates for Lena image and the red line indicates for
cameraman image.

4. CONCLUSION

In this article, balancing transformation is introduced and the uniformity and peri-
odicity of this transformation is discussed. A link between the periodicity of balanc-
ing transformations with Pell numbers and Lucas-balancing numbers is also developed.
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Fig. 3
FiGuRre 3.

It is experimentally observed that as compared to Fibonacci transformation and Lucas
transformation, balancing transformation over come both the poor distortion and higher
periodicity, respectively.
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