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SOME BOUNDS ON THE SEIDEL ENERGY OF GRAPHS

GULISTAN KAYA GOK?Y, §

ABSTRACT. This paper includes new bounds concepting the Seidel incidence energy. In
the sequel, improved bounds about the Seidel Laplacian energy concerned with the edges
and the vertices are established.
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1. INTRODUCTION

Let G be a simple, finite, connected graphs with the vertex set V(G) and the edge set
E(G). The maximum degree is denoted by A and the minimum degree is denoted by §.

The Seidel matrix is defined as nan real symmetric matrix S(G) = s;; where s;; = —1
if the vertices v; is adjacent to vj, (v; ~ vj), si; = 1 if the vertices v; % v; and s;; = 0 if
i = j. The eigenvalues of the Seidel matrix labeled as p1 > p2 > ... > up.

The Seidel Laplacian matrix S1,(G) is Dg(G) — S(G). The Seidel Laplacian energy of

4
S(G) is SLE = SLE(G) = >0 |t —(n = 1) + Tm‘ Let pf uk.... uk be eigenvalues

of the Seidel Laplacian matrix of G. Also, let ul — (n — 1) + 47m be denoted by T;. So,
SLE(G) =", |Ti|. [4,11,12] contain these equations.

The Seidel signless Laplacian matrix is represented by S+ (G) such that M1L+a /L%Jr yeens ,u£+
are the eigenvalues of the Seidel signless Laplacian matrix. In this matrix, uf+ < max;ecy 2d;.
See details in [3].

The structure of this paper is as the following: In Section 2, some proved lemmas are
focused. In third section, some results on upper and lower bound for Seidel incidence
energy of graphs with some fixed parameters are obtained. Also, Seidel signless Laplacian
energy of graphs and Seidel Laplacian energy are pointed out. In the sequel, some lemmas
are outlined and some results using the vertices, the edges and the degrees are improved.
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2. PRELIMINARIES

In this section, some back-ground material that is needed for later sections will be given.

Lemma 2.1 (10). Let ki, t; € R, i = 1,2,....,n. Let k,t, K and T be real constants such
that, 0 <k <k; <K and 0 <t <t; <T. Then,

Y kit =Y ki > ti| < y(n)(K — k)(T —t)
i=1 =1 i1

where y(n) = n[5]([1 — £][2]).
Lemma 2.2 (5). Let a;,b; € RT,1<i<mn. Then,

En:bg —i—rREn:a% < (r—l—R)iaibi
i=1 i=1 i=1

where r, R € R such that ra; < b; < Ra;. (R = maxs;,r = mins;).

Let 2; € RY for 1 <i < s. M, is defined as

T1+ T2+ ...+ Ts

M]_ - ’
S
M T1X2 + X123 + ... + T1Ts + T2X3 + ... + Ts_1Tg
2 = 1 3
55(s —1)
T1X2...L5—1 + T1X2...L5—2Ls + ... + T2X3...L5—1Lg
MS,1 = ’
S
M =T 1T2...Ts.

(See details in [6].)

Lemma 2.3 (1). Let x1,x9,...,xs be real nonnegative numbers. Then

1 1 1
My > M3 > M3 >...>Ms.
This equality gives if and only if t1 = 22 = ... = xs.

Lemma 2.4 (12). Suppose G is a graph and G has n vertices and m edges. Thus,
n
> uf =n(n—1)—4m,
i=1

K = Zn:(uf)Q =n2(n—1) —8m(n — 1) + 4M(G)
i=1

where M1(G) = Y., d? is called the first Zagreb index, for details see [2].

1=1"

3. MAIN RESULTS

3.1. On The Seidel Incidence Energy. Let S;(G) be Seidel incidence matrix of G.
Let SIE(G) be Seidel incidence energy of S(G) such that SIE(G) = Y 1" | Si. $1,52,...,5

are singular values of the Seidel incidence matrix and s; = /u’". (see [7,8,9])
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Lemma 3.1. Let G be a graph with n vertices, m edges and SIE(G) be incidence energy
of the Seidel matrixz of G. Then,

SIE(G) < y/n(n—1)—4m.

Proof. Let SL™(G) be signless Laplacian matrix of G and ,uf , ,u2 s e ,uﬁ+ be eigenvalues
of this matrix. Using the Cauchy-Schwarz inequality,

n n

SIE*(G) = (D _si)® < > (si

i=1 =1

¥
@
~—
no
—~
—_
~—

Since the Lemma 2.4. states that trace[SL(G)] = Y1, (uF) and trace[SL(G)] = trace[S;+(G)]
then Y7 (uX") = n(n — 1) — 4m. Therefore,

SIE(G) < y/n(n—1)—4m.

O

Theorem 3.1. Let G be a graph with m edges and n vertices. Thus, SIE(G) is bounded
with
i)

detS
nn—1)—4m-+n l_FLﬂLGj
i=2 Mg
IE > 4
S (G) - (2 maxiev(de)) ( )
i)
SIE(G) > \/n(n(n — 1) — 4m) — 4(n) (VA — V)2 (5)

Proof. i) Let s1 be the smallest singular value and s,, be the largest singular value of S(G).
Suppose a; = 1 and b; = s;, 1 < i < n. Using Lemma 2.2 implies that

n n n
Zs?—l—snlel < (sn—i-sl)Zsi. (6)
i=1 i=1 i=1

Hence,

n

YW BE En(uk ut ) < (kT + o\ pf ) (STEG)). (7)

=1

By Lemma 3.1, it is readily seen that,

detS
n(n—l)—4m+n1/ ‘ L+(LG+) < (W pk" + A/ uE)(SIE(G)). (8)
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. + + + +
Since pf" > pk" > .. > pk” and pf" < maxey (2d;), then

n(n—1) —4dm +n &“fj < (2max(2d,)) (STE(G)). (9)
=2

Therefore, it is expressed that

detS
n(n—l)_4m+n I_FH_F(LGE
i=2 Hi
IE > 1
SIE(G) > (2max;cy(2d;)) "

ii) Setting k; = s;, ti = s;, k=t =s, and K =T = s1, 1= 1,2,...,n. Using Lemma 2.1
the inequality becomes

n n

Y (s = (D si)? < A(n)(s1 — sn)’ (11)

=1 =1
Ian (SIE@G)?|  <~y(n)(\/ud" —\Jul")> (12)

By Lemma 3.1, it is seen that

SIE(G) = \/n(n(n = 1) —dm) — y(n)(\/ pf " — k") (13)

Since Mﬁ* < ,ulL+ < max;ey (2d;), then N1L+ = A and ,u,%+ = . Thus, it can be expressed
that

SIE(G) > \/n(n(n — 1) — 4m) — y(n)(VA — V5)2. (14)
0

3.2. On The Seidel Laplacian Energy. A lot of results have been improved for the
Seidel Laplacian energy. Knowing the value of the previous studies, the bounds can be
sharpened. Before stating the theorems, several lemmas in terms of n, m and degrees
are given in this paper. Then, different bounds are found for the Seidel Laplacian energy
concerned with the Zagreb index. In addition, the complement of a graph is considered
and an equation between the Seidel Laplacian energy of graph and its complement is
obtained.

Theorem 3.2. Let G be a graph and SLE(G) be an Seidel Laplacian energy of G. Let G
has n vertices with m edges. Thus,

(K — (20— (1) = T2, (15)

SLE(G) > \/

Proof. Assume that s = n, z; = |T;| and t = n(n — 1) for i« = 1,2,...,n. According to
Lemma 2.3, M; equals to

vy — iz Bl

. (16)
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For j # 1,

2 n n
M, = ZZZ|T1||TJ|

i=1 j=1
=2 1T - (1T
=1 =1
2 2 N~ L Am, o
=1 (SLE(G)” - S |k = ((n—1) - %)
j=1
=2(SLEGY — Y (b +2((n = 1) — (Y )
=1 i=1
~((n 1)~ 2,
The Lemma 2.4 implies that
My — %(SLE(G)Z K +2((n—1)— 47m)(n(n S 1) — dm)
(-1 -
2 4m
ZE(SLE(GV ~K+@2n—-1)((n-1)— 7)2.

1
It is known that M, > Mg . Therefore,

ZelTl  2sppGr - 1+ n- 10— 1) - )

SL%G)Q > 2(SLEG) ~ K + (20— 1)((n—1) ~ )?)
SLEGY 2 -2 (K = (20— 1){(n —1) = )
Hence,
SERG) 2 [ — = 1)t —1) - M)

4
Lemma 3.2. Let Ty be p¥ — (n —1) + N vith m # 0. Then,
n
4
TV >A+n+2+4 22
n

4
Proof. Tt is known that ¥ > A + 1 in [4]. From here, T1 > A +n+2+ il
n

953

(26)

(27)

(28)

(29)

(30)

0

Lemma 3.3. Suppose G is a graph and the edge of G is m (m # 0). Also, let P =

(Kl — (T1)2>(K2 — (T1)2) Then,
P < 16M1(G1)M1(G2)
+4N (M1(Gy) + M1(G2)) + N?
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where K| = Z?:1(Ti)2 and Ky = Z?:l(Tj)Z.

4Am +16m + 16m*  16m?
Proof. Let N = —( m At 1om+ 1om” ZL +8m + (A —2)?2 — n(2A +5)). Since
n n

4
Th>A+24+n+ —m, the result follows that
n

P > (a(n—1) +4M(G) — O Ak 2 en g 22 (33)
(nn = 1))+ 40(G) = 2 _ (A4 24 22 (34)
=16M;(G1) M1 (G2) + 4N (M1 (G1) + M;(Gs)) + N2. (35)
0
Theorem 3.3. If G is a graph of order n with m (m # 0) edges then,
(SLE(Gh)) + (SLE(Gs)) < %m +4+2n+2A (36)

+/4M;(Gy + Go) — 8n3 —32mn + 2N + X (37)
where X = \/16M1<G1) + MI(GQ) + 4N(M1(G1) + Ml(GQ) —2n3 — Smn) + N2,

4 4
Proof. Let Tizuf—(n—l)—i——mand Tj:,uJL—(n—l)—i——mthen
n n

n

AT+ < Y ITP+ Y 1T+ QJ DOITRY Ty (38)
1=2 =2 1=2 1=2

=2

n n
SYATP+Y I -2 (39)
=1 =1

n

+2$(2Ti2 I T)Q T2 = | Tal?) (40)
i=1

i=1

=K1+ Ky — 2| T1[* + 2V/(K1 — [ T1?) (K2 — | T1?)  (41)
=K; + Ky — 2| T1|* + 2V P, (42)
By Lemma 3.3 and Lemma 3.2,

n
ST +1T3)? < K+ Ko — 2| Ty (43)
=2

—|—2\/16M1(G1)M1(G2) + 4N(M1<G1) + Ml(G2)> + N2 (44)
§K1+K2—2(A+n+2+47m)2 (45)

+24/16 M1 (G1) M1 (G2) + 4N (M, (G1) + M1(G3)) + N2. (46)
Since, (Ml (Gl) + M, (GQ)) =M (Gl + GQ) —on3 — 8mmn, then

ST +1Ty))* < 4M (G + Ga) — 80 — 32mn + 2N (47)
=2

+V/16M1(G1) + M1 (Go) + 4N (M (G1) 4+ M1(Go) — 2n3 — 8mn) + N2, (48)
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Hence,

(SLE(G1)) + (SLE(Gs)) < %m +4+2n+2A (49)

+/4M(G1 + Go) — 8n3 — 32mn 4+ 2N + X. (50)
O

Proposition 3.1. IfulL, C,uZL are the Seidel Laplacian eigenvalues of G and °G, respectively
then SLE(G) = SLE(°G) withi=1,2,...,n.

Proof. If ul is the eigenvalue of G, then —u! is the eigenvalue of the complement of G (°G).
e
Since ¢T; = —pF — (n— 1) + ﬂ, then
n

4 41
Ti—i-cTZ-:uiL—(n—l)—i-Tm—i-—uiL—(n—l)—i-Tm. (51)
. _ n(n-1)
Since m + m = ————, then T; +° T; = 0. Thus, SLE(G) = SLE(°G). O

4. CONCLUSIONS

In this study, some results on bounds are focused for Seidel incidence energy of graphs
with some fixed parameters. Also, Seidel signless Laplacian energy of graphs is improved.
In addition, Seidel Laplacian energy is investigated and some results are obtained using
the vertices, the edges and the degrees.
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