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A FIXED POINT PROBLEM VIA SIMULATION FUNCTIONS IN
INCOMPLETE METRIC SPACES WITH ITS APPLICATION

R. LASHKARIPOUR', H. BAGHANT', Z. AHMADI!, §

ABSTRACT. In this paper, firstly, we review the notion of the SO-complete metric spaces.
This notion let us to consider some fixed point theorems for single-valued mappings in
incomplete metric spaces. Secondly, as motivated by the recent work of A.H. Ansari et
al. [J. Fixed Point Theory Appl. (2017), 1145-1163], we obtain that an existence and
uniqueness result for the following problem: finding « € X such that z = Tz, Ax R1 Bx
and Cx Ry Dz, where (X, d) is an incomplete metric space equipped with the two binary
relations Ry and Ry, A, B,C,D : X — X are discontinuous mappings and 7 : X — X
satisfies in a new contractive condition. This result is a real generalization of main
theorem of A.H. Ansari’s. Finally, we provide some examples for our results and as an
application, we find that the solutions of a differential equation.

Keywords: Fixed point, Constraint inequalities, 1-Z-contraction, SO-complete metric
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1. INTRODUCTION

The Banach contraction Theorem is the basis of the theory of metric fixed points which
is used in many practical problems [1, 3, 11, 13, 15, 16]. In recent decades, theorem
conditions dropped by a large number of researchers(see [4, 9, 12, 14]). Among them, in
2015, F. Khojasteh et al. introduced in [12] the concept of simulation function in order
to express different contractive in a simple, unified way. Thus, it is possible to tread
some fixed point theorems from a unique, common point of view. However, in [14], the
authors slightly modified the definition of simulation function and enlarged the family of
all simulation functions as follows.

Definition 1.1. [14] Let ¢ : [0,00) x [0,00) — R be a mapping. Then ( is called a
simulation function if it satisfies the following conditions:

(¢1) €(0,0) = 0;
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((2) C(t,s) < s—t for all t,s> 0;
(¢3) if {tn}, {sn} are sequences in (0,00) such that lim, . t, = lim, ,c0 s, > 0 and
tn < sp for all n € N, then limsup,, . ((tn,sn) < 0.

Let Z be the family of all simulation functions ¢ in Definition 1.1.

Example 1.1. Let 7 € (0,00) and ¢ : [0,00) x [0,00) — R be a function as follow:

(t—2)s 0<t<s<l1
C(t,s) =13 (s —2)t 0<s<t<l1
s—t—rT1 t,s > 1.

Clearly, ( is a simulation function.
Recently, Jleli and Samet [10] provided conditions for finding z € X such that

x="Tx,
Ax X1 Bu, (1)
Czx =9 Dz,

where X is complete matric space, T, A, B,C,D : X — X and ” <1 ” and 7 <5 7 are
partial orders. Ansari, Kumam and Samet in [2] proved that this problem has a unique
solution without continuity of C' and D.

Definition 1.2. [10] Let (X, d) be a metric space. A partial order "< " on X is d-regular
if for any two sequences {u,} and {v,} in X, we have
lim d(up,u) = lim d(vy,v) =0,u, < v, foralln = u=<wv, (u,v) € X x X.
n—oo n—oo
Definition 1.3. [10] Let ” =<1 ” and ” =<5 ” be two partial orders on X and operators
T,A,B,C,D : X — X be given. The operator T is called (A, B,C, D, <1, =<3)-stable if
r€ X, Ax %1 Bx — CTx =<9 DTx.

Let ® be the set of all functions ¢ : R™ — R™ such that ¢ is a lower semi-continuous
function and ¢ ~*({0}) = {0}.
The main theorem presented in [2] is given by the following result.

Theorem 1.1. Let (X,d) be a complete metric space endowed with two partial orders
7 <17 and” <o 7. Let operators T,A,B,C,D : X — X be given. Suppose that the
following conditions are satisfied:
(i) » =37 is d-regular, i = 1,2;
(ii) A, B are continuous;
(iii) there exists xg € X such that Axg <1 Bxo;
(iv) T is (A, B,C, D, =1, =2)-stable;
(v) T is (C,D, A, B, =9, =1)-stable;
(vi) there exists p € ® such that

Az =21 Bx,Cy <9 Dy = d(Tz,Ty) < d(z,y) — p(d(z,y)).

Then the sequence {T™x¢} converges to some x* € X, which is a solution to (1). Moreover,

x* is the unique solution to (1).

In this paper, we explain sufficient conditions for the existence and uniqueness of a fixed
point of T satisfying the two constraint inequalities: Az R; Bx and Cz Ry Dz, where
T : X — X defined on an incomplete metric space equipped with two binary relations(not
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necessarily two partial orders) "Ry” and "Ry” and A, B,C, D : X — X are non necessary
continuous self-operators. That is, this problem contains: finding x € X such that

z="Tx,
Az R, Bu, (2)
Cx R2 Dzx.

Also, we introduct the notation of | -Z-contraction and give a real generalization of Banach
fixed point theorem in incomplete metric spaces. In the rest of this section, we recall the
notation of orthogonal set that first obtained in [8]. This notion let us to consider some
fixed point theorems for single-valued mappings in incomplete metric spaces. For the
depth of the subject, one can see [3, 5, 6, 7.

Definition 1.4. [5, 8] Let X # (), and L C X x X be a binary relation. If there exists
xo such that (Vy,yLlxzy) or (Vy,xoLly), then ” L 7 is called an orthogonality relation and
pair (X, 1) an orthogonal set(briefly, O-set). We say that xg is an orthogonal element and
elements x,y € X are l-comparable either x | y or y L x. Let ”d” be a metric on X,
(X, L,d) is called an orthogonal metric space.

Definition 1.5. [7] Let (X, L) be an O-set. A sequence {zy} is called a strongly orthogonal
sequence(briefly, SO-sequence) if (Vn,k; xnlanik) or (Vn,k; Tpiklay,).

Definition 1.6. [7] Let (X, L,d) be an orthogonal metric space. X is called:
(1) strongly orthogonal complete(briefly, SO-complete) if every Cauchy SO-sequence is
convergent.

(2) L-regular if for each SO-sequence {x,} with x, — x for some x € X, we conclude
that (VYn; zp,Llx) or (Vn; xzlxy,).

Definition 1.7. [7] Let (X, L, d) be an orthogonal metric space. A mapping f : X — X is
strongly orthogonal continuous(briefly, SO-continuous) in a € X if for each SO-sequence
{an} in X, an, — a, then f(a,) — f(a). Also, f is SO-continuous on X if f is SO-
contlinuous in each a € X.

Definition 1.8. [5, 8] Let (X, L) be an O-set. A mapping 7' : X — X is said to be
L -preserving if x Ly implies T'(z) LT (y).

Definition 1.9. Let (X, L, d) be an orthogonal metric space and ¢ € Z. Then a mapping
T : X — X is called a 1-Z-contraction with respect to { if the following condition is
satisfied: ((d(Tz,Ty),d(x,y)) >0 for all z,y € X with z L y.

Example 1.2. Let X =R, d(z,y) = |x — y|, for all z,y € X. Define x L y iff zy <0 for
all z,y € X. Let T : X — X be a mapping defined by
z x>0

x < 0.

1
Then T is a L-Z-contraction with respect to ((t,s) = 35~ t.

Definition 1.10. Let (X, d) be a metric space. An arbitrary binary relation(not neces-
sarily partial order) ”R” on X is dR-regular if for any two sequences {u, } and {v,} in X,
we have

lim d(up,u) = lim d(vy,v) =0, u, R v, foralln=uRv, (u,v)e X xX.

n—oo n—oo



R. LASHKARIPOUR ET ALL: A FIXED POINT PROBLEM VIA SIMULATION FUNCTIONS IN... 223

Example 1.3. Let X = R, d(x,y) = |z — y|, ,y € R. Define s Ry < y < 3z on X.
Clearly, the binary relation(not partial order) ” R” is a dR-regular.

Definition 1.11. Let "R1” and ” Re” be two arbitrary binary relations on X and operators
T,A,B,C,D : X — X be given. The operator T is called (A, B,C, D, Ry, Rs)-stable if
re€ X, Ax Ry Bxr — CTx Ry DTx.

Example 1.4. Let X = {(0,0),(1,1),(3,1),(3,2)} and two binary relations(not necessar-
ily partial orders) on X be defined by
(x,y) Ry (z,w) < yz>1 and (x,y) Ry (z,w) < zw > 1.
Consider the operators T, A, B,C,D : X — X as follow:
T(x,y) = (3,2), Az,y) =(3,1), Clz,y) = (1,1),

D(0,0) = (0,0), D(1,1)=(3,1), D(3,1)=(1,1), D(3,2) =(3,2).
If A(z,y) R1 B(x,y), then (z,y) € {(3,1),(3,2),(1,1)}, which yields T(z,y) = (3,2).
Therefore CT (z,y) = C(3,2) = (1,1) Rz (3,2) = D(3,2) = DT(x,y).
Thus T is (A, B,C, D, Ry, Ry)-stable.

2. FIXED POINT PROBLEM VIA SIMULATION FUNCTIONS

Theorem 2.1. Let (X, L, d) be a SO-complete(not necessarily complete) metric space with
orthogonal element xo. Let "R1” and” Ry” be two binary relations over X and operators
T,A,B,C,D: X — X be given. Suppose that the following conditions are satisfied:

(i) ”Ry” is dR-regular, i = 1,2 and T is L-preserving;

(ii) A, B are SO-continuous;

(iii) Azg Ry Bxg and X is L-reqular;

(iv) T is (A, B,C, D, Ry, Ry)-stable;

(v) T is (C,D, A, B, Ry, Ry)-stable;

(vi) there exits ¢ € Z such that for each L-comparable elements z,y € X

(Ax Ry Bz and Cy Re Dy) = ((d(Txz,Ty),d(z,y)) > 0.

Then the sequence {T"xo} converges to some x* € X, which is a solution to (2). Moreover,

x* is the unique solution of (2).

Proof. Consider the sequence {x,} defined by z, = T"xop, n = 0,1,2,---. From the
definition of orthogonal element xg, we have
(VneN, xg L T'xg=x,) or (VneN, z, =T"zy L x0).
Also, since T' is | -preserving, we have
(Vn,k €N, x, =T xo L T"*zq = x,41) or (Vn,k €N, xpyp =T Fag L Tr2g = 2,).

Therefore {x,} is a SO-sequence.
On the other hand, since T is (A, B,C, D, Ry, Ry)-stable and (C, D, A, B, R, R;)-stable,
applying (iii), we have

Al‘gn R1 BSEQn and C$2n+1 R2 DSEQnJrl, n = 0, 1, 2, et (3)

By settiing a,, = d(zp, p4+1), n = 0,1,2,---, we have the following results:

(1) If there exists ng such that a,, = 0, then T'x,, = zp,, and the proof is finished.

(2) If for all n, ay, # 0, since {z,} is SO-sequence, applying (3), (vi) and symmetry for all
n € N, we have ((d(Tzp, Txpn—1),d(xn, xn-1)) > 0.
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Applying ((2), we deduce that
d(zpt1, ) < d(Tp,Tp—1) n=1,2,---. (4)

Therefor there exists » > 0 such that lim, o d(2y41,2,) = 7. Let r > 0. Since x,, = T"xy,
applying (3), (4) and ((3), we have
0 < limsup C(d(T:Un, Txn—l)? d(wm xn—l)) = lim sup C(d(xn+17 $n))7 d(xm $n—1)) <0.
n—oo n—oo

This is a contradiction and so r = 0, that is
lim d(xp41,2,) =0. (5)
n—oo

We shall prove that {z,} is a Cauchy SO-sequence. Suppose that {z,} is not a Cauchy
SO-sequence. Then, there exists some € > 0 and two sequences of positive integers {my}
and {ny} such that, for all positive integers k, we have ny > my > k, d(xm,,zn,) > € and
d(xpm,, Tn,—1) < €. Applying triangular inequality, we have

e< d(xmmxnk) < d(xmk7x”k—1) + d(xnk—bxnk) <e+ d(xnk—lv xnk)

Letting £ — oo, we obtain

lim d(xm,,zn,) = €. (6)
k—o0

Triangle inequality, implies that |d(zm,, Zn,+1) — A(@my, Tn, )| < d(Tny s Tng+1)- Applying
(6) and (5), as k — oo, we have

lm d(zm,, Tn,+1) = €. (7)
k—o0
Similarly,
k‘lLHC}o d(xnk—i-l’ xm;ﬁ-l) =g, (8)
and so
lim d(zn,, Tm,—1) = €. 9)
k—o0

Obviously, for all k, there exists i(k) € {0,1} such that ny — my + i(k) = 1(2). Now,
applying (3), for k£ € N, we conclude that
Ay, Ry Bry, and Cxp, i) Ro DTy, _ihys
or
Ay, _iky B1 By, iy and Czyy Ry Dy, .
Applying (iv), for all k& € N, we deduce that

0 < C(d(@npt15 Trmg—i(k)+1)> A Tny,, Trng—i(k)))- (10)
Define A = {k € N:i(k) =0} and A = {k € N:i(k) = 1}, and investigate two cases:
Cacel. |A| = co. Applying (10), for k € A, we have
0< C(d(xnk—‘rlv xmk-i-l)a d(ﬂfnka fEmk))

Applying (6)7 (8) and (C?))a then 0 < lim SUPk 00 C(d($nk+1, Zka_A,_l), d(xnk,:vmk)) < 0. This
is a contradiction. Hence ¢ = 0.
Cace2. |A| < oo. Therefore, |A| = co. Applying (10), we have

0 < C(d(xnk-‘rlv xmk)a d(xnka xmk—l))'
Applying (7), (9) and (¢3), we deduce that
0 < limsup ((d(@n,+1, Tmy,)s d(Tny s Tmy—1)) < 0.

k—o0
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This is a contradiction. Thus € = 0 and {x,} is a Cauchy SO-sequence in (X, L,d). Since
(X, L,d) is SO-complete, there exists * € X such that lim,_,c d(zy,z*) = 0.
Since {z,} is SO-sequence, we deduce that {x9,} is also SO-sequence. Applying the SO-
continuity of A and B, we deduce that lim,, o d(Azo,, Ax*) = lim,,— o d(Bxa,, Bx*) = 0.
Since ”R;” is dR-regular, (3) imply that

Az* Ry Bz*. (11)
Since X is L-regular, then x9, 11 L 2* or * L 29,41, for all n € N. Applying (3), (11) and
(vi), we deduce that ((d(Tz*, Txoni1), d(x*, xon41)) > 0. If d(Tz*, 2*) > 0, clearly, there
exists ng € N such that for all n > ng, we deduce that d(Tx*, Tzo,+1) > 0. Applying ((2),
for all n > ng, we have

0< lim sup C(d(Tﬂf*, T$2n+1 3 d(ﬂj‘*, $2n+1))

n—oo

)
<limsup[d(z*, van+1) — d(Tx*, xon42)] = —d(Tx*, z*).

n—oo

This is a contradiction. Therefore d(Tz*, z*) = 0, that is
Tx* = z*. (12)
Since T'is (A, B,C, D, Ry, Rs)-stable, applying (11), we have CTx* Ry DTx*. Therefore,
(12) implies that
Cx* Ry Dx*. (13)
Applying (11), (12) and (13), we deduce that z* is a solution of (2). We show that x* is
a unique solution. For this purpose, let y* € X be another solution of (2), that is

Ty*=y*, Ay" R By", Cy" Ry Dy". (14)
Since xg is an orthogonal element, then xg L y* or y* L z¢. Since T is L-preserving, then
Ton = THxg L T?y* = y* or y* =T?"y* L T?xq = x9p. (15)

Applying (3), (14), (15) and (vi), for all n € N, {(d(Tx2n, Ty*),d(x2n,y*)) > 0. With-
out loss of generality, let d(x,,y*) > 0 for all n € N. Therefore d(za,,y*) > 0, and
d(Txoy, Ty*) > 0 for all n € N. Applying ({2), we deduce that

0 < ¢(d(w2n+1,TY"), d(w20,y")) < d(z20,y") — d(22041, TY").
Therefore d(zon+1,Ty*) < d(xon,y*) for all n € N. Applying ((3), we deduce that
0 < limsup ((d(z2n+1, Ty"), d(z20,y")) < 0.

n—o0

This is a contradiction, and so d(z*,y*) = 0. Therefore z* is a unique solution of (2). O

3. SOME CONSEQUENCES

Now, we consider some special cases, where in our result deduce several well-known
fixed point theorems of the existing literature.
Setting Ry = Ry = <, C = B and D = A in Theorem 2.1, we get a generalization of
Corollary 3.1 in [10].

Corollary 3.1. Let (X, L1,d) be a SO-complete(not necessarily complete) metric space
with orthogonal element xqg. Also, let operators T, A, B : X — X be given. Suppose that
the following conditions are satisfied:
(i) T is L-preserving;
(ii) A, B are SO-continuous;
(iii) Azg < Bzg and X is SO-regular;
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(iv) for all z € X, we have Ax < Bxr — BTz < ATux;
(v) for all z € X, we have Bx < Ar = ATz < BTu;
(vi) there exits ( € Z such that for each L-comparable elements x,y € X

(Az < Bz and By < Ay) = ((d(Tz,Ty),d(x,y)) > 0.

Then the sequence {T"xo} converges to x* € X satisfying Ax* = Bx*. Also, the point
x =Tz,

x* € X is a unique solution to the problem
Ax = Bux.

Setting A = D = Ix and C = B, we get a generalization of Corollary 3.2 in [10].

Corollary 3.2. Let (X, 1,d) be a SO-complete(not necessarily complete) metric space
with orthogonal element xq. Also, let operators T, B : X — X be given. Suppose that the
following conditions are satisfied:
(i) T is L-preserving;
(ii) B is SO-continuous;
(iii) xg < Bz and X is SO-regular;
(iv) for allz € X, we have v < Bx == BTz < Tu;
(v) for allz € X, we have Bx < © = Tx < BTu;
(vi) there exits ( € Z such that for each L-comparable elements x,y € X

(x < Bz and By < y)= ((d(Tz,Ty),d(z,y)) = 0.
Then the sequence {T™xzo} converges to x* € X satisfying x* = Tx*. Also, tThe point
=Tx,

x* € X is a unique solution of the problem
x = Buz.

By setting C = B =T and A = D = Ix, we obtain a generalization of Corollary 3.4 in
[10]. Through the following we give an extension of Theorem 2.8 [12].

Corollary 3.3. Let (X, L,d) be a SO-complete metric space with orthogonal element x
and T : X — X be a L-preserving and L -Z-contraction with respect to . Let X is SO-
reqular. Then T has a unique fixed point x*. Also, T is a Picard operator, that is, for all
x € X, the sequence {T™(x)} is convergent to z*.

Proof: Now we only show that 7" is a Picard operator. Let x € X be arbitrary. We
have [zoLlz* and zolx]or [z*Lxg and xLlxg).
Now, since T" is L -preserving, then

[T"(2o)LT"(z*) and T"(xo)LT"(z)] or [T (™) LT™(x9) and T"(z)LT"(xz¢)]
for all n € N. Hence, for all n € N, we get
0 < C(d(T™ (), T (20)), d(T" (), T" (o))
< d(T" Hzx), T Hxo)) — d(T™(z), T"(x0)).

Then {d(T"(x),T™ (o))} is a decreasing sequence and bounded below. Thus there exists
r > 0 such that lim,,_, . d(T"(x),T"(xo)) = r. Let r > 0, applying ((3), we have

0 < limsup ((d(T" (), " (20)), d(T"~ (@), 7"~ (20))) < 0.

This is a contraction. Thus r = limy, oo d(T™(z), T"(x0)) = 0.
Hence z* = limy, 00 T"(29) = limy,, 00 7™ (). This completes the proof.
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4. SOME EXAMPELS

Example 4.1. Let X = (=2,2]. Definex L y<—=0<z<y<1 or x=0.

Then (X, L) is an O-set with orthogonal element xg = 0. Clearly, X with the Euclidean
metric is not a complete metric space, but it is SO-complete. We see that X is L-regqular.
Now, define relation "R” as x Ry <= x +y € [—1,2]. Clearly, ”R” is not partial order.
We take Ry = Ry := R. Let T : X — X be the mapping defined by

0 r<1
T(x) =<} —x l<zx<2
1 T =2.

If x =0, then Tx =0, and if ¢ # 0, we have 0 < x <y < 1, and so Tx = 0. Hence
Tx L Ty and T is L-preserving. Consider the mappings A, B,C, D : X — X defined by
Ar = x,

x
B(z) = 2+2 x <0 C(m):{o r<1 D(m):{_x r<1

2 x>0, z—1 x>1, 2 x> 1.
Obviously, "R’ is dR-regular. Moreover, A and B are SO-continuous mappings. If
for some v € X, we have Ax R Bx, then x < 0, which yields that Tx = 0. Thus
CT(xz) R DT (x). If for some x € X, we have Cx R Dz, then x < 1, and so Tx = 0.
Hence AT(x) R BT (x). Thus T is (A,B,C, D, Ry, Ry)-stable and (C,D, A, B, R, Ry)-
stable. For all (z,y) € X x X, we have

Az Ry Bz, Cy Ry Dy — (x <0 andy <1).

Set((t,s) = %s—t forallt,s € ]0,00). We show that condition (vi) of Theorem 2.1 is satis-
fied. We have x <0 andy < 1= Tx =Ty = 0. This implies that {(d(Tz,Ty),d(x,y)) =
%d(m,y)—d(Tm,Ty) = %d(m,y) > 0. Therefore there exists ( € Z such that for all z,y € X
with z 1y and (Ax Ry Bx and C'y Ry Dy), ((d(Tx,Ty),d(z,y)) > 0. Applying Theorem
2.1, (2) has unique solution x* = 0.

Example 4.2. Let X = (—1,00). Suppose that x | y <= zy = 0.

Then (X, L) is an O-set with orthogonal element xy = 0. Clearly, X with the Fuclidean
metric is not a complete metric space, but it is SO-complete. We see that X is L -reqular.
We take Ri = Ry := <. SetT : X — X defined by

g r <1
T(z) =

3

— > 1.

2 v

Ifx =0, then Tx =0, and if x # 0, we havey = 0. Hence Ty =0, and so Tx 1. Ty. Then
T is 1-preserving. Consider the mappings A, B,C,D : X — X defined by Ax =z + 1,

1 11
1 >1 9 —<z<3 S Z<z<3
B(x) = T2 o =47 2°7%° pm={3 2°7°
r+2 <1, x o.w., m2+1 o.W..

Obviously, ” R;” is dR-regular, i = 1,2. Moreover, A and B are SO-continuous mappings.
If for some x € X, we have Ax < Bz, then x < 1, which yields Tx = g Thus CT(z) <

DT(x). Therefore T is (A, B,C, D, Ry, Ry)-stable. If for some x € X, we have Cx < Dz,

then x < 5 orx > 3. We consider two caces:



228 TWMS J. APP. ENG. MATH. V.10, NO.1, 2020

(1) If x < %, then Tx = g, and so AT (z) < BT (x).
(2) If x > 3, then Tx = %, and so AT (z) < BT (x).
Thus T is (C, D, A, B, Ry, Ry)-stable. For all (x,y) € X x X, we have
Az Ry Bx, Cy Ry Dy — (x <1 and (y < % ory > 3)).

Set ((t,s) = sp(s) —t for all t,s € [0,00), where ¢ : [0,00) — [0,1) define by
s

> 2
s+1 5
o(s) =
1 <9
5 s < 2.

Since limsup, , , + ¢(t) <1 for allT >0, then ((z,y) is a simulation function. We show
that condition (vi) of Theorem 2.1 is satisfied. We have two cases:

1
(1) Ifr<1andy < 5 then d(z,y) < 2, and so

(AT, Ty),d(z,)) = d(e,y)old(,v) — A(Ta, Ty) = 2d(e,y) ~ () = 0.

(2) If v <1 and y > 3, then d(x,y) > 2, and so
d(z,y) x 3

C(d(Tx, Ty), d(x,y)) = d(z, y)e(d(z,y)) — d(Tz, Ty) = d(z, y)m —d(53,)

Then there exists ¢ € Z such that for all x,y € X with x L y, Ax Ry Bz, Cy Ry Dy and
C(d(Tx,Ty),d(x,y)) > 0. Applying Theorem 2.1, Problem (2) has unique solution x* = 0.

5. APPLICATION TO SOLVE SYSTEM OF FRACTIONAL HYBRID DIFFERENTIAL EQUATIONS

Let X = C(J,R) be the class of continuous functions f : J — R that J = (to,t0 + @)
denote a bounded interval in R for some a,tg € R with ¢ > 0. Consider the following
system of fractional hybrid differential equations(in short FHDE) of order 0 < ¢ < 1

Df(t) — f(t, x(t)] = h(t, z(t)), teJ,
Dix(t) — g(t,x(t))] = k(t,z(t)), te€J, (16)
z(to) = xo =0,

where f,g,h,k:J xR — R are continuous functions for which:

(C1) The functions x — = — f(t,z) and © — x — g(t, ) are increasing in R for all ¢ € J.
(C2) There exist two continuous functions s,u : J — R such that |h(t,z)| < s(t) and
|k(t,x)| <wu(t),t e J for all z € R.
(Cs) f(t,0) = h(t,0) =0 for all t € J and g(tp,0) = 0.
(Cy) (7) For all x € X, we have
1 t
x(t) < g(t,z(t)) + / (t —8)7 k(s z(s))ds, Vt € J,
I'(q) Jo
= g(t,x) < f(t,z) and k(t,x) < h(t,x), Vt € J.
(7i) For all z € X, we have
1

g(t,z(t)) + F(q)/g (t — )1 k(s,2(s))ds < x(t), Vt € J,
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= f(t,z) < g(t,x) and h(t,z) < k(t,z), Vt € J.

(Cs) g(t,z) and k(t,x) are decreasing related to the second variable.

(Cs) There exist 0 < A < 1 such that for all z € X

Al'(¢g+1) ™
2(t — to)?

Theorem 5.1. Let the above conditions are satisfied. Then the system of fractional hybrid
differential equations (16) has a unique solution.

[f(tz(8)] < %Hw\l and |h(t, z(t))] <

Proof. We define two operator equations T, B : X — X as follow:

Tx(t) = f(t,z(t)) + 1“(1(])/,5 (t —8)7 h(s, z(s))ds,

Bzx(t) = g(t,x(t)) + F(lq)/t (t — )1 k(s, z(s))ds.

Now, using the hypotheses (C7) and (C2) it can be shown that the FHDE (16) has a unique
solution if and only if 7" and B have a unique common fixed point in X. We consider the
following orthogonality relation in X:

rly & z=0o0r y=0 Vr,yeX. (17)

Since (X, d) is a complete metric space, then (X, L, d) is SO-complete. We take <1==<3=<.
From definition, ” <7 is dR-regular and X is l-regular. Clearly, B is SO-continuous.
Now, we prove the following four steps to complete the proof.

Step 1: T is L-preserving. Let = L y that is x = 0 or y = 0. Let = 0. Applying (Cs),
we have f(t,z) = 0 and h(t,z) = 0. Furthermore Tx = 0. Similarly, if y = 0, we have
Ty =0. Then T is L-preserving.

Step 2: Prove that x € X, z(t) < Bx(t), Vt € J = BTux(t ) < Tx(t).
Let x € X with x(t) < Tz(t), Vt € J. Applying part (i) of (C4), we have g(t,z(t)) <
f(t,z(t)) and k(t,z(t)) < h(t,z(t)). Then for all t € J,

x(t) <g(t,z(t)) + F(lq)/t (t — s)7 k(s, z(s))ds
<f(t,z(t)) + F(lq) /t (t — 5)7 (s, z(s))ds = Tx(t).
Also, applying (Cj5), for all ¢ € J, we have
BTx(t) = g(t,Txz(t)) + F(lq)/t (t — )1 k(s, Tx(s))ds
< gt 2(8) + F(lq)/t (t = 5)7 (s, 2(s))ds
t
< ft,z(t)) + @ /t (t — s)7 th(s,z(s))ds = Tx(t).

Step 3: Prove that for all x € X, Ba(t) < z(t) = Tx(t) < BTz(t), Vt € J.
Let x € X with Bx(t) < x(t). Applying part (i7) of (Cy), we have f(t,z(t)) < g(t,z(t))
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and h(t,z(t)) < k(t,z(t)). Then for all t € J,

x(t) >g(t,z(t)) + F(lq)/t (t — )1 k(s, 2(s))ds
> f(t,2(t) + ng)/t (t = ) (s, 2(s))ds = T (t).
Also, applying (C5), we have
BTw(t) =g(t, Ta(t)) + F(lq) /t (£ — )7 Ve(s, Tx(s))ds
>g(t,z(t)) + F(lq) /t (t— S)q_lk‘(s, x(s))ds
> F(t2(8)) + P(q)/t (t — )7 Lh(s, 2(s))ds = Ta(t).

Step 4: Prove that there exits ( € Z such that for each |-comparable elements =,y € X,
(Az Ry Bz and Cy Ry Dy) = ((d(Tx,Ty),d(z,y)) > 0.
Since z Ly, therefore x = 0 or y = 0. Let y = 0 and so T'y(t) = 0. Applying (Cs), we have

[Ta(t) = Ty(t)| = [Tz@)] = [f(t z(t)) + F(lq)/t (t =) h(s, z(s))ds|

1 t
Ft, x(t +/ t — )T h(s, z(s))|ds
[f (&, a(t))] () to( )1 h(s, 2(s))]
A Al(g+1) 1 /t .
—|lz|| + x t—s) " ds
Sl + 5 o Il [ =)
Mlz]l = Allz = yll.
Set £(t,s) = As —t for all t,s € [0,00). Therefore

§(d(Ta(t), Ty(t)), d(z(t),y(t))) = Alx(t) — y(t)| — [Tx(t) — Ty(t)| = 0.
Finally, applying Corollary 3.2, T' and B have a unique solution in X which is a unique
solution of system of fractional hybrid differential equations (16). O

IN

IN

Remark 5.1. By Corollary 3.2 in [10] we can not guarantee the establishment of Theorem
5.1 unless we put the following condition in place of condition (Cg):
There exist 0 < A < 1 such that for all x,y € X
A A'(g+1)
F(t2(t) — F(Ey(®)] < Sz — yll and |h(t, 2(2)) — h(t y(6)] < St flz — y]|.
2 2(t — tg)4
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