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THE CLASSES OF BIPOLAR SINGLE VALUED NEUTROSOPHIC
GRAPHS

A. HASSAN', M. A. MALIK?, §

ABSTRACT. The bipolar single valued neutrosophic graph is the generalization of fuzzy,
intuitionistic, bipolar, bipolar intuitionistic graphs. The concept of antipodal bipolar
single valued neutrosophic graph (ABSVNGQG), eccentric BSVNG, self centered BSVNG
and self median BSVNG of the given BSVNG are introduced here. We also investi-
gated isomorphism properties of antipodal BSVNGs, eccentric BSVNGs and self sentered
BSVNGs. The edge connectivity plays important role in computer network problems and
path problems. In this paper, we introduce special types of bipolar single valued neutro-
sophic (BSVN) bridges, BSVN-Cut vertices, BSVN-Cycles and BSVN-Trees in BSVNG
and introduced some of their properties.

Keywords: Antipodal BSVNG, eccentric BSVNG, self centered BSVNG, self median
BSVNG, BSVN-Cycles, BSVN-Trees, BSVN-Bridges,BSVN-Cut-vertices and BSVN-Levels.

AMS Subject Classification: 99A00

1. INTRODUCTION

The concept of neutrosophic set theory is a generalization of the theory of fuzzy set [11],
intuitionistic fuzzy sets [4], interval-valued fuzzy sets [3] and interval-valued intuitionistic
fuzzy sets [5]. The concept of neutrosophic set is characterized by a truth-membership
degree (T), an indeterminacy-membership degree (I) and a falsity-membership degree (f)
independently, which are within the real standard or nonstandard unit interval ]=0,17].
Therefore, if their range is restrained within the real standard unit interval [0, 1]. Never-
theless, NSs are hard to be apply in practical problems since the values of the functions
of truth, indeterminacy and falsity lie in |~0, 1*[. The single valued neutrosophic set was
introduced for the first time by Smarandache in his 1998 book. The single valued neu-
trosophic sets as subclass of neutrosophic sets in which the value of truth-membership,
indeterminacy-membership and falsity-membership degrees are intervals of numbers in-
stead of the real numbers. Later on, Wang et al. [16] studied some properties related to
single valued neutrosophic sets.
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The bipolar single valued neutrosophic graphs were introduced by Broumi, Talea, Bakali
and Smarandache [7]. Also Recently in [9, 10, 8] proposed some algorithms dealt with
shortest path problem in a network (graph) where edge weights are characterized by a
neutrosophic numbers including single valued neutrosophic numbers, bipolar neutrosophic
numbers and interval valued neutrosophic numbers. The concept of neutrosophic hy-
pergraphs, its regularity and totally regularity discussed by Malik, Hassan, Broumi and
Smarandache in [1, 2].

P. K. Singh [12] has discussed adequate analysis of uncertainty and vagueness in medical
data set using the properties of three-way fuzzy concept lattice. This study provided a
precise representation of medical diagnoses problems using the vertices and edges of neu-
trosophic graph. Further to refine the knowledge three-way fuzzy concepts generation and
their hierarchical order visualization in the concept lattice is proposed using neutrosophic
graph and component-wise Godel resituated lattice. Ome application of the proposed
method is also discussed to analyze the multi-criteria decision making process.

Ulucay et al. [14] defined the concept of neutrosophic soft expert graph and have estab-
lished a link between graphs and neutrosophic soft expert sets and studies some basic
operations of neutrosophic soft experts graphs such as union, intersection and comple-
ment. Similar to the fuzzy graphs, which have a common property that each edge must
have a membership value less than or equal to the minimum membership of the nodes it
connects.

The BSVNGs have also many applications in path problems, networks and computer sci-
ence. The concept of antipodal fuzzy graphs introduced by Gani and Malarvizhi [15]. The
self centered intuitionistic fuzzy graphs were introduced by Karunambigai, the complete
intuitionistic fuzzy graph to be a self centered intuitionistic fuzzy graph and its properties
discussed, also the necessary and sufficient condition to be a self centered intuitionistic
fuzzy graph were discussed in [17]. M.S. Sunitha and A. Vijayakumar [13] gives the defini-
tion of complement of a fuzzy graph for understand and utilize in general concept of fuzzy
graphs with respect to complement properties. In this paper, we introduce new classes of
BSVNGs, antipodal BSVNGs, eccentric BSVNGs, self centered and self median BSVNGs,
BSVN-Bridges, BSVN-Cycles, BSVN-Trees, BSVN-Firm and BSVN-Blocks on the basis
of weight of edge connectivity.

2. PRELIMINARY

Definition 2.1. [16] Let X be a crisp set, the single valued neutrosophic set (SVNS) Z
is characterized by three membership functions Tz (z),Iz(x) and Fz(x) which are truth,
indeterminacy and falsity membership functions, Vr € X

Ty(x),I7(x), Fz(z) € [0,1].

Definition 2.2. [2] Let X be a crisp set, the bipolar single valued neutrosophic set
(BSVNS) Z is characterized by membership functions T (z), I} (z), F (x), T, (z), I, (z),
and F, (x). That is Vo € X

T} (x),I;(x), F; () € [0,1],
TZ_(x)’IE(x)vFZ_(x) € [_170]'

A bipolar single valued neutrosophic graph (BSVNG) is a pair G = (Y, Z) of G*, where Y
is BSVNS on 'V and Z is BSVNS on E such that

Ty (B7) < min(Ty(8), Ty (7)), 17 (Bv) = max(Iy (8), I} (),
Iz (Bv) < min(ly (8), Iy (7)), Fz (By) <min(Fy (6), Fy (7)),
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FZ (By) > max(Fy (), Fyf (7)), Ty (87) = max(Ty (8), Ty (7)),
where
0<TF(BY)+15(By)+FF(By) <3

—3< T, (By) +17(By)+Fz(B) <0
Y B,y € V. In this case D is bipolar single valued neutrosophic relation (BSVNR) on C.
The BSVNG G = (Y, Z) is complete (strong) BSVNG, if

T (B7) = min(Ty" (8), Ty (7)), 17 (Bv) = max(Iy(8), I} (),
17 (B7) = min(Ly (8), Iy (7)), Fy (By) = min(Fy (B), Fy (7)),

F(By) = max(F (8), B (7)), Ty (B7) = max(Ty (8), Ty (7)),
Y B,y € V(Y By € E). The order of G, which is denoted by O(G), is defined by

O(G) = (07(G), 0] (G), 01:(G), 07.(G), 01 (G), Op(G))

where,

01(G) =) _Ti(a), OF(G) =) If(a), O1(G) =) Fi(a),

acV acV acV
07(G) =D Tx(a), 07 (G) = Y Ii(a), Op(G) =) Fy(a).
acV acV acV

The size of G, which is denoted by S(G), is defined by
S(G) = (81(G), 87 (G), SE(G), 87 (G), 81 (G), Sp(G))

where

SHG) = D THBY), S7(G) =Y T5(B),

ByeE ByeE
SHG) = " IfBy), S7(G)= > I5(B7),
ByeE ByeE
SEG) = D FE(BY), Sp(@) =Y Fz(By).
BYEE BYEE

The degree of a vertex  in G, which is denoted by dg(B), is defined by

where

di(8) = Y TE(BY), dp(B) = > T5(8Y),

BreE BrveE
di(B) =Y I, d; (B) = Y I5(8),
pyeE BreE
dh(B) = Y FE(8Y), de(B) = Y F5(By).
ByEE ByEE

Definition 2.3. [7] The BSVNG G = (Y, Z) is complete (strong) BSVNG, whenever
T (B,7) = min(T3F (8), TyF (7)), I7(B,7v) = max(Ly (8), I (7)),
I7(8,7) = min(Iy (8), Iy (7)), F7 (B,7) = min(Fy (8), Fy (7)),

FF(8,7) = max(Fy (8), Fy (7)), T (8,7) = max(Ty (8), Ty (7)),
vV B,yeV. (Y (B,7) € E).
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Definition 2.4. [7] A path P in a BSVNG G = (A,B) is P : vi,v9,v3,...,0, Such
that TE('UZ‘,’UZ'+1> > O,Ig(vi,viﬂ) > O,Fg(vi,UHl) > 0,T5 (vi,vig1) < 0,15 (vi,viq1) <
0, F5 (vi,vi41) <0 for 1 <i < n. The BSVNG to be a connected, if there is path between
every two vertices, else G is disconnected.

3. SPECIAL CLASSES OF BSVNGSs

Let G denotes BSVNG and G* = (V, E) denotes underlying crisp graph. In this section
we discuss the antipodal, eccentric, self centered and self median bipolar single valued
neutrosophic graphs.

Definition 3.1. The bipolar single valued neutrosophic subgraph of BSVNG G = (C, D)
of G* = (V,E) is a BSVNG H = (C',D") on a H* = (V', E'), such that
(1) C' =C, that is¥ = € V' CV with
TS (@) = T5 (@), I5(@) = I5(2), Fo(x) = Fg ().
(2) D' = D, that is ¥V (B,7) € E in the edge set E' C E with

T;)r/(ﬁ,’)/) = T;(ﬁfY)» I;/(ﬁﬁ) = I;(B/V% Fg/(ﬁafY) = Fg(ﬁ,’y),

Definition 3.2. Let Gy = (C1,D1) and Gy = (Ca, D2) be two BSVNGs of G = (V1, E)
and G% = (Va, Es), respectively. Then the homomorphism x : Vi — Va is a mapping from
V1 into Vo satisfying following conditions

TS (p) < T2 (x(p), 15, (p) = If (x(p)), Fé(p) = FZ (x(p)
T, (p) > Te, (x(p), I, (p) < Ig,(x(p), Fg,(p) < Fg,
VpeV.
T (p,q) < Tp, (x(0), x(@), 15, (p,a) > 115, (x(p), x(q)), Fp,(pq
Ty, (p,q) > Tp,(x(p), x(2), Ip,(p,q) <Ip ,
v (p,q) € Er.

Definition 3.3. Let Gi = (C1, D1) and G2 = (Cq, D2) be two BSVNGs of G = (V1, E1)
and G35 = (Va, Ey), respectively. Then the weak isomorphism v : Vi — Vi is a bijective
homomorphism from Vy into Vs satisfying following conditions

Té (p) = T, (v(p), IE, (p) = I, (v(p)), FE (p) = F¢, (v(p)),
T, (p) = Tg, (v(p)), 1g,(p) = 1g,(v(p)), Fg,(p) = Fg,(v(p)),

v

Fh (x(0),x(a)),
Fp, (x(p), x

V)
=_
=
S
|
Si
=
IA

VpeW.
Remark 3.1. The weak isomorphism between two BSVINGs preserves the orders.
Remark 3.2. The weak isomorphism between BSVNGSs is a partial order relation.

Definition 3.4. Let G1 = (Cl,Dl) and G2 = (CQ,DQ) be two BSVNGSs Of GT = (Vl,El)
and G% = (Va, Es), respectively. Then the co-weak isomorphism k : Vi — Va is a bijective
homomorphism from Vi into Vo satisfying following conditions

T (p,q) = Tp, (5(p), 6(a)), I, (p,q) = I}, (k(p), 5(q)), Fp, (p,q),= Fp,(k(p), (),

Tp, (p,a) = Tp,(k(p), 5(a)); Ip,(p,qa) =1Ip,(k(p),x(q)), Fp, (p,a) = Fp,(x(p), x(q)),
v (p,q) € E1.
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Remark 3.3. The co-weak isomorphism between two BSVINGSs preserves the sizes.
Remark 3.4. The co-weak isomorphism between BSVNGSs is a partial order relation.

Definition 3.5. Let Gy = (C1, D1) and Gy = (Ca, D2) be two BSVNGs of G5 = (Vi, En)
and G5 = (Va, E3), respectively. Then an isomorphism ¢ : Vi — Va is a bijective homo-
morphism from Vi into Vo satisfying following conditions

Tg (p) = Tg, ((p), I¢, (p) = 15, (¥(p)), F& (p) = F&, (4(p)),
To, () =T, (W), Ig,(p) = Ig,(¥(p)), Fg,(p) = Fg,(¥(p)),
VpeW.
Tp, (p,q) = Tp, (¥ (p), ¥(0), Ip,(p:a) = I, (b(p),(a), Fp, (p,9),= Fp,(4(p),¥(q)),
Th, (p,q) = Tp, (¥ (p),¥(0), Ip,(p;q) = Ip,(V(p),¥(q), Fp (p,q) = Fp,(¥(p),¥(q)),
v (p7 Q) € El'
Remark 3.5. The isomorphism between two BSVNGSs is an equivalence relation.
Remark 3.6. The isomorphism between two BSVNGSs preserves the orders and sizes.

Remark 3.7. The isomorphism between two BSVINGs preserves the degrees of their ver-
tices.

Definition 3.6. The strength of connectedness between x and y in V of BSVNG G =
(A, B), which is denoted by S¥ (x,y), is defined by

Sy (x,y) = (T (2, y), IF " (z,y), F5 (2, v9), Ty~ (z,9), IF " (z,y), F5~ (z,y))

where
T3 (a,y) = sup{TE (z,y) 1 k= 1,2,...,n},

T§°+(x,y) = sup{Tg(:c,vl) AL, /\Tg(vk_l,y) PX, U, ..U,y €V E=1,2,... n}.
I%“'(x,y) = inf{[?'(x,y) ck=1,2,...,n},

It (z,y) = inf{I}(z,v1) V Ih(vg-1,y)  z,v1,..., 051,y € V;E=1,2,... . n}.
F§°+(aﬁ,y) 1nf{Fk+(a: y):k=1,2,...,n},
F§o+(xay) = inf{Fg($7U1) V. (Uk‘—lay) XUy, Vk—1,Y € V7k = 1a27 s ,’I’L}.

Ty (z,y) = 1nf{Tk (,y) 1 k=1,2,...,n},

Ty (x,y) = inf{T5 (z,v1) V. Ty (p—1,y) c x,v1,...,vp—1,y € V,k=1,2,...,n}.
1T (z,y) = sup{[éf(x,y) tk=1,2,...,n},

IT (x,y) =sup{lg(x,vi) A ... A5 (vp—1,y) sz, v1,. .., 01,y € VK =1,2,...,n}.
F¥ ™ (z,y) =sup{Fr (z,y) : k=1,2,...,n},

FZX=(z,y) =sup{Fg(z,v1) A ... NFg(vk—1,Yy) 1 x,v1,..., 001,y € V,E=1,2,... ,n}.

where Tt (z,y), Iy (z,y), F3 T (2, y), Ty~ (2, y), Iy~ (z,y) and F~ (x,y) are positive
and negative truth, indeterminacy and falsity connectedness between x and y in V, respec-
tively.
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Definition 3.7. Let G = (A, B) be a BSVNG of G*, the length of path Q : vi,va, ..., Up,
which is denoted by 1(Q), is defined by

(Q) = (I7(Q), 1] (@), 15(Q), 17(Q), 1 (Q), IF(Q))

where
F@Q=F et =S @ =S L
r P TE(%WH) I (vi,vig1) 'quz+1) F — Fg (vi,vit1)
n—1 1 n—1 n—1 1
lr(Q)=) ——, Q)=) ——.
r Zz; Ty (vi,vit1)’ = Ip(vi, Uz+1) o ZZ; Fg (vi,vig1)

The 11(Q), 1} (Q) and I1(Q) are called the positive T-Length, positive I-Length and positive
F-Length of path Q, respectively and 17(Q),1; (Q) and 1-(Q) are called the negative T-
Length, negative I-Length and negative F-Length of path Q, respectively. The distance
between two vertices o and B which is denoted by (., ), is defined by

5(a, B) = (57J:(avﬁ)v 5?((1, ﬁ)’ 5;:(0"ﬁ)7 5;(6175)75;((13 B)’ 61;(01,5))

where 5;(04,6), 5?((1,&), 5;((1,5), op(a, B), 07 (o, B) and 65 (cv, B) are called the positive
T-Distance, positive I-Distance, positive F-Distance, negative T-Distance, negative I-
Distance and negative F'-Distance of any path o — 3 which are

6+(a B) = min(l+(Q)), (5?(04,6) = min(l?(Q)), 5;(04,6) = min(l;(Q)),

or (o, B) = max(l:(Q)), 67 (a, B) = max(l} (Q)), dp(e, B) = max(Ix(Q))-
The eccentricity of vertex v; € V, which is denoted by e(v;), is defined by

e(vi) = (e5.(vi), ef (vi), ef:(vi), ez (vi), €5 (v), e (vs))

where
e (v;) = max{6} (vi,v;) : v; € V,v; # v}, er(v;) = min{dy (v, vj) 1 v; € V,v; # v;},
ef (v;) = min{d6 (v;,v;) : v; € Vv # v;}, ef (vi) = max{dy (v, vj) : vj € V,v; # v},

e}(vz) = min{d} (vi,v;) 1 v; € V,v; # v}, ep(v;) = max{d; (vi,v;) : v; € V,v; # v;},
where et (v;), e (v;), ef(v3), ex(vi), 7 (v;) and e (v;) are called the positive T-Eccentricity,
positive I-FEccentricity, positive F'-Eccentricity, negative T'-Eccentricity, negative I-FEccentricity
and negative F-Eccentricity of vertex v;, respectively. The radius of G, which is denoted
by r(G), is defined by
r(G) = (r7(G), 17 (G),r}(G),r7(G),r[ (G), 75 (G))
where

r+(G) = min{et (v;) 1 v; € V}, rf(G) = min{e} (v;) : v; € V},
(G) = min{ef(v;) 1 v; € V}, r7(G) = max{es(v;) : v; € V},
r; (G) = max{e; (v;) : v; € V}, rp(G) = max{ep(v;) 1 v; € V'},
where T;:(G),TT(G), rH(G), r7(G),r; (G), and rn(G) are called the positive T-Radius,
positive I-Radius, positive F-Radius, negative T-Radius, negative I-Radius and negative
F-Radius of graph G, respectively. The diameter of G, which is denoted by d(G), is defined

by

+
Tp

d(G) = (d¥(G>v d?(G)7 d;(G)v d’; (G)’ d; (G)v d;«“(G))
where
d+(G) = max{ef (v;) : v; € V}, df (G) = max{e] (v;) : v; € V},
di(G) = max{ef(v;) : v; € V}, dp(G) = min{es (v;) : v; € V},
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d; (G) = min{e; (v;) : v; € V}, dp(G) = min{ep(v;) : v; € V],
where dt(G),df (G), d5(G), dp(G),d; (G), and d(G) are the positive T-Diameter, pos-
itive I-Diameter, positive F-Diameter, negative T-Diameter, negative I-Diameter and
negative F'-Diameter of graph G, respectively.

Definition 3.8. An antipodal bipolar single valued neutrosophic graph (ABSVNG) A(G) =
(Q,R) of a BSVNG G = (A, B) is the BSVNG in which
(a) @Q=A on V. (b) If §(p,q) = d(G) then
(i) If (p,q) € E then R= B on E.
(ii) If (p,q) & E then

T (p,q) = min(Ty (p), T4 (0)), 17 (p,q) = max(I(p), I3 (q)),

I (p.q) = min(I; (p), 15 (q)), Fg(p,q) =min(Fy (p), Fy (q)),

Fg (p,q) = max(F (p), F4 (@), Tg(p,q) = max(T; (p), T4 (q))-

Example 3.1. Consider the BSVNG G = (A, B) of G*, the BSVNSs A and B over
V={&n,C} and E = {(§n), (n,)(C,§)} are defined in Table. 1.

FT7F T RF ] 77— | - = FT7F [ F ] 7= | 1= =
T FI[ T, | I, | F, | B [T I} [Fi] T | I; | Fp

1/5 [1/4 | 1/3 ] —1/4| —1/5| —1/6 | (&,n) | 1/7 [1/2 [1/3 | —1/4| —1/5| —1/6
1/71/2|1/5| —=1/4| —=1/5| =1/6 | (n,¢) | 1/7 | 1/2 | 1/5 | —1/4| —1/5| —1/6
1/41/6 | 1/8 | —1/4| —1/5| —1/6 | (C,€) | 1/5 | 1/4|1/3 | —1/4| -1/5| —1/6

ARSI IS

TABLE 1. BSVNSs of BSVNG

Then by calculation
6(57 77) = (77 27 37 _47 _57 _6)7 5(& C) = (57 43 37 _47 _57 _6)7 5(777 <) = (77 27 5a _4> _57 —6),

€(§> - (77 27 37 _47 _57 _6)7 6(77) - (77 27 37 _47 _57 _6)7 Q(C) = (77 27 37 _47 _57 _6)7 d(G) -
(7,2,3,—4,—-5,—6) = §(§,n). Also BSVNSs of ABSVNG are defined in Table. 2.

To || F5 | Tg | I | Fg | R | TR | If | Fa| Tx | Iz | Fi

1/5 [ 1/4|1/3 | —1/4 | —1/5 | —1/6 | (&,n) | /7| 1/2 | 1/3 | —1/4 | —1/5| —1/6
17 1/21/5| —1/4 | =1/5 | =1/6 | (n,)| 0 | 0 | 0 | 0 0 0
1/41/6 | 1/8 | —1/4 | =1/5 | =1/6 | (¢,€)| 0 | 0 | 0 | 0 0 0

NS MO

TABLE 2. BSVNSs of ABSVNG

Definition 3.9. An eccentric BSVNG G. = (P,Q) of a BSVNG G = (A, B) is the
BSVNG in which,
(a) P=A onV. (b) If
07(p,q) = min(ef(p), e7.(q)), 57 (p,q) = max(ef (p). ef (9)),
67 (p,q) = min(ey (p), e
33 (p, q) = max(ep
then

(i) If (p,q) € E then Q = B on E.
(ii) If (p,q) € E then

T35 (p, q) = min(T4 (p), T4 (q)), 15(p,q) = max(I}(p), I1(q)),
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I (p,q) =min(I (p), I, (q)), Fg(p,q) = min(Fy (p), Fy (),
Fg (p,q) = max(F{ (p), Fi (0), Tg (p,q) = max(Ty (p), Ty (q))-
(c) Otherwise @ = O = (0,0,0,0,0,0).

Example 3.2. Consider the BSVNG G = (A, B) of G*, which is given in Example. 3.1.
Then by calculation

(& mn) =(7,2,3,—4,-5,-6),6(&,¢) = (5,4,3,—4,-5,-6),(n,¢) = (7,2,5, -4, -5, —6),

e(€) = (7,2,3,-4,-5,-6),e(n) = (7,2,3,—4,-5,-6),e(¢) = (7,2,3,—4, -5, —6), 67 (£, 1) =
—4 = max(er(£), e(n)), 05 (1,¢) = =6 = max(ex(n), € (C)),

67 (&m) = =5 =min(e; (§),e; (1), 07(&,n) = —4 = max(er(£), ex(n)),
0p(&n) = —6 =min(ex(§),ep(n)), 67(&¢) = —4 = max(ez(£), ex(C)),
7 (§:,¢) = =5 =min(e; (§),e7 (€)), 6x(§,¢) = —6 =min(ep(£), ex(C)),
o7 (n,¢) = —4 = max(ez(n),er(C)), 67 (n,¢) = =5 =max(e; (1), e (¢)),
&7(&m) = 7 =min(er (), ex(n)), 07 (&,1) = 2 = max(ey (£), ef (1)),
55 (&m) = 3 =max(ep(€), ef(n), 65(n,¢) =7 =min(ef (1), ex())-

The BSVNSs of EBSVNG are defined in Table. 3.

TE || FE | Tp | Ip | Fp | Q T Ig | Fg| T | 1o | Fo

1/5 [1/4[1/3 ] —1/4| —1/5| —1/6 | (&.n) | 1/7 [1/2[1/3 [ —1/4| —1/5| —1/6
1/711/2|1/5| —1/4| —1/5| =1/6 | (n,¢) | 1/7|1/2| 0 | —1/4| —1/5| —1/6
1/411/6 | 1/8 | —1/4| —1/5| =1/6 | (¢,&)| 0 | 0 |1/3| —1/4| —1/5| —1/6

TSRS Niav)

TABLE 3. BSVNSs of EBSVNG

Proposition 3.1. The ABSVNG of the BSVNG is the generalization of antipodal bipo-
lar fuzzy graph of bipolar fuzzy graph and antipodal intuitionistic bipolar fuzzy graph of
tuitionistic bipolar fuzzy graph.

Proposition 3.2. The EBSVNG of BSVNG is the generalization of eccentric bipolar fuzzy
graph of bipolar fuzzy graph and eccentric intuitionistic bipolar fuzzy graph of intuitionistic
bipolar fuzzy graph.

Proposition 3.3. A(G) is a BSVN subgraph of Ge.

Definition 3.10. The connected BSVNG G = (A, B) is distance reqular BSVNG when-
ever

(S(ZL‘,y) =k= (/ﬁ,k‘z,k‘g, k4,k5, kﬁ)
Vaz,yeV.

Proposition 3.4. If G = (A, B) is distance reqular BSVNG, then G is BSVN-spanning
subgraph of A(G), such that A(G) is same as Ge.

Theorem 3.1. For the complete BSVNG G = (A, B) where A be constant BSVNS, then
G and A(QG) are isomorphic.

Theorem 3.2. The ABSVNG A(G) = (Q,R) of a BSVNG G = (A, B) is spanning
subgraph of G.
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Proof. Since by the definition of A(G) (i) @ = A on V. (ii) If §(£,n) = d(G) then (a) If £
and 7 are adjacent in G then R = B on E. (b) If £ and 7 are not adjacent in G, then by
definition of A(G)

Ty (&m) = min(T4 (&), T4 (n)), Tf(§,n) = max(I3(€), I1 (),
IR (&n) = min(I(€), Iy (n)), Fg(&n) =min(Fy (), Fy(n)),
A

Fyp (&m) = max(F4 (€), Fi (n)), Ty (&n) = max(T; (€), Ty (n))-
this completes the result. O

Theorem 3.3. If Gy = (A1, B1) and Go = (Aa, Ba) are isomorphic BSVNGSs, then so
A(Gl) and A(Gg)

Proof. By hypothesis there is an isomorphism f between them preserves the weights
of edges. Hence if vertex a has maximum positive T-eccentricity, minimum positive
IT-eccentricity, positive minimum F-eccentricity minimum negative T-eccentricity, max-
imum negative I-eccentricity and maximum negative F-eccentricity in G7. Then f(«) has
maximum positive T-eccentricity, minimum positive I-eccentricity, minimum positive F'-
eccentricity minimum negative T-eccentricity, maximum negative I-eccentricity and max-
imum negative F-eccentricity in Go, so G and G2 will have same diameter. If distance
between « and ( is k = (k1, ko, k3, k4, ks, k¢) in G1 then f(a) and f(B) will also have
their distance as k in G, since f is a bijective function between A(G;) and A(G2) with
Ql(a) = Al(a) = Ag(a) = Qg( ) Ya € Vl and ( ) If( ,6) € El then Rl = Bl. (ZZ) If
(o, B) € Ej then

T, (e, B) = min(T], (), T, (8)), I, (o, B) = max(I}, (o), If, (8)).
I (o, 8) = min(I5, (@), I3, (8)), Fp, (e 8) = min(Fy, (a), Fy, (8)
Fj; (@, 8) = max(FY, (), F, (8)), Ty, (e, ) = max(Ty, (), Ty, (

( By

Since f : G; — G2 is an 1somorphlsm if (a, B) € E; then Ri(a, ) =
( ) g El then

B))-

)
);
)
fa), f(B)), if

Ty, (o, 8) = min(f(e), f(8)), I, (a, B) = max(f(a), f(8)),
I, (@, B) = min(f(a), f(8)), Fg, (o, f) = min(f(a), f(8)),
Fy, (o, 8) = max(f(a), f(8)), Tg, (e, 8) = max(f(a), f(B)).
Therefore we conclude that R;(a, 8) = Ra(f(«), f(5))- O

Theorem 3.4. Let G1 = (A1, B1) and Gy = (Asg, Bs) be two connected BSVNGs, If Gy
and Gy are co-weak isomorphic, then A(G1) is homomorphic to A(G3).

Proof. As G1 and G2 be co-weak isomorphic BSVNGs, then there exist a bijection f :
G1 — G satisfying the conditions T:{l (a) < TXQ(f(a)),IXI(a) > IXQ(f(a)),FXI(a) >
Fu,(f(a)), TXI(Oé) > Ty, (f(@), Iy, (a) < T, (f(@)), Fy, (o) < Fy,(f(a)) Vo € Vi and
Bf (a, B) = B (f(a), ( )) Y(a, B) € Eq, so the distance and diameters will preserved.
Let d(Gl) = d(Gg) =k = (ki1, ko, ks, ka, ks, ke) if u,v € V1 distance k in Gy then (u,v) €
E(A(Gh)), so f(u), f(v) € Vo distance k in Gy then (f(u), f(v)) € E(A(G2)). If (u,v) €

E(G1) then Ry (u,v) = Bi(u,v) = Ba(f(u), f(v)) = Ra(f(u), f(v)). If (u,v) € E(G1) then

Ty, (u,v) = min(T, (u), T4, (v)) < min(T4, (f(w)), T4, (f () = Tp, (f (), f(v)),

similarly others can be proved, therefore

Ty, (u,0) < T (f (), f(0)), Tg, (u,v) > Iy, (f(u), f(v)), Fgh, (u,0) > F (f(u), f(v)),
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Tg, (u,v) 2 Tg, (f(u), f(v)), Ig, (u,0) < I, (f(u), f(v), Fg, (u,0) < Fg,(f(u), f(v))-
Hence A(G1) is homomorphic to A(G2). O

Theorem 3.5. Let Gy = (A1, B1) and Go = (Ag, By) be complete BSVNGSs, if Gy is
co-weak isomorphic to Gy then A(G1) is co-weak isomorphic to A(G2).

Proof. Straight forward as Theorem 3.4. is proved. O

Next we introduce the self centered and self median bipolar single valued neutrosophic
graphs.

Definition 3.11. Let G = (A, B) be a BSVNG, a vertex v; € V is said to be a central
vertex if r(G) = e(v;). The set of all central vertices of a BSVNG G is denoted by C(G),
G is said to be a self centered bipolar single valued neutrosophic graph (SCBSVNG) if
r(G) =e(v;) Yv; € V.

Example 3.3. Consider the BSVNG G = (A, B) of G*, which is given in Example 3.1 is
also a self centered BSVNG.

Definition 3.12. A path cover of a BSVNG G = (A, B) is the set Q of paths so that
every vertex of G is incident to some path of Q.

Theorem 3.6. Every complete BSVNG G = (A, B) is a self centered BSVNG and

HG) = (s 7 e 70 )
T;l’—z IA’L FA'L TA’L IAZ FAZ

+ - - + + ;
where T4, Iy, and Fy; are minimal, T, I}, and F, are mazimal.

Proof. Let v; € V such that TL is least truth membership of vertex value in G.

Case(i) V v; — v; paths P having n length in G Vv; € V.

for n = 1 trivially holds, if n > 1, the positive T—strength of one edge TX and therefore
positive T-length of a v; — v; path will exceed + , thus positive T-length of path P =

(P) > 7=, hence o (ui,03) = min(i (P)) = 7 Vo € V.

Case(ii) Whenever vr # v; € V, consider all vk — v; paths @ having n length in G
Vu; € V.

Subcase(i) Whenever n = 1, T4 (v, v;) = mln(TAk,TXJ) > Tf since T} is minimal,

hence positive T-length of Q = T(Q) —L < L
(’Uk,’Uj) TAi
Subcase(ii) Whenever n = 2 then I1:(Q ) 1 + L < T2+ since Ty, is

T3 (v v41) TE (Vk41,05) P

minimal.

Subcase(iii) Whenever n > 2 then I1:(Q) < T}z since 7§, is minimal, hence we have

64 (v, v;) = min(1}(Q)) < T+ Vg, v; € V. Thus we have e;(vz) = max (07 (v;,v;)) = T1+
Vu; € V. Next r(G) = mm(eJTr(vZ)) T+ , hence 71 (G) = T+ where T (v;) is minimal

Similarly others can be proved. Hence G is self centered BSVNG O

Remark 3.8. In general converse part does not hold of Theorem 3.6.

Example 3.4. Consider a BSVNG G = (A,B) of G* = (V,E), where A and B be
BSVNSs of V = {a, 8,7,€} and E = {(a, B), (8,7), (1,€), (&, )} respectively, which are
defined in Table. /

(5(0{, ,Y) = (11’ 65 45 *105 *67 77)’ 5(B) 5) = (115 67 47 *107 *6a 77)a
o(a, B) =(6,3,2,—6,—4,-5), 6(,&) = (5,3,2,—4,—2,-2),
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5 B,v) =(5,3,2,—4,—2,-2), 6(v,&) = (6,3,2,—6,—4, —5),
e(a) = (11,3,2,—10, -2, —2), e(8) = (11,3,2, —10, -2, —2),
e(y) = (11,3,2, 10, -2, —2), e(€) = (11,3,2, 10, 2, —2),
here r(G) = e(G). Thus G is self centered BSVNG but G is not complete BSVNG.

Ti | FF ] T | I | Fy B |TH I |Fy| Ty | Iy | Fg

1/5[1/3[1/3] —1/5| -1/5 | —1/5]| (o, B) | 1/6 | 1/3 | 1/2| —1/6 | —1/4| —1/5
15 [1/51/5| —1/3 | =1/7 | =1/6 | (B,y) | 1/5 | 1/3|1/2| —1/4 | —1/2 | —1/2
1/31/6 | 1/6 | —1/2 | —1/2 | =1/2| (7.€) |1/6 | 1/3|1/2| —1/6 | —1/4 | —1/5
1/4 | 1/4|1/4 | =1/6 | —=1/3 | =1/3 | (&,0) | 1/5 | 1/3 | 1/2 | —1/4 | =1/2 | —1/2

MmO

TABLE 4. BSVNSs of SCBSVNG

Remark 3.9. A BSVNG G = (A, B) is self centered BSVNG if and only if d(G) = r(G).

Remark 3.10. Let BSVNG G with path covers Py, Py, P3, Py, Ps and Py, then G is self
centered BSVNG if and only if

o7 (vi,v5) = dp(G) V(vi,v5) € Pr, 0p(viyv5) = dyp(G) V(vy, v5) € Py,
(5;_(?)@,%') = d}'—(G) V(vi,vj) € Py, (51_(1)1',?)]') = dI_(G) V('I)Z',’Uj) € Ps,
5;:(211‘,11]') = d;(G) V(Ui,’()j) € Ps, 5;(’01',213‘) = d;w(G) V(vi,vj) € Fs.

Theorem 3.7. Let H = (Al, B,) be a connected self centered BSVNG, then there exists a
connected BSVNG G = (A, B) for which < C(G) > and H isomorphic and 2r(G) = d(Q)

Definition 3.13. The status in G of vertex &, which is denoted by S(§), is defined by
S(€) = (S7.(€), 87 (€), SE(€), S7.(€), S1 (€), S (€))

=Y 05 (&m), SFEO =D 67 (& m), SHE =) 5k m),

where

nev nev nev
7€) =Y 6r(&m), Sy =567 (&m), Sp&) = dn(&n),
nev nev nev

where ST (€), S (€),SE(€), S7 (), ST (&) and S (€) are positive T-status, positive I-status,
positive F-status, negative T-status, negative I-status and negative F'-status of the vertex
&, respectively. The connected BSVNG G = (C, D) is called self median if every vertex
has the same status.

Example 3.5. Consider the BSVNG G = (A, B) of G* = (V, E), where BSVNSs A and

B be BSVNSs of V = {a, 3,7,€} and E = {(a, 8), (8,7), (7,€) (€, @), (,7)} respectively,
which are defined in Table. 5. Then,

§(a,y) = (5,3,4,—-5,-2,-2), §(8,7) = (5,4,5,—10,—3, —2),
5(B,€) = (13,5,7,—10, =5, —4), 4(v,&) = (8,2,3,—-5,—-2,—2),
S(a) = (5,3,4,—-5,-2,-2), () =(18,9,12,—-20,—-8, —6),
S(y) = (13,6,8,—15,—5,—6), S(§) = (21,7,10,—15, -7, —6).
Thus G is not self median BSVNG.
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A |17 Iy | Fi] Ty | Iy | Fy
o [1/3[1/4]1/5] —1/3 | -1/4| —-1/5
B |1/2|1/5]1/6| —1/2 | -1/5| —1/2
v | 1/4]1/6|1/7| —1/2 | -1/2| —1/3
& |1/7|1/3|1/4| —1/3 | -1/6 | —1/5
B T | |Fy| Ty | Iz | Fy
(a,B) | 1/4[1/3[1/4] —=1/5 | -1/3| —1/2
(B,v) | 1/5|1/4|1/5| —=1/10 | =1/3 | —1/2
(v, [1/8|1/2|1/3| =1/5 | —-1/2| —1/2
(&a)|1/9]1/2(1/3| =1/5 | -1/3 | -1/5
(a,7) | 1/5]1/3|1/4] —1/5 | —1/2| —1/2

TABLE 5. BSVNSs of BSVNG

Remark 3.11. Let G = (C, D) be a connected BSVNG of G* = (W,Y), which is even
cycle then G is self median BSVNG, if alternative edges have same positive and negative
truth, indeterminacy and falsity membership values.

Example 3.6. The BSVNG G of G*, which is given in Example 3.4 is also self median

BSVNG.

4. BIPOLAR SINGLE VALUED NEUTROSOPHIC TREES

Definition 4.1. The partial BSVN subgraph of BSVNG G = (C,D) on a crisp graph
G* = (V,E) is a BSVNG H = (C',D"), such that

(1) C' C C, that is for allp e V

T (p) = T (p), 1 (p) = I (D),

(2) D' C D, that is for all pg € E

T3 (pa) = Tp (pg), I}, (pa) = If(pa), FJ,(pa) = Fp(pq)

T, (pa) =Ty (pa), I, (pa) = Ip(pa), Fp,(pa) = Fp(pg).

The BSVN subgraph of BSVNG G = (C,D) of crisp graph G* = (V,E) is a BSVNG
H=(C',D") onaH" = (V' E'), such that

(1) C' = C, that is for allpe V'

T (p) = T (p), 17 (p) = If(p),

T (p) = Tg (p),

I, (p) =1c(p)

(2) D' = D, that is for all pg € E in the edge set E'

T,/ (pa) = T (pa), 1, (pa) = I}(pa), ) (pa) = Fp(pg)

F,

JF_/

(p) = FZ (p)

(p) = Fg (p)-

T (pa) =Tp(pa), 1y (pa) = 15(pe), Fry(pg) = Fp(pg).



A. HASSAN, M. A. MALIK: THE CLASSES OF BIPOLAR SINGLE VALUED... 559

Definition 4.2. Let C be a BSVNS on X, the support of C, which is denoted by supp(C),
defined by supp(C) = supp(T7) U supp(I) U supp(F) U (T5) U supp(I5) U supp(F),
where
supp(Th) ={z 12 € X, T (x) > 0}, supp(If) ={z:z € X, I}(x) > 0},
supp(F) ={z: 2 € X, F}(z) >0}, supp(T;) ={z:2 € X, T (z) <0},
supp(Io) ={z: v € X, I5(x) <0}, supp(F5) ={r:zc X, F;(z) <0}
We call supp(Tg), supp([ér) and supp(F+) truth support, indeterminacy support and fal-
sity support, respectively. And supp(T, ), supp(I-) and supp(Fg) are called the negative
truth support, indeterminacy support and falsity support respectively. Let C be a BSVNS

on X, the (&,n,(, a, B,7)-level subset of C, which is denoted by C &8 and defined
by CENGaBY) = CEUCTUCCUC*UCP UCY, where

Cé={z:zeX, To(x)>¢}, C"={z:zeX, Io(z) <n},

CS={z:zeX, Fo(z)<(}, CO={z:zeX, To(z)

CP={z:xeX, Io(x) >}, C"={z:2¢eX, Folx)
The height of C, which is denoted by h(C), defined by h(C) = (hi(
hp(C), by (C), hp(C)), where

hi(C) =sup{TH (z) 1z € X}, hf(C) = inf{I}(z) : z € X},

hi(C) = inf{F}(z): 2 € X}, hy(C)=inf{T; (z): 2z € X},

hy (C) =sup{l;(z):xz € X}, hp(C) =sup{F;(v):zc X}
The BSVNS C' is normal if there is p € X such that C(p) = (1,0,0,—1,0,0). The depth
of C, which is denoted by d(C), defined by d(C) = (d}(C),d} (C), d+(C') d;(C),
d; (C),dr(C)), where

dr(C) = inf{T} (z) : x € X}, df (C) = sup{I/(z) : z € X},

dh(C) =sup{Fi(z) 1z € X}, d(C) = sup{T (z) : z € X},

d; (C) =inf{l (z) : x € X}, dp(C) = inf{F (z) : z € X}.
The crisp graph of a BSVNG G = (A, B) is G* = (A*, B*), where A* = supp(A) and
B* = supp(B). Let GEnGaBn) = (A&nGaBn) BEnGaB) where £,n,¢ € [0,1] and
a, B,y € [-1,0]. AEnGaBy) — {x:z eV, TA( x) > &, IA( x) <, FX(az) <(Ty(x) <
a, I (x) > B, Fy(x) >~} is the (&,n,(, o, B,7)-level subset of A and BEMGBY) = Ly -
vy € B, T§(xy) > & If(zy) <n, Fj(ey) <(Tg(ry) < o, Igley) > B, Fglry) >}
is the (§,m,(, a, B,7)-level subset of B. Note that GENGaBY) 4s g crisp gmph.

Definition 4.3. Let G = (A, B) be a BSVNG on the crisp graph G* = (V, E), the positive
T-strength of connectedness between x andy in 'V is

Tt (xy) = sup{Tht(zy) : k=1,...,n},
T3 " (vy) = sup{TH (zv1) A ... ATH (vk—1Y) s T, 015 ..., 051,y € V.k=1,...,n}
the positive I-strength of connectedness between x and y in V is
I]§°+(xy) = inf{]?'(my) ck=1,...,n},
I T (zy) = inf{I} (2v1) V...V I} (vk—1y) : 20150 0p—1,y € Vik=1,...,n}
and the positive F'-strength of connectedness between x and y in 'V is
Ft(zy) = inf{FE*(zy) 1k =1,...,n},
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FXt(zy) = inf{F (zv1) V...V FA (vg_1y) t 2,01, ., 051,y € VoE=1,...,n}
The negative T-strength of connectedness between x and y in V is
T~ (zy) = inf{TE (zy) 1 k=1,...,n},
Ty (zvy) =inf{T5(xzv1) V... VT5 (vk—1y) : ,v1,...,0s—1,y € V,E=1,...,n}

the negative I-strength of connectedness between x and y in V is
IX ™ (zy) = sup{ly (zy) 1 k=1,...,n},

IT ™ (xy) =sup{Ig(zvi) A ... AN g(vk—1y) : 01, .., 0—1,y € V,E=1,...,n}
and the negative F-strength of connectedness between x and y in V is

FZr=(zy) = sup{Fg_(a;y) ck=1,...,n},

FZ~(vy) = sup{Fg(xzvi) A ...V Fg(vp_1y) c 2,01, ..., 01,y € V,E=1,...,n}.
The positive T-strength, I-strength and F-strength between x and y in G is denoted by
T  (zy), IX Y (wy) and FZXT (vy) respectively. The negative T-strength, I-strength and
F-strength between x and y in G is denoted by T (xy), 157~ (xy) and FZ (xy) respec-

tively. Next T;Boo+(:vy), I;§°+(:Uy) and F;O+(xy) denote Tg,oj{xy} (zy), Iéf{zy}oo+(xy) and
FXT,

Ct{ay) (zy), respectively. Also Tj/Boof(ch)7 Ijgoof(xy) and F;O*(xy) denote Tgo:{xy} (zy),
Igo_f{xy} (xy) and Fgo:{xy} (zy), respectively. Here G—{xy} is obtained from G by removing

the edge xy.

Definition 4.4. A bridge in BSVNG G = (A, B) is said to be positive (negative) T-bridge,
if removing the edge xy decreases (increases) the positive T'-strength of connectivity of some
two vertices. A bridge in G is said to be positive (negative) I-bridge, if removing the edge
xy increases (decreases) the I-strength of connectedness of two vertices. A bridge in G is
said to be positive (negative) F-bridge, if by removing the edge xy increases (decreases)
the F-strength of connectedness of some two vertices. A bridge in BSVNG G is said to be
BSVN-Bridge xy if it is positive and negative T-bridge, I-bridge and F-bridge.

Definition 4.5. Let G = (A, B) be a BSVNG on the crisp graph G* = (V, E),

(i) xzy € E is called bridge if xy is bridge of G* = (A*, B).
(ii) zy € E is called BSVN-Bridge if

T]/3°°+(uv) <TF " (w), I;3°°+(uv) > Iy (uv), FJBOOJF(UU) > Ft(uv)
T];,OO_(UU) > T (uwv), I]/BOO_ (wv) < IF™ (uv), Fg’o_(uv) < Fg™ (uv)

for some uv € E, where Tl+, I;‘, Fg‘, TJB_, I;B_ and FJB_, are Tg, IE,FE, Ty, Iy and
F5, which are restricted to V x V — {zy,yx}.

(iii) zy € E is called a weak BSVN-Bridge if there exist (£,m,(, «, 3,7) € (O, h(B)] such
that zy is bridge of G\&MG%BY) where O = (0,0,0,0,0,0).

(iv) zy € E is called partial SVN bridge if xy is bridge for all (§,n,¢, o, B,7) € (d(B), h(B)]
U{h(B)}.

(v) zy € E is called full BSVN-Bridge if xy is bridge for G&EnCaB) for all & n, ¢ a,B,7)
€ (O, h(B)], where 0 = (0,0,0,0,0,0).

Remark 4.1. Let xy be a bridge in G* then xy is BSVN-Bridge if and only if
T (wy) > T5 (ay), T (wy) < I (ay), Fj(ay) < F5o*(ay)

T (xy) < T (zy), Ig(zy) > 15 (vy), Fg(ay) > F5o (ay)
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Remark 4.2. An edge xy is BSVN-Bridge if and only if xy is not weakest bridge of any
cycle.
Proposition 4.1. An edge xy is BSVN-Bridge if and only if xy is bridge for G* and

T (zy) = MTg), Ij(xy) = hI}), Fg(zy) = h(Fg)

Ty (zy) = M(Tg), Ig(zy) = h(lp), Fg(zy) = h(Fyg)
Proof. Suppose that zy is full bridge then xy is bridge of G(&m¢®8) for all (€,1,¢, o, B,
v) € (O, h(B)] = (0, h(T5)] x (0, h(Ip)] x (0, h(Fg)]. Hence xy € BMP) and so

Ty (zy) = MTg), Ig(ay) = h(ly), Fj(zy) = h(Fg)

Ty (zy) = M(Tg), Ig(zy) = h(lg), Fg(zy) = h(Fg)
since zy is bridge for G(&m$487 for all (€,1,¢, a, 8,7) € (O, h(B)]. It follows that zy is
bridge for G*, since V = A4B) and E = BUB).
Conversely: Suppose xy is bridge for G* and

T§ (zy) = MTR), Iy(zy) = h(If), Fg(zy) = h(Fg)
B

)
Ty (zy) = M(Tg), Ig(zy) = h(lg), Fg(zy) = h(Fg)
Then zy € BEMG8) for all (€,7,¢, a, B, fy) (O, h(B)], thus since zy is bridge for G*,
')

xy is bridge for GEGaBY) for all & n, ¢« € (0, h(B)], since each GG B7) g
subgraph of G*. Hence zy is a full BSVN- Brldge g

Proposition 4.2. If an arc xy is not in the cycle of crisp graph G*, then the following
conditions are equivalent.

(i) Ty (y) = h(TR). Ij(ay) = h(I3), Fg(ay) = h(EL), Tz (xy) = h(Tg), I5(ey) =
h(Ig), F (zy) = h(Fg).

(ii) xy is partial BSVN-Bridge.

(iii) xzy is full BSVN-Bridge.

Proof. Since xy is not contained in a cycle of G* and xy is bridge of G*. Hence by propo-
sition 4.1, (i) < (éit) obvious (iii) < () Next suppose that (i) holds, then zy is

bridge for G&m$487) for all (€,1,¢,a,8,7) € (d (B),h(B)] and so zy € B"PB) Thus
Ty (zy) = WTg), Iz(zy) = h(lp), F+( y) = MFy), Ty(xy) = h(Ty), Ig(zy) =
h(Iy), Fg(zy) = h(Fg). Thus (7) is true. O

Remark 4.3. If xy is a bridge, then xy is weak BSVN-Bridge and BSVN-Bridge.
Proposition 4.3. An arc xy is BSVN-Bridge if and only if xy is weak BSVN-Bridge.

Proof. Suppose that zy is a weak BSVN-Bridge, then there exists (¢, 7, (, a, 8,7) € (O, h(B)]
such that zy is bridge for G(&1¢*87) Hence by removing zy it disconnects G&1$::8:7)
thus any path from z to y in G has an edge uv with T4 (uwv) < &, I (w) > n, Fj(uv) > (,
Ty (uwv) > a, Ig(uww) < B, Fg(uv) <. Hence by removal of arc xy implies that

Tt (wy) < € < T (xy), 155 (xy) > n > Ix T (xy), Ft(zy) > ¢ > Ft(ay)

T (wy) > a > TF (ay), 15 (ay) < B < I3 (ay), F5* (ay) <7y < Fy (ay).
Hence zy is BSVN-Bridge.
Conversely: Suppose that zy is BSVN-Bridge, then there is an arc uv such that by re-
moving of xy implies that

T2t (uv) < T (wv), 15°F (uv) > I¥H (uv), FSoF(uwv) > FEF(uw)
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T]/;o_(uv) > T3 (uw), I;BOO_(UU) <IZ™ (uwwv), F;BOO_ (uwv) < FZ'~ (uv)

Hence zy is on every strongest path joining u and v and in fact T4 (uv) >, If(uv) <,
Fi(uw) <, Ty (w) <, Ig(uww) >, Fyg(uv) > this value. Thus there does not exist a path
other than xy connecting x and y in G(Tg(fcy)’fg(fcy)’Fg(wy)’Tg(“y)’jg(W)’Fg(w)), else this
other path without zy would be of strength > T3 (zy), < It (zy), < Fit (zy), < Ty (zvy),
> Iz (2y) and > Fy (wy). Also it would be part of a path connecting u and v of strongest
length, contrary to fact that xy is on every such path. Hence xy is on every such path.
Hence zy is a bridge of G(T5 @)L (@), F 5 (2y). T (29), 15 (wy),Fg (29)) and

0 < TF(zy) < ATE), 0 < If(zy) < h(IE), 0 < Ff(zy) < h(Ff)
0>Tg(zy) > h(Tg), 0> Ig(zy) > h(lg), 0> Fg(zy) > h(Fg)
Thus (Tj (zy), I (zy), F (xy), T (zy), I5 (xy), F5 (zy)) are the desired (£,7,¢,a,3,7).
O

Definition 4.6. Let x € V,

(i) The vertexr x is called a cut vertex, if x is a cut vertex of G* = (A*, B¥).

(ii) The vertex x € V is called BSVN-Cut vertex if T;BOOJF(UU) < T (uv), I/BOO+(UU)

> IXF (w), FIBOO+(UU) > Ft (w) TIBOO_(UU) > T35 (uw), I;B"O_(uv) <IF™ (uwv),
Fg’o_(uv), FZ™ (uwv) for some u,v € V, where Tjg, I;B and FJB are Tg,Ig and Fg restricted
toVxV —{xz,za:2€V}.

(iii) The vertex x € V is called a partial BSVN-Cut vertex if = is a cut vertex for
GEnGaB) for all (€,1,¢,a, 8,7) € (d(B),h(B)] U {h(B)}.

(iv) The vertex x € V is called a weak BSVN-Cut vertex if there exists (&,1,¢, «, 8,7)

€ (0, h(B)] such that = is a cut vertex of GE&MG®A),

(v) The vertex x € V is called a full BSVN-Cut vertex if x is a cut vertez for G&nCp)
if there exists (£,m,C, o, B,7) € (O, h(B)].

Remark 4.4. Let G be a BSVNG such that G* is a cycle, then a vertex is BSVN cut
verter of G if and only if it is a same vertex of two BSVN bridges.

Remark 4.5. If z € V is a same vertex of at least two BSVN bridges, then z is a BSVN
cut vertex.

Remark 4.6. If G is a complete BSVNG, then T (uv) = T (wv), I3 (
Fyt(uww) = Ff (w), Ty~ (w) = Ty (wv), IF ™ (wv) = I5(w) and F~ (uwv

Remark 4.7. The complete BSVNG has no BSVN-Cut vertez.

Definition 4.7. (i) The BSVNG G is called a block if G* is a block.

(ii) The BSVNG G is called a block if it has no BSVN-Cut vertices.

(iii) The BSVNG G is called a weak block if there ezists (§,m,¢, o, 8,7) € (O, h(B)], such
that GEGxBY) s g block.

(iv) The BSVNG G is called a partial BSVN-Block if G&m$%8Y) s a block for all
(&,m,¢ . B,7) € (d(B), h(B)] U{h(B)}.

(v) The BSVNG G is called a full BSVN-Block if G&1$287) s block for all (€,1,¢, a, B,7)
€ (0,h(B)].

Definition 4.8. The connected BSVNG G is said to be a firm if
min{7} () : x € V} > max{T5 (zy) : zy € E},
max{[;(z): x € V} < min{I}(zy) : zy € E},
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max{F} (z): x € V} < min{F} (zy) : 2y € E},
max{T, (z) :x € V} <min{Tj (zy) : zy € E},
min{/, (z): x € V} > max{I5(zy) : vy € £},
min{F, (z) : x € V} > max{Fg (zy) : xy € E}.

Definition 4.9. Let G be a connected BSVNG, then

(i) The BSVNG G is said to be a cycle whenever G* is a cycle.

(ii) The BSVNG G is said to be a BSVN-Cycle whenever G* is a cycle and there is a
unique pq € E such that

T# (pg) = min{T4 (uv) : uwv € E}, If(pq) = max{I}(uv) : uwv € E},

F}(pq) = max{F (uv) : w € E}, Ty (pq) = max{Tg (uv) : wv € E},

I;(pq) = min{I5(wv) : uwv € E}, Fg(pq) = min{Fg (uwv) : uv € E}.
(iii) The BSVNG G is said to be a weak BSVN-Cycle if there exists (£,n,(, o, B,7) €
(O, h(B)] such that GEMGABY) 4s q cycle.
(iv) The BSVNG G is called a partial BSVN-Cycle if GEnGaBY) s a cycle for all
(&m,C a,B,7) € (d(B), h(B)] U {h(B)}.
(v) The BSVNG G is called a full BSVN-Cycle if G&m¢%8) s cycle for all (€,1,¢, o, B,7)
€ (0, h(B)].

Remark 4.8. The BSVN-Cycle G is partial BSVN-Cycle if and only if G is a full BSVN
cycle.

Remark 4.9. The BSVNG G is a full BSVN-Cycle if and only if B is constant on E.

and G is a cycle.

Definition 4.10. A connected BSVNG G = (A, B) is said to be a BSVN-Tree if it has
a BSVN spanning subgraph H = (A, C) which is a tree, where for all edges xy not in
H satisfying T (zy) < Tt (wy), Ih(zy) > I3 (zy), Fi(zy) > FX (2y), Th(zvy) >
Te (wy), Ig(ay) <15 (zy), Fgry) < FE(zy).

Definition 4.11. (i) The BSVNG G is called a forest if G* is a forest.

(ii) The BSVNG G = (A, B) is said to be a BSVN-Forest if G has a BSVN span-
ning subgraph forest H = (A,C), where all arcs wv € E — W, satisfying Tg(uv) <
T (w), Ih(uww) > IXH(uwv), Fg(uw) > FX(w), Tg(w) > T2 (w), Ig(uw) <
17 (w), Fg(uwv) < FZ (uw).

(iii) The BSVNG G is called a weak BSVN-Forest if for all (&,1,(,a,8,7) € (O, h(B)]
such that GEM$4B7) 4s g forest.

(iv) The BSVNG G is called a partial BSVN-Forest if GEnGaBY) s q forest for all
(& n, ¢, B,7) € (d(B), h(B)] U{h(B)}.

(v) The BSVNG G is called a full BSVN-Forest if G587 4s forest for all (€,1,¢, o, B,7)
€ (0, h(B)].

Proposition 4.4. The BSVNG G is full BSVN-Forest if and only if G is forest.

Proof. Suppose that G is a full BSVN forest, then G* is a forest.
Conversely: Suppose that G is forest, then G* is a forest and so must be G&1¢:%87) for
all (€,1,¢,a,3,7) € (O, h(B)], since each G168 is a subgraph of G*. d

Proposition 4.5. The BSVNG G is weak BSVN-Forest if and only if G does not contain
a cycle whose edges are of strength h(B).
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Proof. Suppose that G contains a cycle whose edges are of strength h(B), then G(&7:¢:®8.7)
for (¢,7n,¢,a, B,7) € (O, h(B)] that contains this cycle and so is not a forest, thus G is not
a weak BSVN-Forest.

Conversely: Suppose G does not contain a cycle whose edges are of strength h(B), then
GMB) does not contain a cycle and so it is forest. O

Remark 4.10. If G is a BSVN-Forest, then G is a weak BSVN-Forest.

Theorem 4.1. Let G be a forest and B is a constant on E if and only if G is a full
BSVN-Forest, G* and G"PB) have the same number of connected components, and G is a

firm.

Proof. Suppose that G is a forest and B is constant on E, then for all (¢,7n,(, o, 3,7) €
(O, h(B)], then G&n¢*A7) = G* and so G is full BSVN-Forest also G* and G"5) have
the same number of connected components, clearly G is a firm, since B is constant on FE.
Converse part is obvious. O

Corollary 4.1. The BSVNG G is a tree and B is constant on E if and only if G is a full
BSVN-Tree and G is a firm.

Definition 4.12. (i) The BSVNG G is called a tree if G* is a tree.

(ii) The BSVNG G = (A, B) is said to be a BSVN-Tree if it has a BSVN spanning sub-
graph H = (A, C) which is a tree, where for all edges wv € E — W, satisfying Tg(uv) <
T (w), Ih(uww) > I@H(wv), Fg(uw) > FXT (w), Ty (w) > T2 (w), Ig(uw) <
17 (wv), Fg(uwv) < FZ (uw).

(iii) The BSVNG G is called a weak BSVN-Tree if for all (§,n,¢, a, 5,7) € (O, h(B)] such
that GE$B7) s q tree.

(iv) The BSVNG G is called a partial BSVN-Tree if G\&14%87) s a tree for all (€,1,¢, o, B,
7) & (d(B), h(B)] U {h(B)}.

(v) The BSVNG G is called a full BSVN-Tree if GE$2B) is tree for all (€,1,¢, a, B,7)
€ (0,h(B)].

Remark 4.11. If G is a BSVN-Tree, then G is not complete BSVNG.

Remark 4.12. If G is a BSVN-Tree, then arcs of spanning subgraph H are the BSVN-
Bridges of G.

Remark 4.13. If G is a BSVN-Tree, then internal vertices of spanning subgraph H are
the BSVN-Cut vertices of G.

Remark 4.14. If G is a BSVN-Tree, then zy is BSVN-Bridge if and only if Tg'" (vy) =
T§ (xy), 15" (zy) = I (zy), FF*(zy) = Fg(zy), T (xy) = Tg (zy),

IF " (zy) = Ig(ay), Fg~(ay) = Fg(zy).

Remark 4.15. The BSVNG G is a BSVN-Tree if and only if there is a unique mazximum
spanning tree of G.

Remark 4.16. Let G be a firm, if G is a weak BSVN-Tree, then G is a BSVN-Tree.

Definition 4.13. (i) The BSVNG G is called a connected if G* is a connected.

(ii) The BSVNG G = (A, B) is said to be a BSVN connected if G is BSVN-Block.

(iii) The BSVNG G is called a weak BSVN connected if there exists (§,m,(, o, B,7) €
(O, h(B)] such that GE&G2BY) s a connected.

(iv) The BSVNG G is called a partial BSVN connected if G&nCaB) s o connected for

all (€§,1,¢, @, B,7) € (d(B), h(B)] U{h(B)}.
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(v) The BSVNG G is called a full BSVN connected if G\&¢28) s tree for all (€,1,C, o, B,
7) € (O, h(B)].

Proposition 4.6. If G is connected then G is weakly connected.

Proof. Since G is connected implies that G* is connected. Now G* = G"B) and so G is
weak connected. g

Proposition 4.7. If G is firm and weak connected then G is connected.

Proof. If G&n6a87) is connected for some (€,7,¢, a, 8,7) € (O, h(B)], then G* is con-
nected, since G is firm. U

Proposition 4.8. (i) If G is a weak BSVN-Tree, then G is weak connected and G is
a weak BSVN-Forest, conversely if there are (&1,m1,C1, 1, 81,71), (€2, M2, G2, @2, B2,72) €
(0, h(B)], with & < &, m < mz and (1 < (o such that GE-M<) s g forest and G(&212:€2)
1s connected, then G is weak SVN tree.

(ii) The SVNG G is a tree if and only if G is a forest and G is connected.

(iii) The SVNG G is partial SVN tree if and only if G is a partial SVN forest and G is
partially connected SVNG.

(iv) The SVNG G is full SVN tree if and only if G is a full SVN forest and G is fully
connected SVNG.

Proof. (i) If G119 is a tree for some (£,7,¢) € (0, h(B)], then G&79) is connected and
is a forest. For converse, note that G€272:¢2) must also be a forest, since also G(62712:¢2) jg
connected, G2712:62) ig a tree.

(ii), (iii) and (iv) are obvious. O

Proposition 4.9. The BSVNG G is firm if and only if G687 s firm for all
(&n,¢ a.8,7) € (O, h(B)].
Proof. Suppose G is firm, let (£,1,¢, o, 8,7) € (O, h(B)], for zy € TEM$487) then

E<TH(zy) <min{T; () :2x € V} <min{T{(z):z € Tfﬁ}

n > I (zy) > max{I}(z):x € V} > max{I}(z):x € I}"}
¢ > F}(zy) > max{F}(z): 2 € V} > max{F}{(z):x € Ff}
a>Tg(zy) > max{T, (z) :x € V} > max{T, (z) :x € Tg_}

B<Ig(zy) <min{l(z):z eV} <min{l (z):xel} }
(@)

v < Fg(zry) <min{F, (z) :x € V} <min{F, (z):x € Fff}

therefore
max{T (zy) : 2y € Tg“} <min{T} (z):z € Tfﬁ}

min{I}(zy) : 2y € I} } < max{I}(z): 2z € I}"}
min{F (zy) : zy € F5'} < max{Ff(z) : x € F{}
min{Ty (zy) : xy € Tf-j,_} > max{T, (z) :x € Tfl_}

max{Ig(zy) :zy € I} } >min{l (z):x €I} }

max{Fg (zy) : xy € Fé_} > min{F, (z):x € Ff‘_}
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thus we Conclude that B(fﬂ%@a,ﬁﬂ)* — B(fv”:(vavﬁﬂ/)’ A(E%C:aﬁﬁ)* — A(&W:C»ayﬁﬂ)

and G628 ig a firm.
Conversely: Suppose that G&1$:%87) ig a firm for all &,n, ¢ a,B,7) € (O,h(B)]. Let

min{T; () :x €V} =¢ >0, max{Ij(z):z€V}=mn >0
max{F{(z):x €V} =(o >0, max{T;(z) :x €V} =0ap<0
min{l(z):x €V} =y <0, min{F,(z):2€V}=v<0

next
max{T} (zy) : xy € T]53°+} < &, min{I}(zy): 2y € Ig°+} >
min{F} (zy) : vy € FéOJF} > (o, min{T5(zy) :2y € TR } > g
max{I;(zy) : zy € Igof} < Bo, max{Fg(zy) :zy € FY } <
since G(€0:10:€0:20,60%0) is firm and V = A0:10:€0,:20,070) = A(§0:0:C0:00,50:70)* Tet zy € E—
B(&0:m0:60,20,60:70)* then T§($y) < &, Ig(xy) > 1o, Fg(:ny) > (o, Tg (zy) > oo, Ig(xy) <
Bo and Fg (zy) > 0. Thus
max{T (zy) : 2y € B} <& = min{T} (z) : 2 € V}
min{Tg (zy) : zy € E} > & = min{T, (z) : z € V}}

zy € B} > no=max{I}(z): x € V}
xy € B} <no=max{l,(z):x €V}

min{I} (zy) :
max{Iy(zy) :
min{F} (zy) : vy € E} > (o = max{F} (z) :z € V}
max{Fg(zy) : 2y € B} < (o = max{F, (z):x €V}
Hence G is firm. O

5. CONCLUSIONS

The special classes of BSVNGs, antipodal BSVNGs, eccentric BSVNGs, self centered
BSVNGs and self median BSVNGs of BSVNGs were introduced here. We investigated iso-
morphism properties on antipodal BSVNGs, eccentric BSVNGs and self centered BSVNGs.
The neutrosophic graphs have many applications in path problems, networks and com-
puter science. The edge connectivity in BSVNG is basic concept to understand the con-
nections of connectedness between two systems of computers. The BSVN-Bridges, BSVN-
Cycles, BSVN-Trees, BSVN-Cut vertices and BSVN-Levels are introduced here, also the
BSVN-Blocks and BSVN-Firms are introduced with its properties and criteria to prove the
BSVNG to be firm or Block. In our future research, we will focus on antipodal, eccentric,
self centered and self median interval valued neutrosophic graphs of IVNGs.
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