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NEW CONCEPTS ON m-POLAR INTERVAL-VALUED
INTUITIONISTIC FUZZY GRAPH

A. A. TALEBI ', HOSSEIN RASHMANLOU', S. H. SADATTI!, §

ABSTRACT. Theoretical concepts of graphs are highly utilized by computer science appli-
cations. Especially in research areas of computer science such as data mining, image seg-
mentation, clustering, image capturing and networking. The concept of interval-valued
intuitionistic fuzzy set was introduced by Atanassov [3]. Interval-valued intuitionistic
fuzzy sets provide a more adequate description of uncertainly than the traditional fuzzy
sets. It has many applications in fuzzy control and the most computationally intensive
part of fuzzy control is defuzzification. In this paper the authors introduced the con-
cepts of m-polar interval-valued intuitionistic fuzzy graph (IVIFG), edge regular m-polar
IVIFG, totally edge regular m-polar IVIFG and highly irregular m-polar IVIFG.

Keywords: m-polar IVIFG, edge regular m-polar IVIFG, totally edge regular m-polar
IVIFG, highly irregular m-polar IVIFG.

AMS Subject Classification: 056C99, 05C76

1. INTRODUCTION

The fundamental characteristic of the IVIFS is that the values of its membership func-
tion and non-membership function are intervals rather than exact numbers. The con-
cept of intuitionistic fuzzy sets (IFSs), as a generalization of fuzzy set was introduced
by K. Atanassov [2] and defined new operations on intuitionistic fuzzy graphs. Later,
K. Atanassov and G. Gargov [3] introduced the interval valued intuitionistic fuzzy sets
(IVIFSs) theory, as a generalization of both interval valued fuzzy sets (IVFSs) and in-
tuitionistic fuzzy sets (IFSs). Muhammad, Akram and Wieslaw A. Dudek [10] defined
the interval-valued fuzzy graphs and a few operations on them. Mohamed Ismayil and
Mohamed Ali [9] studied the strong IVIFGs.

Akram [1] introduced the notion of bipolar fuzzy graphs describing various methods of
their construction as well as investigating some of their important properties. Bhutani [4]
discussed automorphism of fuzzy graphs. Chen et al. [5] generalizad the concept of bipolar
fuzzy set to obtain the notion of m-polar fuzzy set. The notion of m-polar fuzzy set is
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more advanced than fuzzy set and eliminates doubtfulness more obsolutely Ghorai and
Pal [6, 7, 8] studied some operations and properties of m-polar fuzzy graphs. Rashmanlou
et al. [12, 13, 14, 15, 16, 17, 18] discussed some properties of bipolar fuzzy graphs and
interval-valued fuzzy graphs and some of its results are investigated. Ramprasad et al.
[11] studied product m-polar fuzzy graph, product m-polar fuzzy intersection graph, and
product m-polar fuzzy line graph.

In the paper, the authors introduce the concepts of m-polar IVIFG, edge regular m-polar
IVIFG, totally edge regular m-polar IVIFG, and highly irregular m-polar IVIFG.

2. PRELIMINARIES

Throughout this paper we assume D[0, 1] be the set of all closed sub-intervals of the
interval [0, 1] and elements of this set are denoted by uppercase letters. If © € D[0, 1] then
this interval can be represented as p = [, u], where u! and uY are the lower and upper
limits of p when these sub-intervals are membership of the elements of any set A then the
membership values are denoted by pu and by v we mean the non-membership values.

Definition 2.1. An interval-valued intuitionistic fuzzy graph (IVIFG) with underlying
graph G* = (V, E) is defined to be a pair G = (A, B), where

(i) The function u : V — D[0,1] and v : V — D|0,1] denote the degree of membership
and non-membership of the element respectively, such that 0 < p* +v4 <1 for allz € V.
(i) The functions u? : E C'V x V — D[0,1] and v : E CV x V — DI[0,1] are defined
by

such that 0 < pBY (zy) +vBY (zy) <1 Vay € E.

Definition 2.2. The interval-valued intuitionistic fuzzy graph is said to be strong if
pPt(zy) = min{p?* (z), p* (y)}
pPY (zy) = min{pY (2), p2Y (1)}
VP (zy) = max{v* (z), v (y)}
vPY (zy) = max{vV (), vV (y)}

Definition 2.3. Let G = (A, B) be an IVIFG. Then the degree of a vertex x is defined by

do(z) = < > uPay), > uPly) || YD v ), Y vPY (ay) >

rzyck ryck zyck ryck
TF#Y TFy TFY Y

Definition 2.4. An interval-valued intuitionistic fuzzy graph G is said to be reqular if the
degree of each vertex of an IVIFG is constant. If the degree of each vertex is k, then we
say the graph is k-reqular IVIFG.

Definition 2.5. Let G be an IVIFG, then the order of G is defined to be

o(G) = < > outt@), Y MAU(w)] ) [Z v @), ) VAU(x)] >

zeV zeV xeV zeV
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Definition 2.6. Let G be an IVIFG, then the size of G is defined to be

S(G)=< D P @y), Y Pl y) | D v ), Y v (ay) >

rFy Y TFy TFY
Definition 2.7. An m-polar interval-valued intuitionistic fuzzy set A on V is defined as
A= {< [HIIL‘L(‘T)a /”‘{lU(‘/p)] sty [H?;LL(QS%M;?LU(‘T)] ) [foL(l‘)a Vf‘U(x)] y T [VTIgL(l‘)a V,;?LU([L‘)]>}

for all x € V' and or shortly
A= {<[M?L(x)aug4U(x)]Zl7 [VfL(x),u;“U(a;)]Zl> lz eV, me N}

where the functions ' : V. — DI[0,1] and v : V — D[0,1] denote the degree of m-polar
memberships and m-polar non-memberships of the element respectively, such that

0 < it (x) < pt¥(x) <1
0 <y (@) <v¥(z) <1
0 < it (x) + vV (@) <1, Ve eV

Definition 2.8. An m-polar interval-valued intuitionistic fuzzy graph with underlying
graph G* = (V, E) is defined to be a pair G = (V, A, B), where
(1) A is an m-polar interval-valued intuitionistic fuzzy set on V.

A= {<[M1~AL($),M?U($)]Z1§ [V{“L(:c),u{w(:r)]?;> lz eV, me N}
(i) B is an m-polar interval-valued intuitionistic fuzzy relation on V-x V.
B= {<[qu(xy),u?U(xy)]Zl; [l/zBL(xy),l/ZBU(xy)]Z1> lzy € E, m € N}

that the functions u? : E CV xV — D[0,1] and vP : E CV x V — D[0,1] are defined
by

pBt(zy) < min{p?t(z), pitt(y)}
Y (zy) < min{pY (z), pY (1)}
vl (zy) > max{v (z), v (y)}
vPY (xy) > max{v*V(z), ;¥ (y)}

such that 0 < ,LLZBU(xy) + VZ-BU(a:y) <1,Vey € E andi=1,2,---,m.

Definition 2.9. The m-polar interval-valued intuitionistic fuzzy graph is said to be strong
if fori=1,2,---,m

i (y) = min{p" (2), u (y)}
Y (wy) = min{pY (z), 1Y (y)}
vPl (zy) = max{v" (z), v/ (y)}
vPY(zy) = max{v{"¥(z), vV (y)}



A.A. TALEBI , H. RASHMANLOU, S. H. SADATI: NEW CONCEPTS ON M-POLAR IVIFG 809

3. A NEw THEORY OF REGULARITY IN m-POLAR IVIFGS

Definition 3.1. Let G = (V, A, B) be an m-polar IVIFG. Then the degree of a verter x

1s defined as
d(@) = ([duf (o). dpl! @)] 7 s [dvf @), vl @), ).

where fori=1,2,--- ,m.

dpf (x Z Wi ), duf (x Z i

zyck zyck

zFy TFY

dvF () = > vPl(ay), dvf(x) = > vP(ay)
Tyelr TyelR
TFY TFY

Definition 3.2. The degree of an edge zy € E in an m-polar IVIFG G =

defined as
da(wy) = { [duf (zy), dp (zy)] 7" ; [dvf(@y), vl (@y)] )
where fori1=1,2,---,m
L (xy) = dpf () + dpi (y) — 2dpl" (y)
dpf (zy) = dp (x) + dp (y) — 2dplY (zy)
F(wy) = dvf (z) + dvf (y) — 2dvP* (wy)
dv (xy) = dv{ () + dv{ (y) — 2dvSY (xy)

Definition 3.3. The total degree of an edge xy € E in an m-polar IVIFG G =

1s defined as

tda(wy) = ([tauF(@y), tap (wy)] 2, s [tdvf(oy), 1 (ay)]" )

where fori1=1,2,--- . m
tduf (vy) = tduf (z) + tduf (y) — tdp" (zy)
tduf (zy) = tdpf () + tduf (y) — tdpf (zy)
tdvE (zy) = tdvl (z) + tdvF (y) — tdvPE (zy)
tdv? (xy) = tdv¥ (z) + tdv? (y) — tdvPY (zy)

This is equivalent to

(V,A,B) is

(V,A, B)

s (ay) = < [l (o) + 1P (). di? () + 1P (o)™, [ (ay) + vP (),

av? (wy) + vPU () >

Definition 3.4. The degree of an edge xy € E in a crisp graph G* is dg+(zy) = dg+(x) +

da+(y) — 2.

Example 3.1. Consider an m-polar IVIFG G = (V, A, B) of G* = (V, E) as in Figure 1

Then, we have
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FiGure 1. The 2-polar IVIFG

TABLE 1. The degree of membership and non-membership of the vertices

and edges in 2-polar IVIFG G

TABLE 2. The degree of vertices in 2-polar IVIFG G

([0.2,0.5],[0.3,0.7]; [1, 1.3, [0.7, 1.2])

([0.3,0.6],[0.2,0.6]; [0.8, 1.2], [1, 1.3])

([0.3,0.5],[0.3,0.5]; [1, 1.3],[0.8, 1.3])

([0.2,0.4],[0.4,0.6]; [1.2, 1.4],[0.5, 1.2])

dg(z)
da(y)
da(z)
da(t)

TABLE 3. The degree of edges in 2-polar IVIFG G

([0.3,0.8],[0.3, 0.5]; [1, 1.9], [0.7, 1.3])

([0.2,0.8],[0.3,0.5; [, 1.3], [0.8, 1.2])

([0.3,0.5],[0.3,0.5]; [, 1.3],[0.7, 1.3])

([0.2,0.5],[0.3,0.7]; [1, 1.3], [0.8, 1.2])

dg(xy)

da(yz)

dg(zt)
dg(xt)

TABLE 4. The total degree of edges in 2-polar

{[0.4,0.8],[0.4,0.9]; [1.4, 1.9], [1.2, 1.9])

([0.4,0.8],[0.4,0.9]; [1.4,1.9],[1.3,1.9])

([0.4,0.7],10.5,0.8]; [1.6, 2], [T, 1.9])

([0.3,0.7],[0.5,1]; [1.6, 2], [1, 1.8])

tda(zy)
tdg(yz)
tdg(zt)

tdg(xt)

(V, A, B) has the same degree

(V, A, B) is called regular m-polar IVIFG or m-polar

i)

1; [Ci7 dl]

1), then G

IVIFG of degree Z<:[ai, b; !

1; [ciu dZ]

m
1=

(lai, bil;

Definition 3.5. If every vertex in an m-polar IVIFG G
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Definition 3.6. If every edge in an m-polar IVIFG G = (V, A, B) has the same degree
([as, b:)1" 15 [ci, di]™y), then G = (V, A, B) is called an edge regular m-polar IVIFG.

Definition 3.7. If every edge in an m-polar IVIFG G = (V, A, B) has the same total
degree ([a;, bi)i" 5 [ci, di)iy), then G = (V, A, B) is called totally edge regular m-polar
1VIFG.

Definition 3.8. Consider an m-polar fuzzy graph G = (V, A, B) of G* = (V, E), we have

FIGURE 2. An edge regular m-polar IVIFG G

TABLE 5. The degree of membership and non-membership of the vertices
and edges in edge regular m-polar IVIFG G

A z [(0.2,0.3],0.3,0.4],0.4,0.5], [0-2,0.3])
y | ([0.1,0.2],]0.2,0.3],[0.4,0.6], [0.2,0.5])
z | ([0.1,0.2],]0.2,0.3],]0.4,0.6], [0.3,0.5])
B [ zy | ([0.1,0.2],]0.2,0.3],[0.4,0.6], [0.2,0.5])
zz | ([0.1,0.2],[0.2,0.3],0.4,0.6], [0.2,0.5])
yz | ([0.1,0.2],[0.2,0.3],0.4,0.6], [0.2,0.5])

Then, we have dg(zy) = dg(zz) = da(yz) = ([0.2,0.4],[0.4,0.6];]0.8, 1.2], [0.4, 1]).
Theorem 3.1. Let G = (V, A, B) be an m-polar IVIFG on a cycle G* = (V, E). Then
> do(xy) =) dalz;zin)
z; eV 7=1
Proof. Suppose that G = (V, A, B) is an m-polar IVIFG and G* is a cycle z1xox3 - - - p21.

Now, we get for i =1,2,--- ,m

Z dg(zjzjt1) = dg(x122) + dg(x2x3) + - - + dg(znx1), where x4 = 21
j=1
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> dpf(wjaji) = dpf (v132) + dpf (woms) + - + dpf (zn71)
7=1

= dpl(z1) + dpt (v2) — 2pP" (m122) + dpk (22) + dpl (3) — 20" (zo23)
oo dpt () + dpf (1) = 2uP (2p21)

n n
= dpf () =2l (i)
j=1 j=1

= > duf () + Y dpf () =2 pl (@)
j=1

l‘jEV l‘jEV
n n
=Y duf () + 2 pl(wwga) =2l ()
@€V j=1 j=1
= duf(x))
.ZjEV

Similarly, in other bounds. Thus

m m

zdc<mjxj+1>:< S a3 aep)| | S ke, Y ey) >
7j=1 z; eV z; €V i=1 z; €V z; €V i=1
=Y dalx))
:BjEV
O

Remark 3.1. Let G = (V, A, B) be an m-polar IVIFG on a crisp graph G*. Then

> daten) = | 3 das(ap ), 3 de e (o)
zycel ryekl ryekl i=1
> de (e o), 3 do (e a)| )
where dg=(zy) = dg+(x) + dg+(y) — 2, for all xy € E.
Definition 3.9. In any m-polar IVIFG
S dle) = 2< S ) S || S ), S ) >
zeV TH£Y TH#Y i=1 TH£Y TH£Y i=1

S0, Y ev dal(z) =25(G).

Theorem 3.2. Let G = (V, A, B) be an m-polar IVIFG on a c-regular crisp graph G*.
Then

S daey) = (e~ 1) Y da(e)

Tyekl zeV
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Proof. From Remark 3.1, we have

> dg(ay) = < > de-(wy)uf(zy), Y da-(ey)pfl (zy)|
ryek ryck rzyck i=1
> da-(zy)vP (ay), > das (zy)vPY (xy) >
zyeFR zyel i=1
= < > (dee () + da=(y) — 2ul (xy), D (do=(z) + da-(y) — 2pPP(zy) |
Yyl zyek i=1
> (da () + da= (y) — 2w (wy), Y (dar () + de- (y) — 2)vPY (xy) >
zyeER zyel i=1
Since G* is a regular crisp, we have the degree of every vertex in G* as c.
ch(fﬁy)=< (c+c—=2) > IufHay), (c+e—2) > pl? ;
zyel zyel ryekl i=1
(c+c—2)ZyiBL( (c+c—2 ZI/Bny >
zycek ryel i=1
(c—1) < > uPlay), Yo wPlay)|
zyel zyel i=1
Lzy), Z vBY (1) >
TYE rzyck i=1
—(c=1) Y da(a)
zeV

0

Theorem 3.3. Let G = (V, A, B) be an m-polar IVIFG. Then the function
m m
<|:,LLZBL, M?U] ; |:I/-BL V-BU:| > s a constant function if and only if the following con-

(2 r%
=1 i=1
ditions are equivalent.

(1) G is an edge regular m-polar IVIFG.
(i) G is a totally edge reqular m-polar IVIFG.

Z ? ’L

m m
Proof. Suppose that <[,uZBL,,u?U} ; [ BL BU] > is a constant function. Then

i=1 i=1
m m m m
<[M?L7M?U] ; [vfﬂvﬁﬂ > = <[ab} : [ed} > Vay € E
i=1 i=1 i=1 i=1
where a;, b;, ¢;,d; are constant and a;, b;, ¢;,d; € [0,1], for all i =1,2,--- ,m. Let G be an

m m
edge regular m-polar IVIFG. Then, for all zy € E, dg(zy) = < [ei, fi] ; [gi, hz} >
i=1 i=1
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Now we have to show that G is a totally edge regular m-polar IVIFG. Now for all
i=1,2,---,m
m

tdg(zy) = < {duf (zy) + u’ " (2y), du (zy) + uf U(fry)] ;

i=1

[dwy) + VP (ay), vl (ay) + VP U“””} m>

m m

tdg(vy) = <{6i +ai, fi +bi] ; {gz‘ +ci, h; +di] >, Vey € E

i=1 i=1
Thus G is a totally edge regular m-polar IVIFG.

m m
Now let G be a < [ki, lz} ; [pi, qz} >—totally edge regular m-polar IVIFG. Then
i=1 i=1

m

1=

tdg(zy) = < [duf (zy) + ai, duf (zy) + bi]

= (Bt e )

So, we have

; [de (zy) + ci, dv] (zy) + dz} >
1 i=1

duf (zy) + a; = ki = dpf(zy) = ki —a;
dpf (xy) + b =l = duf (zy) =1 — b;
dvf(zy) + ¢ = pi = dvf*(ay) =pi —c;
v (xy) +d;i = ¢ = dv/(zy) = qi — d;
Hence
da(zy) = <[7€¢ —ag, l; — bi:| ; [pi —Ciy Qi — di:| >
i=1 i=1

m m

Then G is an < [kz —ai, l; — bi] ; [pi —Ci, Qi — dl} >-edge regular m-polar IVIFG.
i=1 i=

=1
Conversely, suppose that G is an edge regular m-polar IVIFG and G is a totally edge
regular m-polar IVIFG which are equivalent. We have to prove that
m

(2 »7

m

< [MBL , ufU] ; [VBL l/-BU:| > is a constant function. In the contrary way, we suppose
i=1 i=1

mm

K3 ?7

that <[,qu , ,LLiBU . |yBL yBU is not a constant function. Then,
Ji=1 i=1

(s ao)| [ o am)| ) #

=1 =1
r m m
< MfL(a:rxs),ulBU(a:rxs)} ; [VZBL(:I:sz),VZ-BU(xsz)] >
L =1 =1

m m
for at least one pair of edges xjxy,x,xs € E. Let G be an < [ei, fl} ; [gi, hi] >—edge

i=1 =1

m m

; [gi, h; > Hence,

regular m-polar IVIFG. Then dg(z;x;) = dg(zrzs) = <[ei, fl}
i=1

i=1
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for every x;x, € E and for every x,xs € E,
tda(zjzr) = < {duf(x]‘xk) + (@), duf (zjer) + MEU(xjmk>:| ;
v (asn) 4 v M) o (asm) 4 v )| )
= (e Bt gt g s o o )t )| )
b o) =  |di(arme) + M), o)+ (o)
[dl/iL(a:sz) + vPE (zpxy), dvY (zpxs) + VZ-BU(meS)} >

= < |:€i + uPr(xpxy), fi + NiBU(xrws):| ; [gi + vl (was), by + ViBU(xrxs)] >
Since

<|:/LiBL($j1'k)7MiBU<xjxk):|m ; [VZ.BL(mjxk),yZBU(«zjk)]m >7é

=1 i=1

m m
<[N§L(xrx5)aM?U(xrx5)} ; [V?L(xr$s)7’/iBU($r$s)] >

i=1 =1

we have tdg(z;xy) # tdg(xzrzs). Hence, G is not a totally edge regular m-polar IVIFG.

m m
This is a contradiction to our assumption. Hence, < {ufl*, ufU] ; [ViBL, I/Z-BU:| > is a
i=1 i=1

m m
constant function. In the same way, we can prove that < pPr M?U] ; |:l/iBL , ViBU:| >

i=1 i=1
is a constant function, when G is a totally edge regular m-polar IVIFG.

Theorem 3.4. Let G* be a k-regular crisp graph and G = (V, A, B) be an m-polar IVIFG

m m

on G*. Then uiBL, uiBU : |vBL Z/-BU:| > is a constant function if and only if Gis
i=1 i=1

both regular m-polar IVIFGZ and totally edgle reqular m-polar IVIFG.

Proof. Let G = (V, A, B) be an m-polar IVIFG on G* and let G* be a k-regular crisp
m m
graph. Assume that <[,uf?L , ,uzBU] ; I:V»BL VBU] > is a constant function. Then

K3 )

=1 i=1
m ‘ m . m m
<[uiB “(ay), nf U(fﬁy)] : |:VzB Hay), v U(ﬂfy)] > = <[az bi] : |:Ciadi:| > Vay € B
i=1 i=1 i=1 i=1
where a;, b;,¢;,d; are constants and a;,b;,c;,d; € [0,1] for i« = 1,2,--- ;m. From the

definition of degree of a vertex, we get

m m
o) = (| 3 wbMan). X uen| | X . ¥ o en| )
ryel zyel i=1 ryel ryel i=1
Ty Ty £y THY

m

(g S

ryelE zyel i=1 zyeE zyel i=1
Ty TF£Y TF£Y Ty

= < [k‘ai, k:bi] ; [ksci, kdz} >, for every x € V.
1

i= =1
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So, G is regular m-polar IVIFG. Now

m

tde(wy) = <[tduf(xy)7tdu?(:vy)} 1:1; [tduf(xy),tdvf](xy)]?)

where, for : =1,2,--- ,m

tdpf (xy) = duf (v) + duf (y) — pP"(wy) = D plP@y) + Y ul BL(xy)
ryck yzeE
T#y y#z

= ka; + ka; — a; = (2k — 1)a;
Similarly,
tduz (zy) = (2k = 1)b;
Lzy) = (2k — D¢
tdv? (zy) = (2k — 1)d;

l/

So, tdg(zy) = < [(216 —Dai, (2k — l)bz} ; [(Qk — e, (2k — l)di] >, Vxy € E. Hence,
i= i=1
G is also a totally edge regular m-polar IVIFG.

Conversely, assume that G is both regular and totally edge regular m-polar IVIFG. Now
m

we have to prove that [MFL, ufU] ; |:1/BL VBU] > is a constant function. Since G
i=1 i=1

i 7
m

is regular dg(z) = < [ai, bz} ; [ci, dl} for all z € V. Also G is totally edge regular.
i=1

i=1
m
Hence, tdg(z,y) = <[pi, qz} Ny for all zy € E. From the definition of totall

i=1 =1
edge degree, we get for ¢ = IZ, 2, .m and Vey € E

tduk (zy) = dul (z) + duF (y) — pPl(zy) = pi = a; + a; — pPl(zy) = pPE(zy) = 2a; — pi
) =

tdp? (zy) = dp¥ (z) + dul (y) — pPY (zy) = g5 = bi + b; — pPY (zy) = pPY(zy) = 2b; —
tdvf(zy) = dv] (z) + dvf (y) — BL( y) = i = ¢ + ¢ — vPH(zy) = BL(-’L‘y)—2cz—n
thZ»U( y) = dyi (x) + duiU( ) — (asy) — s, =d; +d; — V (xy) - (a:y) =2d; — s;

So, for all zy € £

([ )| ;[ PP )| ) = <[2az-—pz-,zbi—qi]m ;

i=1 i=1 i=1
m
|:20i — Ty, 2d7; — SZ':| >
i=1
m m
Hence < [,uZBL, ,uZBU} ; [I/lBL, I/iBU] > is a constant function. O
=1 =1

4. CONCLUSION

Any dissimilar fuzzy graph hypothesis needs large data for training to be able to help
in decision-making which is crucial to utilitarian research in science and technology. A
regular m-polar IVIFG has numerous application in the modeling of real life systems where
the level of information inherited in the system varies with respect to time and have a
different level of precision and hesitation. The concept of m-polar IVIFGs, regular m-polar
IVIFGs, highly irregular m-polar IVIFGs is discussed in this paper. In our future work
we will study on f-morphism in m-polar IVIFGs and investigate some of its results.
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