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TRIPLE CONNECTED ETERNAL DOMINATION IN GRAPHS

G. MAHADEVAN1, T. PONNUCHAMY2, SELVAM AVADAYAPPAN3, §

Abstract. The concept of Triple connected domination number was introduced by G.
Mahadevan et. al., in [10]. The concept of eternal domination in graphs was introduced
by W. Goddard., et. al., in [3]. The dominating set S0(⊆ V (G)) of the graph G is said to
be an eternal dominating set, if for any sequence v1, v2, v3, . . . vk of vertices, there exists
a sequence of vertices u1, u2, u3, . . . uk with ui ∈ Si−1 and ui equal to or adjacent to vi,
such that each set Si = Si−1−{ui}∪{vi} is dominating set in G. The minimum cardinal-
ity taken over the eternal dominating sets in G is called the eternal domination number
of G and it is denoted by γ∞(G). In this paper we introduce another new concept Triple
connected eternal domination in graph. The eternal dominating set S0(⊆ V (G)) of the
graph G is said to be a triple connected eternal dominating set, if each dominating set
Si is triple connected. The minimum cardinality taken over the triple connected eternal
dominating sets in G is called the triple connected eternal domination number of G and
it is denoted by γtc,∞(G). We investigate this number for some standard graphs and
obtain many results with other graph theoretical parameters.

Keywords: Triple connected domination number, Eternal domination in graphs, Triple
connected eternal domination number of graphs.

AMS Subject Classification: 05C69

1. Introduction

By a graph we mean a finite, simple, connected and undirected graph G(V,E), where
V denotes its vertex set and E its edge set. Unless otherwise stated, the graph G has p
vertices and q edges. We denote a cycle on m vertices by Cm, a path on m vertices by Pm,
a complete graph on m vertices by Km and a complete bipartite graph on m,n vertices by
Km,n. We denote a prism graph on n vertices by Yn, n ≥ 3 is defined by Cartesian product
of a cycle with a single edge. The ladder graph can be obtained as the Cartesian Product
of two paths, one of which has only one edge, denoted by Ln, n ≥ 1. In [9], J. Paulraj
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Joseph et. al., introduced the concept of triple connected in graphs. A graph G is said to
be triple connected if any three points lie on a path in G. In [10], G. Mahadevan et. al.,
introduced the concept of triple connected domination number of a graph. A subset S of V
of a non-trivial graph G is said to be triple connected dominating set, if S is a dominating
set in G and the sub graph < S > is triple connected. The minimum cardinality taken
over all triple connected dominating sets is called triple connected domination number of
a graph G and it is denoted by γtc(G). In [3], W. Goddard et. al., introduced by the
concept of eternal domination in graphs. The dominating set S0(⊆ V (G)) of the graph G
is said to be an eternal dominating set, if for any sequence v1, v2, v3, . . . vk of vertices, there
exists a sequence of vertices u1, u2, u3, . . . uk with ui ∈ Si−1 and ui equal to or adjacent
to vi, such that each set Si = Si−1 − {ui} ∪ {vi} is dominating set in G. The minimum
cardinality taken over the eternal dominating sets in G is called the eternal domination
number of G and it is denoted by γ∞(G). In this paper we introduce another new concept
Triple connected eternal domination number of a graph also investigate this number for
some standard graphs and obtain many results with other graph theoretical parameters.

2. Triple Connected Eternal Domination in Graphs:

Definition 2.1. The eternal dominating set S0(⊆ V (G)) is said to be a Triple Connected
Eternal Dominating set in G if each dominating set Si is triple connected. The minimum
cardinality taken over the triple connected eternal dominating sets is called the Triple
Connected eternal Domination Number of G and it is denoted by γtc,∞(G).

Example 2.1. Consider the graph G,

Figure 1

Here V (G) = {v1, v2, v3, v4, v5} is a vertex set in G. Consider the set S0 = {v1, v2, v3, v4}.
< S0 >= P4 is triple connected. Also for every vertex in V − S0 is adjacent to some ver-
tex in S0. This gives that S0 is a triple connected dominating set in G. Now S1 =
S0−{v4}∪{v5} is a triple connected dominating set in G. Also S2 = S1−{v5}∪{v4} = S0
is triple connected dominating set in G. Therefore S0 is a triple connected eternal domi-
nating set in G, which is minimum. This gives that γtc,∞(G) = 4.

Theorem 2.1. For any cycle Cn, γtc,∞(Cn) = n− 1, n > 3.

Proof. Consider the cycle on n vertices denoted by Cn. Here V (Cn) = {vi, 1 ≤ i ≤ n}.
Consider the set S = {vi, 1 ≤ i ≤ n− 1}.
Claim: S is a triple connected eternal dominating set in Cn

Here every vertex in V − S is adjacent to some vertices in S. This gives that S is
a dominating set in Cn. Also < S >= Pn−1 which is triple connected. Now S1 =
S − {v1} ∪ {vn} is also a triple connected dominating set in Cn. In this way we find
Si = Si−1 − {vi} ∪ {vi−1}, 2 ≤ i ≤ n − 1 & Sn = S. All the sets Si, 1 ≤ i ≤ n are triple
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connected dominating sets in Cn. This implies S is a triple connected eternal dominating
set in Cn. Therefore

γtc,∞(Cn) ≤ n− 1 (1)

Consider the set S′ with |S′| < n− 1. That is |S′| ≤ n− 2. Now suppose |S′| = n− 2.
That is S′ = {vj , 1 ≤ j ≤ n− 2}. Since every vertex in V −S′ is adjacent to some vertices
in S′ which implies S′ is a dominating set in Cn. Also < S′ >= Pn−2 which is triple
connected. Now S′1 = S′−{vn−2}∪ {vn−1} is a dominating set but < S′1 >= Pn−3 ∪K1 is
disconnected. This gives that S′1 is not a triple connected set in Cn. Therefore S′ is not
a triple connected eternal dominating set in Cn. Therefore γtc,∞(Cn) 6= n − 2. Also any
set with cardinality less then n− 2 is not a triple connected eternal dominating set in Cn.
This gives that γtc,∞(Cn) 66= n− 2 which implies

γtc,∞(Cn) > n− 2⇒ γtc,∞(Cn) ≥ n− 1 (2)

From (1) and (2) γtc,∞(Cn) = n− 1. �

Theorem 2.2. For any path Pn, γtc,∞(Pn) = n, n ≥ 3.

Proof. Consider the path on n vertices denoted by Pn. Here V (Pn) = {vi, 1 ≤ i ≤ n}.
Consider the set S = {vi, 1 ≤ i ≤ n}.
Claim: S is a triple connected eternal dominating set in Pn

Here every vertex in V − S is adjacent to some vertices in S. This gives that S is a
dominating set in Pn. Also < S >= Pn which is triple connected. Now S1 = S is also a
triple connected dominating set in Pn. In this way we find Si = S, 2 ≤ i ≤ n. All the
sets Si, 1 ≤ i ≤ n are triple connected dominating sets in Pn. This implies S is a triple
connected eternal dominating set in Pn. Therefore

γtc,∞(Pn) ≤ n (3)

Consider the set S′ with |S′| < n. That is |S′| ≤ n − 1. Now suppose |S′| = n − 1.
That is S′ = {vj , 1 ≤ j ≤ n− 1}. Since every vertex in V −S′ is adjacent to some vertices
in S′ which implies S′ is a dominating set in Pn. Also < S′ >= Pn−1 which is triple
connected. Now S′1 = S′ − {vn−1} ∪ {vn} is a dominating set but < S′1 >= Pn−2 ∪K1 is
disconnected. This gives that S′1 is not a triple connected set in Pn. Therefore S′ is not
a triple connected eternal dominating set in Pn. Therefore γtc,∞(Pn) 6= n − 1. Also any
set with cardinality less then n− 1 is not a triple connected eternal dominating set in Pn.
This gives that γtc,∞(Pn) 6≤ n− 1 which implies

γtc,∞(Pn) > n− 1⇒ γtc,∞(Pn) ≥ n (4)

From (3) and (4) γtc,∞(Pn) = n. �

Theorem 2.3. For any complete graph Kn, γtc,∞(Kn) = 3, n ≥ 3.

Proof. Consider the complete graph on n vertices denoted by Kn. Here V (Kn) = {vi, 1 ≤
i ≤ n}. Consider the set S = {vi, 1 ≤ i ≤ 3}.
Claim: S is a triple connected eternal dominating set in Kn

Here every vertex in V − S is adjacent to some vertices in S. This gives that S is
a dominating set in Kn. Also < S >= K3 which is triple connected. Now S1 = S −
{v1} ∪ {vn} is also a triple connected dominating set in Cn. In this way we find Si =
Si−1 − {vi} ∪ {vi−1}, 2 ≤ i ≤ n − 1 & Sn = S. All the sets Si, 1 ≤ i ≤ n are triple
connected dominating sets in Kn. This implies S is a triple connected eternal dominating
set in Kn. Therefore

γtc,∞(Kn) ≤ 3 (5)
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We know that for any triple connected dominating set has at least 3 vertices. This
implies that

γtc,∞(Kn) ≥ 3 (6)

From (5) and (6) γtc,∞(Kn) = 3. �

Theorem 2.4. For any complete bipartite graph Km,n, γtc,∞(Km,n) = 3, m ≥ 2, n ≥ 2.

Proof. Consider the complete bipartite graph on m,n vertices denoted by Km,n. Here
V (Km,n) = {X ∪ Y }, where X = {ui, 1 ≤ i ≤ m} and Y = {vj , 1 ≤ j ≤ n}. Consider the
set S = {u1, v1, u2}.
Claim: S is a triple connected eternal dominating set in Km,n

Here every vertex in V − S is adjacent to some vertices in S. This gives that S is
a dominating set in Km,n. Also < S >= P3 which is triple connected. Now S1 =
S − {u1} ∪ {v2} is also a triple connected dominating set in Km,n. In this way we find
Si = [Si−1 − {vj} ∪ {ui+1}] ∪ [Si−1 − {u1} ∪ {vj+1}], 2 ≤ j ≤ n & Sm = S. All the sets
Si, 1 ≤ i ≤ n are triple connected dominating sets in Km,n. This implies S is a triple
connected eternal dominating set in Km,n. Therefore

γtc,∞(Km,n) ≤ 3 (7)

Since any triple connected dominating set has at least 3 vertices, we have

γtc,∞(Km,n) ≥ 3 (8)

From (7) and (8) γtc,∞(Km,n) = 3. �

Corollary 2.1. For any graph G, 3 ≤ γtc,∞(G) ≤ n and the bounds are sharp

Proof. Consider the graph G with n ≥ 3 vertices. In this graph any triple connected
eternal dominating set has at least 3 vertices. This gives that γtc,∞(G) ≥ 3. Also in
theorem 2.2 γtc,∞(G) ≤ n. Therefore 3 ≤ γtc,∞(G) ≤ n. �

Theorem 2.5. For any Prism graph Yn, n ≥ 3, γtc,∞(Yn) = 2n− 2.

Proof. Consider the prism graph Yn, n ≥ 3. Here V (Yn) = {u1, u2, u3, . . . un, v1, v2, v3, . . . vn}
has 2n vertices. Consider the set S = {u1, u2, u3, . . . un, v1, v2, v3, . . . vn−2}.
Claim: S is a triple connected eternal dominating set in Yn.

Here every vertex in V − S is adjacent to some vertices in S. This gives that S is a
dominating set in Yn. Also < S > is triple connected. Now S1 = S − {v1} ∪ {vn} is also
a triple connected dominating set in Yn. In this way we find Si = Si−1 − {vi+1} ∪ {vi}
& Sn = S. All the sets Si, 1 ≤ i ≤ n are triple connected dominating sets in Yn. This
implies S is a triple connected eternal dominating set in Yn. Therefore

γtc,∞(Yn) ≤ 2n− 2 (9)

Consider the set S′ with |S′| < 2n−2. That is |S′| ≤ 2n−3. Now suppose |S′| = 2n−3.
That is S′ = {u1, u2, u3, . . . un, v1, v2, v3, . . . vn−3}. Since every vertex in V −S′ is adjacent
to some vertices in S′ which implies S′ is a dominating set in Yn. Also < S′ > is triple
connected. Now S′1 = S′−{un−1}∪{vn−1} is a dominating set but < S′1 > is disconnected.
This gives that S′1 is not a triple connected set in Yn. Therefore S′ is not a triple connected
eternal dominating set in Yn. Therefore γtc,∞(Yn) 6= 2n− 3. Also any set with cardinality
less then 2n − 3 is not a triple connected eternal dominating set in Yn. This gives that
γtc,∞(Yn) 6≤ 2n− 3 which implies

γtc,∞(Yn) > 2n− 3⇒ γtc,∞(Yn) ≥ 2n− 2 (10)

From (9) and (10) γtc,∞(Yn) = 2n− 2. �
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Example 2.2. Consider the Prism graph Y3

Figure 2

Here V (Y3) = {u1, u2, u3, v1, v2, v3} is a vertex set in Y3. Consider the set S0 =
{u1, u2, u3, v1}. < S0 > is triple connected. Also for every vertex in V − S0 is adjacent
to some vertex in S0. This gives that S0 is a triple connected dominating set in Y3. Now
S1 = S0−{v1}∪{v2} is a triple connected dominating set in Y3. Also S2 = S1−{v2}∪{v3}
and S3 = S2 − {v3} ∪ {v1} = S0 are all triple connected dominating set in Y3. Therefore
S0 is a triple connected eternal dominating set in Y3, which is minimum. This gives that
γtc,∞(Y3) = 4 = ((2× 3)− 2).
Also γtc,∞(Y4) = 6 = ((2× 4)− 2).
γtc,∞(Y7) = 12 = ((2× 7)− 2).

Theorem 2.6. For any Ladder graph Ln, n ≥ 2, γtc,∞(Ln) = 2n− 1.

Proof. Consider the prism graph Ln, n ≥ 2. Here V (Ln) = {u1, u2, u3, . . . un, v1, v2, v3, . . . vn}
has 2n vertices. Consider the set S = {u1, u2, u3, . . . un, v1, v2, v3, . . . vn−1}.
Claim: S is a triple connected eternal dominating set in Ln.

Here every vertex in V − S is adjacent to some vertices in S. This gives that S is a
dominating set in Ln. Also < S > is triple connected. Now S1 = S − {vn−1} ∪ {vn} is
also a triple connected dominating set in Yn. In this way we find Si = Si−1−{vi+1}∪{vi}
& Sn = S. All the sets Si, 1 ≤ i ≤ n are triple connected dominating sets in Ln. This
implies S is a triple connected eternal dominating set in Ln. Therefore

γtc,∞(Ln) ≤ 2n− 1. (11)

Consider the set S′ with |S′| < 2n−1. That is |S′| ≤ 2n−2. Now suppose |S′| = 2n−2.
That is S′ = {u1, u2, u3, . . . un, v1, v2, v3, . . . vn−2}. Since every vertex in V −S′ is adjacent
to some vertices in S′ which implies S′ is a dominating set in Ln. Also < S′ > is triple
connected. Now S′1 = S′ − {vn−2} ∪ {vn−1} is a dominating set but < S′1 > is not triple
connected. This gives that S′1 is not a triple connected set in Ln. Therefore S′ is not a
triple connected eternal dominating set in Ln. Therefore γtc,∞(Ln) 6= 2n − 1. Also any
set with cardinality less then 2n − 2 is not a triple connected eternal dominating set in
Ln. This gives that γtc,∞(Ln) 6≤ 2n− 2 which implies

γtc,∞(Ln) > 2n− 2⇒ γtc,∞(Ln) ≥ 2n− 1 (12)

From (11) and (12) γtc,∞(Ln) = 2n− 1. �

Example 2.3. Consider the Ladder graph L2

Here V (L2) = {u1, u2, v1, v2} is a vertex set in L2. Consider the set S0 = {u1, u2, v1}. <
S0 >= P3 is triple connected. Also for every vertex in V −S0 is adjacent to some vertex in
S0. This gives that S0 is a triple connected dominating set in L2. Now S1 = S0−{v1}∪{v2}
is a triple connected dominating set in L2. Also S2 = S1 − {v2} ∪ {v1} = S0 is all triple
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Figure 3

connected dominating set in L2. Therefore S0 is a triple connected eternal dominating set
in L2, which is minimum. This gives that γtc,∞(L2) = 3 = ((2× 2)− 1).
Also γtc,∞(L3) = 5 = ((2× 3)− 1).
γtc,∞(L8) = 15 = ((2× 8)− 1).

Theorem 2.7. For any Wheel graph WN , N = n+1, n ≥ 4, γtc,∞(WN ) = N −2 = n−1.

Proof. Consider the prism graph WN , n ≥ 3. Here V (WN ) = {u, v1, v2, v3, . . . vn} has
n+ 1 vertices. Consider the set S = {u, v1, v2, v3, . . . vn−2}.
Claim: S is a triple connected eternal dominating set in WN .

Here every vertex in V − S is adjacent to some vertices in S. This gives that S is a
dominating set in WN . Also < S > is triple connected. Now S1 = S − {vn−2} ∪ {vn−1} is
also a triple connected dominating set in WN . In this way we find Si = Si−1−{vi+1}∪{vi}
& Sn = S. All the sets Si, 1 ≤ i ≤ n are triple connected dominating sets in WN . This
implies S is a triple connected eternal dominating set in WN . Therefore

γtc,∞(WN ) ≤ n− 1 (13)

Consider the set S′ with |S′| < n− 1. That is |S′| ≤ n− 2. Now suppose |S′| = n− 2.
That is S′ = {u, v1, v2, v3, . . . vn−3}. Since every vertex in V − S′ is adjacent to some
vertices in S′ which implies S′ is a dominating set in WN . Also < S′ > is triple connected.
Now S′1 = S′ − {u} ∪ {vn−1} is a dominating set but < S′1 >= Pn−3 ∪K1 is disconnected.
This gives that S′1 is not a triple connected set in WN . Therefore S′ is not a triple
connected eternal dominating set in WN . Therefore γtc,∞(WN ) 6= n−2. Also any set with
cardinality less then 2n− 2 is not a triple connected eternal dominating set in WN . This
gives that γtc,∞(WN ) 66= n− 2 which implies

γtc,∞(WN ) > n− 2⇒ γtc,∞(WN ) ≥ n− 1 (14)

From (13) and (14) γtc,∞(WN ) = n− 1 = N − 2. �

Example 2.4. Consider the wheel graph W5

Figure 4

Here V (W5) = {u, v1, v2, v3, v4} is a vertex set in W5. Consider the set S0 = {u, v1, v2}.
< S0 >= C3 is triple connected. Also for every vertex in V − S0 is adjacent to some
vertex in S0. This gives that S0 is a triple connected dominating set in W5. Now S1 =
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S0 − {u} ∪ {v3} is a triple connected dominating set in W5. Also S2 = S1 − {v3} ∪ {v4},
S3 = S2 − {v4} ∪ {u} = S0 are all triple connected dominating sets in W5. Therefore S0
is a triple connected eternal dominating set in W5, which is minimum. This gives that
γtc,∞(W5) = 3 = 5− 2.
Also γtc,∞(W6) = 4 = 6− 2.
γtc,∞(W10) = 8 = 10− 2.

Note 2.1. Consider the wheel graph W4, Here the triple connected eternal domination
number is 3. That is γtc,∞(W4) = 3. Thus γtc,∞(W4) = 3 6= 4− 2.

Remark 2.1. Triple connected eternal domination number does not exists for the following
graphs.

1) Star graph
2) Butterfly graph
3) Helm graph
4) Friendship graph
5) Fan graph

Observation 2.1. Every triple connected eternal dominating set is triple connected dom-
inating set but the converse is not true.

Proof. Let S0 be a triple connected eternal dominating set in the graph G. Then each
set Si, 0 ≤ i ≤ n is triple connected dominating set in G. This gives that S0 is a
triple connected dominating set in the graph G. Therefore every triple connected eternal
dominating set is triple connected dominating set. But the converse is not true. �

Example 2.5. Consider the graph P4. Here S = {v1, v2, v3} is a triple connected domi-
nating set but it is not triple connected eternal dominating set.

Observation 2.2. Every triple connected eternal dominating set is eternal dominating
set but the converse is not true.

Proof. Let S0 be a triple connected eternal dominating set in the graph G. Then each
set Si, 0 ≤ i ≤ n is an eternal dominating set in G. This gives that S0 is an eternal
dominating set in the graph G. Therefore every triple connected eternal dominating set
is eternal dominating set. But the converse is not true. �

Example 2.6. Consider the graph P4. Here S = {v1, v2, v3} is an eternal dominating set
but it is not tripe connected eternal dominating set.

Observation 2.3. For any graph G, γtc(G) ≤ γtc,∞(G) and the bound is sharp if G ∼= Kn

Observation 2.4. For any graph G, γ∞(G) ≤ γtc,∞(G) and the bound is sharp if G ∼=
Km,n.

Observation 2.5. For any graph G, γnsptc(G) ≤ γtc,∞(G) and the bound is sharp if
G ∼= Kn, n is odd.
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