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TRIPLE CONNECTED ETERNAL DOMINATION IN GRAPHS

G. MAHADEVAN?, T. PONNUCHAMY?, SELVAM AVADAYAPPAN?, §

ABSTRACT. The concept of Triple connected domination number was introduced by G.
Mahadevan et. al., in [10]. The concept of eternal domination in graphs was introduced
by W. Goddard., et. al., in [3]. The dominating set So(C V(G)) of the graph G is said to
be an eternal dominating set, if for any sequence v1, vz, vs, ... v, of vertices, there exists
a sequence of vertices ui,usz,us, ... ur with u; € S;—1 and u,; equal to or adjacent to v;,
such that each set S; = S;—1 —{u; }U{v;} is dominating set in G. The minimum cardinal-
ity taken over the eternal dominating sets in G is called the eternal domination number
of G and it is denoted by 7o (G). In this paper we introduce another new concept Triple
connected eternal domination in graph. The eternal dominating set So(C V(G)) of the
graph G is said to be a triple connected eternal dominating set, if each dominating set
S; is triple connected. The minimum cardinality taken over the triple connected eternal
dominating sets in G is called the triple connected eternal domination number of G and
it is denoted by 7ic,0o(G). We investigate this number for some standard graphs and
obtain many results with other graph theoretical parameters.

Keywords: Triple connected domination number, Eternal domination in graphs, Triple
connected eternal domination number of graphs.

AMS Subject Classification: 05C69

1. INTRODUCTION

By a graph we mean a finite, simple, connected and undirected graph G(V, E), where
V' denotes its vertex set and F its edge set. Unless otherwise stated, the graph G has p
vertices and ¢ edges. We denote a cycle on m vertices by C,,, a path on m vertices by P,
a complete graph on m vertices by K,,, and a complete bipartite graph on m,n vertices by
K,,.n. We denote a prism graph on n vertices by Y;,, n > 3 is defined by Cartesian product
of a cycle with a single edge. The ladder graph can be obtained as the Cartesian Product
of two paths, one of which has only one edge, denoted by L,, n > 1. In [9], J. Paulraj
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Joseph et. al., introduced the concept of triple connected in graphs. A graph G is said to
be triple connected if any three points lie on a path in G. In [10], G. Mahadevan et. al.,
introduced the concept of triple connected domination number of a graph. A subset S of V'
of a non-trivial graph G is said to be triple connected dominating set, if S is a dominating
set in GG and the sub graph < S > is triple connected. The minimum cardinality taken
over all triple connected dominating sets is called triple connected domination number of
a graph G and it is denoted by v(G). In [3], W. Goddard et. al., introduced by the
concept of eternal domination in graphs. The dominating set So(C V(G)) of the graph G
is said to be an eternal dominating set, if for any sequence vy, vo, vs, ... v of vertices, there
exists a sequence of vertices ui,us,us,...ur with u; € S;_1 and u; equal to or adjacent
to v, such that each set S; = S;—1 — {u;} U {v;} is dominating set in G. The minimum
cardinality taken over the eternal dominating sets in G is called the eternal domination
number of G and it is denoted by 7+ (G). In this paper we introduce another new concept
Triple connected eternal domination number of a graph also investigate this number for
some standard graphs and obtain many results with other graph theoretical parameters.

2. TRIPLE CONNECTED ETERNAL DOMINATION IN GRAPHS:

Definition 2.1. The eternal dominating set So(C V(G)) is said to be a Triple Connected
Eternal Dominating set in G if each dominating set S; is triple connected. The minimum
cardinality taken over the triple connected eternal dominating sets is called the Triple
Connected eternal Domination Number of G and it is denoted by Yic,00(G).

Example 2.1. Consider the graph G,

Vi w2

V4

FiGURE 1

Here V(G) = {v1,v2,vs3,v4, 5} is a vertex set in G. Consider the set Sy = {v1,va,v3,v4}.
< Sy >= Py is triple connected. Also for every vertex in V — Sy is adjacent to some ver-
tex in Sg. This gives that Sy is a triple connected dominating set in G. Now S1 =
So—A{va}U{vs} is a triple connected dominating set in G. Also So = S1—{vs}U{vs} = Sop
1s triple connected dominating set in G. Therefore Sy is a triple connected eternal domi-
nating set in G, which is minimum. This gives that Yic00(G) = 4.

Theorem 2.1. For any cycle Cy, Vic,00(Crn) =n—1, n > 3.

Proof. Consider the cycle on n vertices denoted by C,. Here V(C,) = {v;,1 < i < n}.
Consider the set S = {v;,1 <i<n—1}.
Claim: S is a triple connected eternal dominating set in C),

Here every vertex in V — S is adjacent to some vertices in S. This gives that S is
a dominating set in C,. Also < S >= P,_1 which is triple connected. Now S; =
S —{v1} U{v,} is also a triple connected dominating set in C,. In this way we find
Si =81 —{vitU{vis1},2<i<n—-1& S, =5. All the sets S;, 1 < i < n are triple
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connected dominating sets in C,,. This implies S is a triple connected eternal dominating
set in C,,. Therefore

'th,oo(cn) <n-1 (1)

Consider the set S” with |S’| < n — 1. That is |S’| < n — 2. Now suppose |S'| =n — 2.
That is " = {v;,1 < j < n—2}. Since every vertex in V — S’ is adjacent to some vertices
in S/ which implies S” is a dominating set in C,,. Also < S’ >= P,_o which is triple
connected. Now S7 = 5" — {v,—2} U{v,—1} is a dominating set but < S} >= P,,_3 UK} is
disconnected. This gives that S] is not a triple connected set in C,,. Therefore S’ is not
a triple connected eternal dominating set in C,,. Therefore vico0(Cp) # n — 2. Also any
set with cardinality less then n — 2 is not a triple connected eternal dominating set in C,,.
This gives that Vi o0 (Cr) # n — 2 which implies

Vie,o0(Cn) >N —2 = Yoo (Cr) > —1 (2)
From (1) and (2) Yt,00(Cpn) =n — 1. O
Theorem 2.2. For any path P, Yicoo(Pn) =mn, n > 3.

Proof. Consider the path on n vertices denoted by P,. Here V(P,) = {v;,1 < i < n}.
Consider the set S = {v;,1 <i < n}.
Claim: S is a triple connected eternal dominating set in P,

Here every vertex in V' — S is adjacent to some vertices in S. This gives that S is a
dominating set in P,. Also < S >= P,, which is triple connected. Now S; = S is also a
triple connected dominating set in P,. In this way we find S; = 5, 2 < ¢ < n. All the
sets S;, 1 < i < n are triple connected dominating sets in F,,. This implies S is a triple
connected eternal dominating set in P,. Therefore

’th,oo(Pn) <n (3)

Consider the set S" with S| < n. That is |S'| < n — 1. Now suppose |S'| =n — 1.
That is " = {v;,1 < j <n—1}. Since every vertex in V' — S’ is adjacent to some vertices
in S” which implies S’ is a dominating set in P,. Also < S’ >= P,_; which is triple
connected. Now S| = 5" — {v,—1} U {v,} is a dominating set but < S| >= P,,_2 U K3 is
disconnected. This gives that S} is not a triple connected set in P,. Therefore S’ is not
a triple connected eternal dominating set in P,. Therefore v oo(FP,) # n — 1. Also any
set with cardinality less then n — 1 is not a triple connected eternal dominating set in P,.
This gives that Vi.oo(FPpn) £ n — 1 which implies

’th,oo(Pn) >n— 1 = ’th,oo(Pn) 2 n (4)
From (3) and (4) Yic,00(Pn) = n. O
Theorem 2.3. For any complete graph Ky, Yic0o(Kn) =3, n > 3.

Proof. Consider the complete graph on n vertices denoted by K,,. Here V(K,) = {v;,1 <
i <n}. Consider the set S = {v;,1 <1i < 3}.
Claim: S is a triple connected eternal dominating set in K,

Here every vertex in V — S is adjacent to some vertices in S. This gives that S is
a dominating set in K,. Also < S >= K3 which is triple connected. Now S; = § —
{v1} U {v,} is also a triple connected dominating set in C,. In this way we find S; =
Sic1 —{vitU{vic1}, 2 <i<n-1& S5, =S5. All the sets S;, 1 < i < n are triple
connected dominating sets in K. This implies S is a triple connected eternal dominating
set in K,,. Therefore

fth,oo(Kn) S 3 (5)
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We know that for any triple connected dominating set has at least 3 vertices. This
implies that

’th,oo(Kn) >3 (6)
From (5) and (6) vic,00(K7n) = 3. O
Theorem 2.4. For any complete bipartite graph K, n, Yicoo(Kmn) =3, m>2, n > 2.

Proof. Consider the complete bipartite graph on m,n vertices denoted by K,,,. Here
V(Kmn) ={X UY}, where X = {u;,1 <i<m} and Y = {v;,1 < j < n}. Consider the
set S = {ug,v1,us}.
Claim: S is a triple connected eternal dominating set in K, ,,

Here every vertex in V — S is adjacent to some vertices in S. This gives that S is
a dominating set in K,,,. Also < S >= P3 which is triple connected. Now S; =
S — {u1} U {vg} is also a triple connected dominating set in K, . In this way we find
S; = [Sifl — {Uj} U {ui+1}] U [52;1 — {ul} U {’l)j+1}], 2<j<né&S, =25 Allthe sets
Si; 1 <@ < n are triple connected dominating sets in K,,,. This implies S is a triple
connected eternal dominating set in K, ,. Therefore

'Vtc,oo(Km,n) <3 (7)

Since any triple connected dominating set has at least 3 vertices, we have
’th,oo(Kmm) 2 3 (8)
From (7) and (8) vic,00(Kmn) = 3. O

Corollary 2.1. For any graph G, 3 < Yic,00(G) < n and the bounds are sharp

Proof. Consider the graph G with n > 3 vertices. In this graph any triple connected
eternal dominating set has at least 3 vertices. This gives that v -0(G) > 3. Also in
theorem 2.2 Y4¢ 00 (G) < n. Therefore 3 < vy o0(G) < n. O

Theorem 2.5. For any Prism graph Yy, n > 3, Yic00(Yn) = 2n — 2.

Proof. Consider the prism graph Y,,, n > 3. Here V(Y,,) = {u1,u2,us, ... up,v1,v2,03,...0,}
has 2n vertices. Consider the set S = {uj,ug,us, ... up, v1,V2,V3,...Vp_2}.
Claim: S is a triple connected eternal dominating set in Y.

Here every vertex in V — § is adjacent to some vertices in S. This gives that S is a
dominating set in Y;,. Also < S > is triple connected. Now S; =S — {v;} U{v,} is also
a triple connected dominating set in Y;,. In this way we find S; = S;—1 — {vir1} U {v;}
& S, = S. All the sets S;, 1 < i < n are triple connected dominating sets in Y. This
implies S is a triple connected eternal dominating set in Y;,. Therefore

’th,oo(Yn) <2n -2 (9)

Consider the set S” with |S’| < 2n—2. That is |.S’| < 2n—3. Now suppose |S’| = 2n—3.
That is S" = {u1,ug, us, . .. up, v1,v2,03,...0,—3}. Since every vertex in V' — 5’ is adjacent
to some vertices in S’ which implies S’ is a dominating set in Y,. Also < S’ > is triple
connected. Now S| = ' —{up—1}U{vy—1} is a dominating set but < S} > is disconnected.
This gives that S is not a triple connected set in Y;,. Therefore S’ is not a triple connected
eternal dominating set in Y,,. Therefore vic o0 (Yy) # 2n — 3. Also any set with cardinality
less then 2n — 3 is not a triple connected eternal dominating set in Y,,. This gives that
Veeoo(Yn) € 2n — 3 which implies

Veeoo(Yn) > 2n —3 = Ve oo(Yn) > 2n — 2 (10)
From (9) and (10) vie,00(Yn) = 2n — 2. O
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Example 2.2. Consider the Prism graph Y3

¥l

/\

FIGURE 2

Here V(Y3) = {u1,ug,us,vi,v2,v3} is a vertex set in Ys. Consider the set Sy =
{u1,u2,us,v1}. < So > is triple connected. Also for every vertex in V — Sy is adjacent
to some vertex in Sg. This gives that Sy is a triple connected dominating set in Ys. Now
S1 = So—{v1}U{wva} is a triple connected dominating set in'Ys. Also Sy = S1—{va}U{vs}
and Sz = Sy — {vs} U {v1} = So are all triple connected dominating set in Ys. Therefore
So is a triple connected eternal dominating set in Ys, which is minimum. This gives that
Veeoo(Y3) =4 = ((2 % 3) —2).

Also Yieoo(Ye) =6 = ((2 x 4) — 2).
Veeoo(Y7) =12 =((2 % 7) —2).

Theorem 2.6. For any Ladder graph Ly, n > 2, Yieoo(Lyn) = 2n — 1.

Proof. Consider the prism graph L,,, n > 2. Here V/(L,) = {u1,u2,us, ... Uy, v1,v2,03,...0,}
has 2n vertices. Consider the set S = {uy,ug2,us, ... Up, V1, V2, V3, ... Vp_1}.
Claim: S is a triple connected eternal dominating set in L.

Here every vertex in V — § is adjacent to some vertices in S. This gives that S is a
dominating set in L,. Also < S > is triple connected. Now S1 = S — {v,—1} U{v,} is
also a triple connected dominating set in Y,,. In this way we find S; = S;—1 — {v;41} U{v;}
& S, = 5. All the sets S;, 1 < i < n are triple connected dominating sets in L,,. This
implies S is a triple connected eternal dominating set in L,. Therefore

Vee,oo(Ln) < 2n — 1. (11)
Consider the set S’ with |S’| < 2n—1. That is |S’| < 2n—2. Now suppose |S’| = 2n—2.
That is S" = {uq,ug, us, . .. Uy, v1,02,03,...0,—2}. Since every vertex in V' — S’ is adjacent

to some vertices in S’ which implies S’ is a dominating set in L,. Also < S’ > is triple
connected. Now S} = S — {vp—2} U{v,—_1} is a dominating set but < S] > is not triple
connected. This gives that S] is not a triple connected set in L,,. Therefore S’ is not a
triple connected eternal dominating set in L,. Therefore vi¢oo(Ly) # 2n — 1. Also any
set with cardinality less then 2n — 2 is not a triple connected eternal dominating set in
L,,. This gives that v o0(Lyn) £ 2n — 2 which implies

’th,oo(Ln) >2n—-2= Vtc,oo(Ln) >2n—1 (12)
From (11) and (12) ytc,00(Ln) = 2n — 1. O

Example 2.3. Consider the Ladder graph Lo

Here V(L) = {u1,u2,v1,v2} is a vertex set in Ly. Consider the set Sog = {uy,uz,v1}. <
So >= Ps is triple connected. Also for every vertex in V — Sy is adjacent to some vertex in
So. This gives that Sy is a triple connected dominating set in Ly. Now S1 = So—{v1 fU{va}
is a triple connected dominating set in Lo. Also Sy = S — {va} U{v1} = Sp is all triple
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V1 u

FiGURE 3

connected dominating set in Lo. Therefore Sy is a triple connected eternal dominating set
in Lo, which is minimum. This gives that Vi oo(L2) =3 = ((2x2) —1).

Also Ypeco(Ls) = 5 = (2 x 3) — 1),

'Vtc,oo(LS) =15= ((2 X 8) - 1)

Theorem 2.7. For any Wheel graph Wn, N =n+1,n >4, Ve oo(Wn) =N —-2=n—1.

Proof. Consider the prism graph Wy, n > 3. Here V(Wy) = {u,v1,v2,vs,...v,} has
n + 1 vertices. Consider the set S = {u,v1,v2,v3,...0,-2}.
Claim: S is a triple connected eternal dominating set in Wiy

Here every vertex in V — S is adjacent to some vertices in S. This gives that S is a
dominating set in Wy. Also < S > is triple connected. Now S} =S — {v,_2} U{vp_1} is
also a triple connected dominating set in Wy . In this way we find S; = S;—1 —{v;+1}U{v;}
& S, = S. All the sets S;, 1 < i < n are triple connected dominating sets in Wy. This
implies S is a triple connected eternal dominating set in Wy. Therefore

’Vtc,oo(WN) <n-1 (13)

Consider the set S’ with |S’| < n — 1. That is |S'| < n — 2. Now suppose |S'| =n — 2.
That is S’ = {u,v1,v2,v3,...v,_3}. Since every vertex in V — S’ is adjacent to some
vertices in S’ which implies S’ is a dominating set in Wy. Also < S’ > is triple connected.
Now S1 = 5" —{u} U{v,—1} is a dominating set but < S| >= P,,_3 U K is disconnected.
This gives that S| is not a triple connected set in Wy. Therefore S’ is not a triple
connected eternal dominating set in Wy. Therefore v oo (Wn) # n—2. Also any set with
cardinality less then 2n — 2 is not a triple connected eternal dominating set in Wy. This
gives that Yico0(Wn) # n — 2 which implies

Vie,oo WN) > 1 =2 = Yieoo(Wn) >n—1 (14)
From (13) and (14) yicoo(Wn) =n—1=N — 2. O
Example 2.4. Consider the wheel graph Wi

vy vy

FIGURE 4

Here V(W5) = {u,v1,v9,v3,v4} is a vertex set in Ws. Consider the set Sy = {u,v1,v9}.
< Sp >= C4s is triple connected. Also for every vertexr in V — Sy is adjacent to some
vertex in Sg. This gives that Sy is a triple connected dominating set in W5. Now S1 =
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So — {u} U{vs} is a triple connected dominating set in Ws. Also So = S1 — {v3} U {v4},
S3 = So — {va} U{u} = Sp are all triple connected dominating sets in Ws. Therefore Sy
1s a triple connected eternal dominating set in Wy, which is minimum. This gives that
’ytc,oo(W5) =3=5-—-2.

Also Yie,oo(Ws) =4 =06 —2.

'ytqoo(Ww) =8=10-2.

Note 2.1. Consider the wheel graph Wy, Here the triple connected eternal domination
number is 3. That is Yec,oo(Wa) = 3. Thus Ve oo(Ws) =3 # 4 — 2.

Remark 2.1. Triple connected eternal domination number does not exists for the following
graphs.

1) Star graph

2) Butterfly graph

3) Helm graph

4) Friendship graph

5) Fan graph

Observation 2.1. Every triple connected eternal dominating set is triple connected dom-
inating set but the converse is not true.

Proof. Let Sy be a triple connected eternal dominating set in the graph G. Then each
set S;, 0 < ¢ < n is triple connected dominating set in G. This gives that Sy is a
triple connected dominating set in the graph G. Therefore every triple connected eternal
dominating set is triple connected dominating set. But the converse is not true. O

Example 2.5. Consider the graph Py. Here S = {v1,va,v3} is a triple connected domi-
nating set but it is not triple connected eternal dominating set.

Observation 2.2. FEvery triple connected eternal dominating set is eternal dominating
set but the converse is not true.

Proof. Let Sy be a triple connected eternal dominating set in the graph G. Then each
set S;, 0 < ¢ < n is an eternal dominating set in G. This gives that Sy is an eternal
dominating set in the graph G. Therefore every triple connected eternal dominating set
is eternal dominating set. But the converse is not true. O

Example 2.6. Consider the graph Py. Here S = {v1,v2,v3} is an eternal dominating set
but it is not tripe connected eternal dominating set.

Observation 2.3. For any graph G, vic(G) < Yie,00(G) and the bound is sharp if G = K,

Observation 2.4. For any graph G, Yo(G) < Yie,00o(G) and the bound is sharp if G =
Kon.

Observation 2.5. For any graph G, Ynspic(G) < Yie,oo(G) and the bound is sharp if
G=K,,n is odd.
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