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GENERALIZATION OF NON-COMMUTING GRAPH OF A FINITE
GROUP

Y. HOSSEININIA MANSOUR!, A. A. TALEBI, §

ABSTRACT. In this paper we define the generalized non-commuting graph Iz x ) where
H, K and L are three subgroups of a non-abelian group G. Take (HUKUL)\Cg(KUL)U
Ckur(H) as the vertices of the graph and two distinct vertices z and y join, whenever x
or y is in H and [z,y] # 1. We obtain diameter and girth of this graph. Also, we discuss
the dominating set and planarity of I'(z k). Moreover, we try to find a connection
between I' i, i1y and the relative commutativity degree of three subgroups d(H, K UL).

Keywords: Commutativity degree, non-abelian group, non-commuting graph, dominat-
ing set.
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1. INTRODUCTION

The study of algebraic structures by using the properties of graph is an exciting reserch

topic in the last twenty years. This fact leads to many fascinating result and questions.
There are many papers on assigning a graph to a ring or group and investigation of
algebraic properties of ring or group using the associated graph, for instance see [1, 2, 3,
4,5, 6,7, 8,10, 11, 12, 13, 15, 18, 22, 24, 25, 26, 27, 29].
A simple graph I'¢ is associated with a group G, whose vertex set is G\Z(G) and the
edge set is all pairs (z,y), where x and y are distinct non-central elements such that
[z,y] = 7'y lzy # 1. The non-commuting graph of G' was introduced by Erdos. He
asked whether there is a finite bound for the cardinalities of clique in I'g, if I'¢ has no
infinite clique. This peoblem was posed by Neumann in [23] and a positive answer was
given to Erdos’s question. Later, many similar researches about this graph have been
done by authors which some of them related to the work given by Neumann in [23]. Of
course, there are some other ways to construct a graph associated with a given group
or semigroup. We may refer to the works of Bertram et at. [9], Grunewald et at. [19],
Moghadamfar et at. [21], Abdollahi et at. [1], and Williams [30], or recent papers on the
relative non-commuting graph, Erfanian et at. [16].
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In this paper, we introduce the generalized non-commuting graph I'y k7). We state
some of the basic graph theoretical properties of I'(g r) which are mostly new or a
generalization of some results in [16]. For instance, determining diameter, dominating set,
domination number and planarity of I' 7 ¢ 7). The third section aims to state a connection
between the generalized non-commuting graph and the commutativity degree. We will
present a formula for the number of edges of I'(y k1) in terms of d(H) and d(H, K U L)

which d(H) — |H1‘2]{(x,y) € HxH: |2,y =1} and d(H,KUL) = ———[{(h,2) €

H|I|IKUL
H x KUL: [h,z] = 1}|. Moreover, we observe that the generalized |nor|1’—comrn’uting star
graph exists, although in [16] we see there is no relative non-commuting star graph. We
also present some conditions that under it the generalized non-commuting I' g k. 1) is a
complete bipartite graph or bipartite graph.

2. THE GENERALIZED NON-COMMUTING GRAPH

In this section, we introduce the generalized non-commuting graph for any non-abelian
group G and subgroups H, K, L. Some graph theoretical propertices such as diameter,
grith and dominating set will be presented.

Definition 2.1. Let H, K and L be three subgroups of non-abelian group G. We associate
a graph T(g i 1) with the subgroups H, K and L as follows: Take (H U K U L)\Cy(K U
L)YUCkyr(H) as the vertices of the graph and two distinct vertices x and y are adjacent,
whenever x or y is in H and [x,y] # 1. Graph Umr,n) is called the generalized non-
commuting graph of subgroups H, K and L of G.

It 1s easy to see that if L = K, then generalized non-commuting graph Ty k1) coincides
with the generalized non-commuting graph Iy i) (see[17]).

If K = L = G, then the generalized non-commuting graph Uy g 1) coincides with the
relative non-commuting graph 'y ¢ (see[16]).

If H =K = L = G, then the generalized non-commuting graph Iy k1) is the non-
commuting graph T (see [1]). Thus we discuss the generalized non-commuting graph
such that is dose not coincide with the relative non-commuting graph (see[14]), or non-
commuting graph unless we mentioned it in the text. Let us start with the following result
about the degree of the vertices. The proof is straightforward so we omit it.

Proposition 2.1. Suppose I 1) is the generalized non-commuting graph of the non-
abelian group G and its subgroups H, K and L. Then
(1) Ifte H\KULUCyg(KUL), then

deg(x) =|HUKUL| - |Cyx(x) UCkyr(x) UCH(K UL)|
(1) Ifx € HN (K N L) then
deg(x) = |HUKUL| — |Cg(z) UCruL(z)|
(t31) If v € KUL\ HUCkyr(H), then
deg(x) = |H| = |Cr(x) U Chnerur) (H)|

Recall that the diameter of a graph is a greatest distance between any pair of vertices and
the grith of a graph is the length of the shortest cycle.

Theorem 2.1. For given non-commuting group G and its subgroups H, K, L with trivial
center, diam (U (g, k1)) < 3. Moreover, girth (g i 1)) < 4.
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Proof. Let x be a vertex of I'y g ). If H C Cgyr(r), then z € Cryr(H) which is a
contradiction. Therefore, H Z Ckyr(z) and similarly K U L € Ckyr(x). Suppose x and
y are non-adjacent vertices. Now consider the following three cases:

Case 1. Suppose z,y € K U L. There exist vertices hy,hy € H such that [z, hi] # 1 and
[y, ha] # 1. If x joins hg or y joins hp, then d(x,y) = 2. Assume this dose not happen.
Therefore, the non-central element hihs is adjacent to x and y.

Case 2. Let r € H and y € KU L. Since x ¢ Cy(K UL) and y ¢ Ckur(H), there exist
z € KUL and h € H such that [z,z] # 1 and [y, h| # 1. If z joins h, then d(z,y) = 2.
Assume they are not adjacent, and z joins to h, then d(z,y) < 3. If x is not adjacent to
h and z dose not joins h, then exists zh € H such that [zh,z] # 1 and [zh,y] # 1. Thus
d(z,y) <3

Case 3.. If z,y € H, then there exist 21,29 € K U L such that [z, 21] # 1 and [y, 22| # 1.
If x joins z9 or y meets z1, then d(z,y) = 2. Otherwise the non-central element z;z9 is
adjacent to x and y, so d(z,y) = 2. Consequently, we can say that diam I' g x 1) < 3.
By similar argument, if z € K UL and y € H, then there exist h € H and z € K UL
such that [z,h] # 1 and [y,z] # 1. If y joins h, then there is a triangle of the form
{z,h,y}. Assume y dose not join h and is adjacent with z. Thus there is cycle of the form
{z,y,z,h}. Now suppose y and h are not adjacent and h dose not joins z. So there exist
xz € KUL, [xz,h] # 1 and [zz,y] # 1.

Hence, there is a cycle of the form {z,y,r2,h} and girth ([ (g x 1)) < 4. O

As a consequence of the above theorem we can say that the graph I'g g 1, is connected.
Now, let us start discussion about the dominating set of generalized non-commuting
graphs. A subset S of a graph is a dominating set if very vertex which is not in § is
adjacent to at least one member of S. We should note that the following three proposi-
tions are a generalization of some results in [16].

Proposition 2.2. Let H, K and L be three subgroups of non-abelian group G. If x € H
and {z} is a dominating set for Uy i 1), then Cy(K U L) N Ckur(H) = 1, 2?2 =1 and
Cu(z) = (z) or (z,y), wherey € Cy(K UL) and zy € Cxyur(H).

Proof. Suppose 1 # z € Cxur(H) N Cy(K UL). Thus [z,h] = 1 and [z,m] = 1 for all
h € H and m € KU L. It is clear that za € H is a vertex and dose not join x, which is
a contradiction. Now assume 22 # 1. Then 27! is a vertex which is not adjacent to z,
which is a contradiction. If ¢t € Cy(x) and ¢ & {1, x}, then the vertex ¢ is not adjacent to
x, which is a contradiction. ]

Proposition 2.3. Let H, K and L be three subgroups of non-abelian group G and S C
V(L(a,k,))- Then S is a dominating set for g i ) if and only if

CKU[,(S) U CH(S) - CKuL<H) U CH(K U L) UsS.
Proof. Suppose that S is a dominating set. If ¢ is a vertex such that t € Cxyr(S)UCH(s),
then t € Ckyp(S) or t € Cy(S) which implies [t, S] = 1.
As S is dominating set, ¢t € S. If ¢ is not a vertex, then ¢ € Cxyr(H)UCyr(K UL).

Conversely, we suppose on the contrary that .S is not a dominating set. Thus there is a
vertex ¢t ¢ S which is not adjacent to any element of S. Therefore [¢, 5] =1 and so

te Crur(S)UlCy(S) C CrurL(H)UCH(KUL)US.
Hence t € S, which is a contradiction. ]

Proposition 2.4. Let H, K, L be subgroups of non-ablian group G, X = {hy, - ,hn}
and Y = {y1,--- ,y1} are generating sets for H and K U L, respectively, such that h;hj,
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ysyt € Cp(KUL)UCkyL(H) for1<i<j<mnand1<s<t<I. If
XNCu(KNL)={hmt1, - ,hn} and
Y NCrnr(H) = {yst1, -+ ,Ye}, then

S - {h’17 e ahmvylu e )ys} U {hlhm+17 e 7h1hn7y1y5+17 e ,yl?/t}
is a dominating set for Iy i 1)-

Proof. Let t be a vertex which dose not belong to S. Consider the following two cases:
Case 1. If t € H, then there exists an element ¢ € K U L such that g = yﬁl yf‘wf,
yi;, € Y, a; are integers with [t,g] # 1. Thus [t,y;,] # 1 for some j, 1 < j < m. If
1 <i; < s, then ¢ joins y;; € S as required. If y;; is not a member of S, then y1y;; € S is
adjacent to t.

Case 2. If t € KUL, then there exists an element h € H such that h = h?ll e hﬁz, hi; € X,
B are integers with [t, h] # 1. Thus [t, h;] # 1 for some 1 < i; < n. If h;; € S, then result
is clear. If h;; dose not belong to S, then hih;; € S joins t. O

Two graphs X and Y are isomorphic if there is a bijection, ¢ say, from V(X) to V(Y)
such that z join y in X if and only if p(z) join ¢(y) in Y. We say that ¢ is an isomorphism
from X to Y. Since ¢ is a bijection it has an inverse, which is an isomorphism from Y to
X. If X and Y are isomorphic, then we write X 2 Y.

Theorem 2.2. Suppose that H, K, L and N are four non-abelian subgroups of non-abelian

group G. If Ty, EUN kL, thenUgxarxanxa = DB, kxB,LxB ; for any two ablian
groups A and B with the same order.

Proof. First we have (HUK UL) x A = Hx AUK x AUL x A and we show that
Craxa((KUL)x A)UCguryxa(H x A) = (Cu(KUL) UCkyL(H)) x A. Suppose that
(m,a) € Cuxa((KUL) x A)UCguryxa(H x A), then (m,a) € Cuxa((KUL) x A) or
Crxuryxa(H x A).

If (m,a) € Cuxa((KUL)xA),thena € A, m € Cy(KUL), hence (m,a) € Cy(KUL)x A.
If (m,a) € Ciguryxa(H x A), then m € Cixyury(H), a € A, hence (m,a) € Cxyr(H) x A.
So we have (m,a) € (Cy(K UL)UCkyr(H)) x A and vice versa is also clear.

Now let ¢ : 'y k.1, — I'v k. be a graph isomorphism and 9 : A — B be a bijective
map. Then it is easy to see that p : I'ygxa xxarxa — I'nxB,KkxB,LxB defined by
(m,a) — (¢(m),1(a)) is a graph isomorphism.

Let (m1,a1) and (ma,a2) be two vertices of graph I'mxa kxA,rxa which are adjacent.
Since [(m1,a1), (ma,az)] # 1, so [m1, ma] # 1. Since the ¢ is graph isomorphism it follows
that [¢p(m1), (ma)] # 1 and therefore [(p(m1),v¥(a1)), (¢(m2), ¥ (az))] # 1.

Hence (¢(m1),1(a1)) is adjacent to (¢(ma), ¥ (az)). 0

3. THE GENERALIZED NON-COMMUTING GRAPHS AND d(H, K U L)

For any finite group G, the commutativity degree of G, denoted by d(G) is the proba-
bility that two randomly chosen elements of G commute with each other [20]. It can be
defined as the following ratio:

d(Q) (x,y) € G X G:[x,y] =1}

1
similarly, if H, K and L are three subgroups of GG, then the generalized commutativity
degree of H, K U L in G is defined as follows:

1

d(H,KUL) = ——————{(h,z) € H x KUL;[h,z] = 1}|.
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It is clear that if one of H or K U L is a central subgroup of G, then d(H,K UL) =1
(see[28]).

In this section, we present a formula for the number of edges of the generalized non-
commuting graph Iy g ). Consequently we will give an upper bound for |E(T'y k. 1))|-
Proposition 3.1. Let H, K and L be subgroups of non-abelian group G. Then the number
of edges for the generalized non-commuting graph is obtained by (1)

B(Cx.))| = |HI|IK|(1 = d(H, K U L) + =1 — d(m))

|HN(KUL)?
I

Proof. 1t is clear that the number of edges with two ends in H is computed by
@(1 — d(H)). Furthermore the number of edges with one end in H another in K U L
is |H||K| — |H||K|d(H,K U L). Finally, we should eliminate the edges that have been

calculated twice by w(l —d(H N (K UL))), which implies the assertion. O

(1 - d(H N (K UL)))

Example 3.1. In this example we compute the number of edges for some certain groups.
(1) Suppose Dg = (a,b: a* =b?> = 1,a° = a™ ') is the dihedral group of order 8, H = {(ab),
K = (b) and L = (a) are three subgroups of Dg.

Obviously, V(U (g k1)) = {a,a® bab}, d(H) =1, d(H,K UL) = =, \ETC (gx0) =3
and U (g i, 1) s a bipartite graph.

(13) Let Sz = {e, (1 2),(1 3),(2 3),(1 2 3),(1 3 2)} be the symmetric group of order 6,
H={e,(12)}, K={e,(13)} and L = {e, (1 2 3)} be three subgroups of Ss. Obviously,

2
is clear that 'y i 1y 1s a bipartitr graph.

Proposition 3.2. Let Iy i 1) be the generalized non-commuting graph. Then
3
B p1e)| < [HI (| UL|+ 5| H| = 1) = [Cr(K U L)[(IK U L] = 1)

Proof. By using Theorem 2.1 in [16] and [20] the assertion is clear. O

Example 3.2. Let Do, = (a,b: a” = b> = 1,a® = a™') be the dihedral group of order
2n, H = (a), k = (b) and L = (ab). If n is an even number, then |V(U' (g k)l = n,
deg(a') =2,i# %, 1<i<n-—1 and deg(b) = deg(ab) = n — 2. Therefore La,k,0) 5 a
bipartite graph.

Moreover, d(H, K UL) = "3—# and by proposition 3.1 or by the fact U (g 1y is a bipartite
graph it follows that |E(T (g k1)) = n.

If n is an odd number, then |V (U (g x 1))l = n+ 1. Furthermore deg(a’) =2,1<i <
n — 1 and deg(b) = deg(ab) = n — 1. Hence I'(y 1) is a bipartitr graph. We deduce
d(H,KUL)="2 and so |E(L (g k1)) =n+1.

Since there is no edge between vertices of I, i, 1) which belongs to K U L, I'(g 1) is
not complete in general. Iy 1) is a complete graph if and only if |H| = [K U L| = 2 and
generators of H and K U L do not commute.

If H is an abelian group, obviously I'(g 1) is bipartite. Clearly, if H is an abelion
subgroup of G and Ckyr(z) = 1 for all z € H\{1}, then I' g g 1) is complete bipartite.

Example 3.3. In this example we present groups such that their associated generalized
non-commuting graphs are complete bipartite. Let

H=1{e,(134),(143)},K={e,(123),(132)}
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and

L={e,(12)(34),(13)(24),(14)(23)}
are three subgroups of alternating group A4. It is clear that
V(F(H,K,L)) ={(134),(143),(123),(132),(12)(34),(13)(24),(14)(23)}. Moreover
d(H)=1,d(H,KUL) = % and so by Proposition 3.1 |E(U g k1)) = 10. Thus T (g k1)
1s a bipartite graph.
Lemma 3.1. Let H and L be two subgroups of group G. If H < L, then for every element
x €L,

[H : Cy()] < [L: Cp ()]

Proof. We know that HCp(x) C L for all z in L. So, |HCL(z)| < |L| and we have
(1H| [Cr())/([H 0 Cr(x)]) < [L] or [H[/(|H N CpL(x)]) < |LI/(|CL(x)]). Thus [H :
Ch(z)] <[L:CL(x)]. O

Theorem 3.1. Let H and L be two subgroups of group G. If H be subgroup of L, then
d(L) < d(H, L) < d(H)
Proof. We can easily see that

1
d(H,L) = \H\ ‘L’\{(h )€ HxL:[hI =1}
leL
- \H\ 7] 210
leL
leL
by Lemma 3.1 similarly,
1
d(H,L) = \H\ |L’|{(h ) e Hx L:[hl =1}
= |H‘ I Y [ieL:heC,()}
heH
1
= L — Cy(h)| = d(H).
Ly 21O < 1 D 1Cu(h)
]
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