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MOSTAR INDEX OF BRIDGE GRAPHS

OZGE COLAKOGLU HAVARE!, §

ABSTRACT. Topological indices are the numerical descriptors of a molecular structure
obtained via molecular graph G. Topological indices are used in the structure-property
relationship, structure-activity relations, and nanotechnology. Also, they hold us to
predict certain physicochemical properties such as boiling point, enthalpy of vaporization,
stability, and so on. In this study, it is considered the Mostar index. It is present upper
bound for Mostar index of bridge graphs. Moreover, it is given exact expressions for the
Mostar index of bridge graphs of the path, star, cycle, and complete graphs.
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1. INTRODUCTION

Graph theory, which is a branch of discrete mathematics started by solving the problem
of the bridges of Konigsberg by Leonhard Euler in 1736. Graph theory has attracted
attention and gained popularity by the publication of the first book on graph theory
(1936). Graph theory has been studied in engineering and science such as physics, biology,
computer sciences, chemistry, civil engineering, management, and control.

Finding the properties of molecules takes time and money. This problem is solved
by Chemical graph theory. The chemical graph theory is focused on finding topological
indices. Topological indices are a real number of a molecular structure obtained via molec-
ular graph G whose vertices and edges represent the atoms and the bonds, respectively.
They hold us to predict certain physicochemical properties such as boiling point, enthalpy
of vaporization, stability, and also are used for studying the properties of molecules such as
the structure-property relationship, the structure-activity relationship, and the structural
design in chemistry, nanotechnology, and pharmacology.

The first molecular descriptor is the Wiener index, which was introduced by H. Wiener
in 1947 in order to calculate the boiling points of paraffin [15]. Over the course of the last
seventy years, many topological indices have been defined. These indices can be classified
according to the structural characteristics of the graph such as the degree of vertices, the
distances between vertices, the matching, and the spectrum and so on. The best-known
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topological indices are the Wiener index which is based on the distance, the Zagreb and
the Randic indices which are based on degree, the Estrada index which is based on the
spectrum of a graph, the Hosaya index which is based on the matching. Apart from these,
it is a bond-additive index, which is a measure of peripherality in graphs.

Doslic et al. defined a new bond-additive topological index which is named Mostar index
in 2019. In the same paper, they gave explicit formulas for benzenoid graph, Cartesian
product, extremal and unicyclic graphs. Also, they stated several conjectures and open
problems [5]. Tepeh proved their conjecture related with bicyclic graph [14]. We encourage
reader to references ([1], [3], [4], [10]-[13] )

In this study, the Mostar index which is the bond-additive index is studied. It is given
upper bound for the Mostar index of bridge graphs. The Mostar index value for bridge
graphs of path graph, star graph, cycle graph, complete graph is presented.

2. PRELIMINARIES

Let G be a simple connected graph with a vertex set V(G) and edge set E(G). The
number of a vertex set and edge set are defined by n and m, respectively. An edge of G
connects the vertices u and v and it writes e = uv. The degree of a vertex u is defined by
d(u). The distance between vertices u and v is defined by d(u, v). For standard terminology
and notations we follow Buckley and Harary [2].

Mostar index is defined as

Mo(@) = 3 lmu—m 1)
weE(G)
where n, is the number of vertices of G lying closer to vertex u than to vertex v of the
edge uv [5]. Namely,

ny = [Ny = {z € V(G) : d(z,u) < d(z,v)}. (2)

Note that vertices equidistant to u and v not counted. Doslic et. al. presented following
results [5]:

Corollary 2.1. Let K,, be complete graph, Cy, be cycle graph and K, ,, be complete bipartite
graph. Then, Mo(K,) = Mo(C,) = Mo(K,) = 0.
Corollary 2.2. Let T, be tree with n vertices, P, be path graph and S, be star graph
2

with n vertices. Then, L(";l) J = Mo(P,) < Mo(T,,) < Mo(S,,) = (n—1) (n—2) with
equality if only iof T, = Sp.

Let {Gi}? be a set of finite pair wise disjoint graphs with |V (G;)| = ns, |[E(G;)| = m;.
Definition 2.1. For given vertices v1 € V(G1) and vy € V(G2), a link or bridge of two
graphs Gy and Gy is defined as the graph G ~ G (v1,v2) obtained by joining vi and vy

by an edge (see figure 1). For simply we show the bridge (link) of two graphs G1 and Ga
by Gl ~ GQ.

V1 V2

FiGURE 1. The bridge graph of graphs G; and Gs
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Definition 2.2. The bridge of graphs G1,Ga,...,Gq4 obtained joining a vertex of V(G;)
with a vertex of V(Giy1) and a vertex of V(Giy2) with same vertex of V(Giy1), i =
1,..,d—2 (fig. 2)is Gy ~Gyr~ ..~Gq. If Gy =G9 =...=Gyg= G then we use of the
notation G % G.

Vi V2 Vd
ﬁlullllllllul

FiGURE 2. The bridge of graphs G1, Go, ..., Gq4

Definition 2.3. The bridge of graphs G1,Ga,...,Gq obtained joining a vertex of V(G;)

with a vertex of V(Giy1) (viy1 € V(Gix1)) by an edge and different a vertex of V(Giy1)

(i1 # Vi1 € V(Giq1)) with a vertex of V(Giy2) by an edge, i = 1,...,d — 2 (fig. 3) is

defined as Gy L Gy N .. L Gq. If G1 = Gy = ... = G4 = G then we use of the notation
lg

G~G.

FIGURE 3. The bridge of graphs G1,Go, ...,G4

3. MOSTAR INDEX OF BRIDGE GRAPHS

In this section, it is given formulas for the mostar indices of bridge graphs. Note that
d(vi,v;) = d(ug,u;) = 0.
Theorem 3.1. Consider the graph G1 and Go. The Mostar index of G1 ~ Go is

Mo(G1 ~ Ga) < Mo(G1) + Mo(G2) + mani + ming + |n1 — na|.
Proof. From Definition 2.1, we see that G; ~ G2 consist of vertex set
V(G ~Ge)=V1 UV,
and edge set
E(G1 ~Gy)=E UEUE (3)
where
E' = {vivs € BE(G1 ~ G2) |v1 € Vi,v3 € Vo }
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From Eq.(1) and Eq. (3), we have:

uv€eF uveEFsy uwve R’

Let v1ve € E(Gy ~ G3) where v; € V(G1) and vy € V(G2). We discuss the following three
cases from Eq. (4):

Case 1. For vu € Ej,

i. When d(u,v1) < d(v,v1),then we easy see that

ny = [Nu(G1), Va| = nu(G1) + n2
ny = [Ny(G1)| = ny(G1)

Thus we have:

Z [y — m| = Z nu(G1) + 12 — ny(Gr)| < Z 74 (G1) — nw(Gr)| + Z 2]

uveFq uveFq wveFEq uv€EFE1
From Eq. (1), it is obtained

Z |y — | < Mo(Gh) + myng
uve
ii. When d(v,v1) = d(u,v1). We can write
Z [Ny — no| = Z [nu(G1) — no(G1)| = Mo(Gh)
wek, wek,
From (i) and (ii), we see that
Z |y — ny| < Mo(G1) + mine
weEE]
Case 2. If vu € Es,then we obtain the following equation by similar to the Case 1

Z |y — ny| < Mo(Ga) + mang

uv€ Fo
Case 3. If vu € E',then n, = |{V1}| = n1 and n, = |{V2}| = n2. Thus, we have

Z [Ny — ny| = |01 — nal.

weE’

By summing up the Cases 1, 2 and 3 the proof is completed. g
From Theorem 3.1 , The following results are easy to obtain

Corollary 3.1. If d(u,v1) = d(v,v1) for all wv € E(G1) and d(z,v2) = d(y,va) for all
xy € E(G3), where vivg € E(Gy ~ G2), v1 € V(G1) and vy € V(G2), then

Mo(G1 ~ Ga) = Mo(G1) + Mo(Ga) + |n1 — na|
Corollary 3.2. Let G be with n vertices and m edges. The Mostar index of G ~ G is
Mo(G ~ G) <2(Mo(G) +mn)
Theorem 3.2. The mostar index of Gy ~ Go ~ ... ~ G4 is

d d d d—1 i d
Mo(Gy ~ Gy ~ ... ~Gy) < ZMO (Gi)Jeri an -1y +Z an - Z n;
i=1 j=1 i=1 \|j=1

i=1 Jj=i+1
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Proof. From Definition 2.2, it has vertex set
V(Gl NGQN...NGd) =WVuWu..uVy
and edge set
E(GlNGQN...NGd):ElLJEQU...UEdUE/ (5)
where
E = {'Ui’l)z‘_;,_l S E(G1 ~ Gy~ ..~ Gd) "Ui S Vi;Ui-i—l € V;_H}.
From Eq. (1) and Eq. (5), we can write the following equation

d
Mo(Gy~ Gy~ o e Gg) =D > g =y + Y [y — 1o (6)
i=1luveE; uwek’
We discuss the following two cases from Eq. (6):
Case 1. Let uv; € E(Gy ~ Gy ~ ... ~ Gy) where v;,u; € V(G;) for i = 1,d and
TiTiy1 € E’ where x; € V(Gi)vfbi—kl S V(Gi—H) fori=1,d—1.
i. If d(ui, ;) < d(vi, x;), then it is written similar to the Case 1 (i) of Theorem 3.1:

d
Nu; = ‘Nul(Gl)’VJ - Vi‘jzl,d = ‘Nuz(Gzﬂ + Z ‘Vj’ - ’VZ|
j=1

Ny, = }Nvi(Gl)‘
Thus, we get
d d d
SN G i, (G <3N [n, (G =, (G| +
i=lu;v;€F; j=1 i=luv;€E;

i > Zd:"J"

i=lu;v;€EE; j=1

From Eq. (1), we obtain

d
2 2. m=n,

i=1lu;v,€E;

ii. We known that If d(u;, x;) = d(vi, x;), then n,, = ‘Nul_(G,- ! and n,, = ’Nvi(G,-)} .

d
Z Z ‘nuz Ny,

d d d
<> Mo(Gi)+ > mi [ > mj—ny (7)
=1

i=1 j=1

d
= ZMO (Gz)
i=1

i=1lu;v;,€EFE;
Case 2. Let u;v; € E' where u; € V(G;),v; € V(Giyq) fori =1,d — 1.
7 d
nu = _[Vj| and n, = Y |Vl
j=1 j=i+1
Thus, we get
d—1 d—1 i d
Z ‘nu_nv‘zz Z |nui_nvi|zz an— an
wweE i=lujv,€E' i=1 \ |j=1 j=it1

By summing up the Cases 1 and 2, it is clear that
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d d d d—1]| 1 d
MO(Gl NGQNNGd) SZMO(GZ)+ZmZ an*ni +Z ZTL]‘* Z n;
i1 i1 =1 =1 [j=1 j=it1
O

Corollary 3.3. Let G be graph with n vertices and m edges. The Mostar index of G La

) MO(G,CAG)ngo(G)er(d—l)ner?”V;lJ <d_1_V;1J>

Theorem 3.3. Consider graphs G1, Go , ..., Gq. The Mostar index of Gy L Go L4

Gqg=G* is
d
donj—n; if (i) and (iii)
ii;z . . .
. il . . ];nj if (i) and (iv)
Mo(G*) <Y Mo(Gi)+) Y mj— D mj|+y miq |i d |
i=1 i=1 |j=1 j=i+1 i=1 Z”j - ‘Z nj| if (1) and (iii)
7j=1 Jj=i+1
d
S n if (ii) and (i)
j=i+1
0 if (ii) and (iv)

where u;y; € E; for i =1,d and v;x; € E', vi,x;_1 € V(G;), 2, € V(Giyq) fori=1,d — 1.

Let (1) be d(ui,xi_l) < d(yi,l‘i_l), (Z) be d(ui,xi_l) > d(yi,[L‘i_l), (11) be d(ui,mi_l) =
d(yi, xi—1), (iii) be d(u;, vi) < d(yi,vi), (7i1) be d(u;, vi) > d(yi,vi), and (iv) be d(u;, v;) =
d(yi7 Ui)'

Proof. From Definition 2.3, we partition the vertices and the edges of G L G LoL Gy

as follows:

..LGd>:V1UV2U...UVd

and
..LGd):ElLJEQU...UEdUE/ (8)

where
E = {vx €B(G A Gy LGy v € Viywy € Vi, :m}.
From Eq. (1) and Eq. (8), we get
Mo(GlfLGgfL...flde): Z My, — M| + .o + Z |y, — M| + Z [y, — 1y -

uveF uwweFEy uveR!

We discuss the following two cases from the above equation:
Let u;y; € E; for i = 1,d and v;z; € E', v, xi—1 € V(G;), x; € V(Gitq) for i = L,d—1.
Case 1. When u;y; € E; for i = 1,d. Let (i) be d(u;,x;—1) < d(yi,xi—1), (i) be

d(ui,:ci_l) > Cl(yi,ﬂfi_l), (11) be d(ui,xi_l) = d(yi,ﬂfi_l), (111) d(ui,vi) < d(yi,vi), (MZ)
d(ui,vi) > d(yi,v;), and (iv) d(u;, v;) = d(yi, v;). Then,
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a) When (i) and (iii), we have for u;y; € E;, i = 1,d

—1 d
S lu—nol = > |IN(GH]+ D IVil+ D Vil =[N, (G
uveE; u; Y, €L Jj=1 Jj=i+1
d
< Y (G = ng (Gl + D D ny—m
u;y; EL; u Y, €EE; | j=1

From Eq. (1), we obtain

d
Z [Ny — ny| < Mo(G;) +my an —n;
j=i

uwvek;

b) When (i) and (iv) for w;y; € E;, i = 1,d then, we have

i—1
Z [Ny —ny| = Z ‘Nuz(GZ)"“Z‘VH_‘Nyl(Gl)‘
i=1

uvek; uYi €EB;

From Eq. (1), we obtain

i—1
Z |y — ny| < Mo(G;) + mian
quEi j=1

c) When (i) and (ii4) for u;y; € E;, i = 1,d then, we have

1—1 d
37 Jnu — STINL GO+ DVl = N, (G| = Y vl
j=1

wek; uwveFE; Jj=i+1

i—1 d
< Mo(G;) +m; an — Z n;
j=1

j=i+1

d) When (ii) and (iii) for w;y; € E;, i = 1,d then, we have

d
Z [Ny — ny| < Mo(G;) + Z an

weE; wveb,;j=i+1
e) When (ii) and (iv) for w;y; € E;, i = 1,d then, we have
D [ — | < Mo(Gy)
wveFE;

Case 2. When v;z; € E' for i = 1,d — 1. It is easy obtained to

i d
nu =y |Vil and g, = Y |Vl
j=1

j=it+1

i d

Then, we have: > |ny, —ng,|=|>n;j— > njlfori=1,d—1.
vz €E j=1 j=it1

By summiting the Cases 1 and 2, the proof is completed. O
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4. MOSTAR INDEX OF BRIDGE GRAPHS OF SOME SPECIAL GRAPH

In this section, path, star, cycle and complete graphs are considered. The Mostar indices
for bridge graphs of this considered graphs are computed.

Theorem 4.1. Consider P,, with ny vertices and P,, with ny vertices be path graphs.
Let P, ~ P,, = P*. Then,

Mo(Ppy4ny) < Mo(P*) < Mo(Py,) + Mo(P,,) + (ng — 1)ny + (n1 — 1)ng + |n1 — na|

Proof. The upper bound is easily obtained from Theorem 3.1. Bridge graph of path graph
is a path graph with ny + no or a tree graph with n; 4+ ng vertices. So, the lower bound
is obtained from Corollary 2.2. O

Corollary 4.1. Consider P, with n vertices. Then,

{WJ = Mo(Pyn) < Mo(P, ~ Po) < 2Mo(Py) +2n(n — 1)

Theorem 4.2. Consider Sy, star graph with n1+1 vertices and Sy, star graph with na+1
vertices. Let bridge vertices be x € Sp,,y € Sp,. Let Sy, ~ Sy, = S*. Then,

(n1+n2 — 1) (n1 +n2) + |n1 —ng + 2| + |n1 — ng| if =Y # Ve
Mo(S*) = (n1+n2)2+\n1—n2\ if T =Y =
[ng —mn1 + 2|+ [n1 —n2 + 2|+ [n1 — na| + (n1 +n2 —2) (n1 +n2) if z,y # ve

where v. 18 center vertex of star graph.

Proof. Let xy € E',x € Sy,,,y € Sp,. We discuss the following three cases:
Case 1. If x = v,y # v, then
i. Forvu € By (v=v.=z), ny = 1,n, =n1 + (ng + 1) from Eq. (2). Thus,

Z [y, — Nyl = n1 (N1 + n2)
uwveFEq

ii.For vu € Fy ,

a.if v = y and u = v, then, n, = ng, ny = 1+ (ng + 1) . Thus, [n, — ny| = [n1 + 2 — na|

b. If v # y and u = v, then, n, = na+ (n1 + 1), n, = 1. Thus, > [Ny — ny| =

wv€Fy—{yvc}

(’I’LQ — 1) (n1 + TLQ) .

Thus,

D = no| = |n1 +2 = no| + (ng — 1) (n1 + ny) .
uve Fo
iii. The result follows from Theorem 3.1 (Case 3).
By summiting (i), (ii) and (iii), for = v, y # v, it is clear that

Mo(S*) =ny(n1+n2)+|n1+2—mna|+ (n2 — 1) (n1 +n2) + |n1 — ne

Case 2. If £ = v,y = v, then

i. For vu € Ey, we easy see that > |ny, — ny| =n1 (n1 + n2)
uveFEq

ii. For vu € Ey, we easy see that > |n, — ny| = ng (ng + no9)
uv€ Fa

iii. The result follows from Theorem 3.1 (Case 3).

Thus, for z = v.,y = v, it is obtained

Mo(S*) = (n1 + n2) (n1 +n2) + |n1 — na
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Case 3. If © # v.,y # v, then by using the Case 1 (ii) for vu € Fy, E5 and Theorem
3.1 (Case 3) for vu € E’, the proof of this case is completed. O

Corollary 4.2. Let S,, be star graph with n + 1 vertices. Then,
2n(2n—1)4+2  if T =v.,y # v

Mo(S, ~ Sp) =< 4n? if =1y =0
dn(n—1)+4 if T,y # ve
Theorem 4.3. If C,, (V1, E1) with ny vertices and Cy,(Va, Eo) with ny vertices then,
2ning + |np — na| if n1 and no are even
Mo(Cy, ~ Cp,) =< 2ning — (n1 +n2) + |n1 —ng| if n1 and ny are odd

2ning —ny + |ny — ne| if ny is even and ng is odd

Proof. From Eq.(1) and Eq. (3), we have Eq. (4). We discuss the following three cases
according to even or odd of vertices. Let zy € E',x € V (Cy, ),y € V (Ch,).

Case 1. Let nq and ng are even.

i. If vu € By and d(u,z) < d(v,z) then

Ny = ‘Nu(cm)? {VQ}’ = nu(cm) + n2

ny = [Ny(Cn,y)| = 1o (Cr, )
We known that Mo(C,,) = 0 that is > |ny, — ny| = 0,n, = n,. And also, |[E(Cy,)| = ni.
weE
Thus, )
Z [Py — no| = Z [nu(Crny) + 12 — 1y (Chy )| = nang
uwveFy uwveFq
ii. If vu € Ey, and d(u,z) < d(v, x) then the result is obtained by similar to the Case-1(i)
of this proof.
iii. The result follows from Theorem 3.1 (Case-3).
From i, ii and iii, it is clear that Mo(Cy, ~ Cp,) = 2n1n2 + |n1 — na| .
Case 2. Let nq and ng are odd.

i. Let uv € Eq. Only one edge has d(u,x) = d(v, z).Therefore, by similar to the Case-
1(i) of this proof we have:

Z My — no| = Z 74 (Chy) + 12 = 1y(Cpy )| = (M1 — 1) ng = (n1 — 1) no
uve k1 uve k1

ii. for vu € E», the result is obtained by similar to the Case-2 (i) of this proof.

iii. The result follows from Theorem 3.1 (Case-3).

By summiting the Cases i, ii and iii, the proof is completed when n; and ny are odd.

Case 3. Let n; is even and ng is odd.Then, from the Case-1 (i) and the Case-2 (ii) of
this proof, we easy see that

Mo(Cy, ~ Cp,) =2n1ng — ny + |n1 — ng|

O
Corollary 4.3. Let C, be cycle graph with n vertices. Then,
[ 2n? if  n oare even
Mo(Cry ~ Cny) = { 2n? — 2n if n are odd

Theorem 4.4. Consider K,, complete graph with n;, i =1,2. Then,
Mo(K,, ~ Kp,) =2ni1ny — (n1 + n2) + |n1 — na|
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Proof. Let xy € E’. From Eq. (4), we discuss the following three cases
Case 1. For uwv € E,
i. If v,u # x then all the vertices are equidistant and > |n, —n,| = 0, where
E1—Ey,
Ey={viz € E,v,x €V} },
ii. If w = 2 then > |(1 +n2) — 1| = (n; — 1) na.
Ey

Then,
Z |y — ny| = (n1 — 1) no

uwve€Fq
Case 2. The result is obtaned by similar to Case 1 of this proof.
Case 3. The result follows from Theorem 3.1 (Case-3).
By summiting the Case 1, 2 and 3, the proof is completed. O

Corollary 4.4. Let K,, be complete graph with n vertices. Then,
Mo(K, ~ K,) = 2n* —2n

5. CONCLUSIONS

In this paper, the Mostar index was studied. Upper bounds for the Mostar indices
of bridge graphs were obtained. It is given exact expressions of the mostar indices for
bridge graphs of special graphs such as path, star, cycle, complete graph. We known that
Mo(C,) = Mo(K,) = 0. The Mostar index value for the bridge graphs of C),, and K,
were different from zero.

The results will help to prove the conjectures and the open problems of Declic. Also, the
Mostar index value for the bridge graphs of the considered graphs will help us understand
chemically the behavior.
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