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FUZZY CONGRUENCE ON MI'-GROUPS

D. S. MANGALORE!, S. P. KUNCHAM?, H. PANACKAL?Z, §

ABSTRACT. In this paper, we consider an algebriac structure MI'— group, which is a
generalization of both the concepts module over a nearring and a gamma nearring, intro-
duced by Satyanarayana [12]. In this paper, we define a fuzzy congruence on MT'—module
and obtain the one-one correspondence between the fuzzy congruences and fuzzy ideals
on MTI'—groups. Further, we establish various related results between the congruences
and ideals of MT'—groups.
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1. INTRODUCTION

Nearrings are generalized rings which are crucial in the nonlinear theory of group map-
pings. Nearrings are defined in a natural way. For a group (G, +) (not necessarily abelian),
the set M(G) = {f : G — G} together with component-wise addition and composition of
mappings forms a nearring but not a ring. Nearrings does not require the commutativity
of addition. An important type of nearrings obtained by considering the additive closure
E(G) consists of all sums (or differences) of endomorphisms, which generalizes the concept
of an endomorphism ring of an abelian group to the non-abelian case. More formerly, we
give the definition as follows.

Pilz [10] A non-empty set N with two binary operations + and - is called a nearring if
it satisfies the following axioms.

(1) (N,+) is a group (not necessarily Abelian);
(2) (N,-) is a semigroup;
(3) (a+b)-c=a-c+b-cforallabcecN.

Precisely speaking, it is a right nearring. Moreover, a nearring N is said to be a zero-
symmetric nearring if n -0 = 0 for all n € N where 0 is the additive identity in N. The
concept of '—nearring, a generalization of the concepts the nearring and the I'—ring, which
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was introduced by Satyanarayana [12]. Let (M,+) be a group (not necessarily abelian)
and I', a non-empty set. Then M is said to be a I'—nearring if there exists a mapping
M x T x M — M (the image of (a,«,b) is denoted by aabd), satisfying the following
conditions:

(1) (a+b)ac = aac + bac;
(2) (aad)fec = aa(bBc) for all a,b,c € M and o, 5 €T.

Further, M is said to be zero-symmetric if aa0 = 0 for all a € M and o € T', where 0
is the additive identity in M.

It is clear that if M is a I'—nearring, then the elements of I' act as binary operations
on M such that the system (M,+,) is a nearring for all v € I". The relations between
the concepts I"'—nearring and nearring were studied by Satyanarayana [13], [14]. Some
characterizations of prime ideals and corresponding radical properties were studied by
Satyanarayana [13], [14], Booth [2], [3]. Also the ideal theory of modules over I'—nearrings
was studied by Booth and Groenewald [4].

Throughout this paper, M stands for a zero-symmetric I'—nearring. For standard

definitions and preliminary results on nearrings we refer to Pilz [10], and Satyanarayana
and Syam Prasad [22].

Definition 1.1. [22] Let M be a I'—nearring. An additive group G is said to be a
I'—nearring-module (or MT'—group) if there exists a mapping M x I' x G — G (denote
the image of (m,a, g) by mag form € M,a € ', g € G) satisfying the conditions
(1) (m1 +ma)ang = mia1g +maong
(2) (miagme)asg = myaq(maaag) for mi,mg € M,aq,a0 €T and g € G.
An additive subgroup H of G is said to be MT'—subgroup if mah € H for all m € M,
a €T and h € H. (Note that (0) and G are trivial MT —subgroups).
A normal subgroup H of G is said to be a ideal of G if ma(g+ h) — mag € H for
meMael',ge G and h € H.
For MTI'—groups Gy1 and Ga, a group homomorphism 0 : G — Ga is said to be
MT —homomorphism if 6(mag) = ma(0g) for allm € M,a € T and g € G;.

The ideals of an MT'—group are defined to be the kernals of M T'—homomorphisms.

The concept of fuzzy subset was introduced by Zadeh [23]. Let A be a non-empty
set. A mapping pu : A — [0,1] is called the fuzzy subset of A. For any t € [0,1], u; =
{r € A| pu(z) >t} is called as a level subset of p. For any two fuzzy sets p,o in A, we
write p C o if p(z) < o(z) for all z € A. (In this case, we also say that u is a subset of
o). Let X and Y be two non-empty sets, f : X — Y, p and o be fuzzy subsets of X and
Y respectively. Then f(u), the image of pu under f is a fuzzy subset of Y defined by

sup p(z)  if f7Hy) # o,
(f(u)(y) = { f@=y
0 if f~1(y) = ¢.

(o), the preimage of o under f is a fuzzy subset of X defined by (f~!(0))(z) = o(f(z))
for all z € X.

Definition 1.2. [22] A non-empty fuzzy subset p of an MT'—group G is called a fuzzy
ideal of G if

(1) p(z +y) = min{p(z), u(y)}

(2) p(—z) = p(z)
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(3) Wy +z —y) = p(x)
(4) w(my(a+b) — mya) > u(b), for all x,y € G and for allm € M,~ € T.
Definition 1.3. [22]

Let i be a fuzzy normal subgroup of G and x € G. Then the fuzzy subset x + 1 of G,
defined by (x + p)(y) = u(y — ) for all y € G, is called the fuzzy coset of p.

Proposition 1.4. [22] Let p be a fuzzy ideal of G. Then x + p = y + p if and only if
p(x —y) = p(0) for all x,y € G.

2. FuUzzy CONGRUENCE RELATIONS ON MI'-GROUPS

It is well known that a congruence relation on a algebraic structure is an equivalence
relation in which the underlined algebraic operations are preserved. In this section we

define fuzzy congruence on MT'—group which is analogue of the notion defined for module
over nearrings.

Definition 2.1. A relation p on MI'—group G is called a congruence on G if p is an
equivalence relation on G with (a,b) € p and (c,d) € p implies that (a + ¢,b+d) € p and
(m~ya, mvb) € p for all a,b,c,d € G and for allm € M,~ € T.

Definition 2.2. Let G be an MT'—group. A non empty fuzzy relation « on G (that is, a
mapping o : G X G — [0,1]) is called a fuzzy equivalence relation if

(1) a(x,x) = sup aly,z) for all x,y,z € G (fuzzy reflexive)
y,2€G

(2) a(x,y) = a(y,x) for al z,y € G (fuzzy symmetric)
(3) a(x,y) > sup(min(a(z, 2), a(z,y))) for all x,y,z € G (fuzzy transitive)

zeG
hold.

Definition 2.3. A fuzzy equivalence relation o on an MT'—group G is called a fuzzy
congruence relation if

(1) ala+ c,b+ d) > min {o(a,b), ale, d))

(2) a(mrya,myb) > a(a,b) for all a,b,c,d € G,m € M,y eT.

Example 2.1. Take M = (Z,+,.), nearring of integers, G = (Z,+), and I' = {~v}, where
v is a usual multiplication of integers. Then G is an MT'—group.

Let
1, ifr =y,
a(z,y) = ¢ 0.5, ifr Zyandxz,y =2norx,y=2n+1 for somen € Z.
0, otherwise.

This satisfies a(x,x) = sup a(y,z) for ally,z € G, a(z,y) = a(y,x) for all z,y € G,
y,2€G

a(z,y) > ilelg {min{a(z, 2),a(z,y)}} .a(a+¢,b + d) > min {a(a,b), a(c,d)} and

a(mivyg, mayg) > a(my,ma) for all g,mi,me € M and y € T.

Example 2.2. Take M = {0,a,b,c},G = {0,a,b,c} and I' = {y1,72} with addition and
multiplication operations as defined below. Then G is an MT'—group.
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Here addition table defined for both M and G are as follows:

+10|lal|b|c
0|0|alb]|c
ala|0]c|b
blblc|O0]a
clec|blal0

Let T' = {vy1,v2} where 1 and 2 defined as follows:

Y| 0lalb|c Y2l 0|lal|lb|c
010[0[0|0 010[0(0|0
a|0|lal|b|c alalalala
b|0|0]0|0 b10|0]0|Db
c|0lalblc clalalalc
Define
1, ifr =yandx # 0,y # 0,
a(z,y) =1 0.6, ifr=00ry=0,
0, ifr #£ .
The above definition satisfies a(x,x) = sup a(y,z) for all y,z € G,

y,2€G
a(z,y) = a(y,x) for all z,y € G,

o(z.y) = sup {min {a(.2),a(z )}

Further, a(a+ ¢,b+ d) > min {a(a,b), a(c,d)} and
a(mivy1g, mavyag) > a(mi, mg) for all g,mi,mg € M and v1,v2 € T

Theorem 2.4. Let p be a relation on an MI'—group G and X, be its characteristic func-
tion. Then p is a congruence relation on G if and only if A\, is a fuzzy congruence on

G.

Proof. Suppose p is a congruence relation on G. We need to prove that \,is a fuzzy
congruence on G.

(i) Since p is reflexive, we have (z,z) € p for all x € G, so A\ (z,z) =1 > sup A, (y, 2).

y,2€G

(ii) Ap(z,y) =1 & (z,y) € p < (y,x) € p (Since p is symmetric) < A, (y,z) = 1.

Also Ap(z,y) =0 (z,y) € p= (y,2) € p = Ap(y, ) =0

(iii)If A\p(z,y) = 1, then it is clear. Suppose A,(x,y) = 0. Then (x,y) ¢ p implies
(x,2) € por (z,y)¢pforall z€ G= \,(z,2) =0 o0r \,(z,y) =0 for all z € G.

Now, A\y(z,y) = min {\,(z, 2), \,(2,9)} = 0 = sup {0} = {0}.

zeG

Therefore A,(z,y) = sup {min {\,(z, 2), \,(z,y)}} .
zeG

Thus we proved that ), is fuzzy equivalence on G.

Let a,b,¢,d € M and m € M.

(i) Suppose Ay(a,b) =1,A,(c,d) =1 then (a,b) € p, (c,d) € p implies (a +c¢,b+d) € p.
This means A\,(a +¢,b+d) =1 =min{1,1} = min {\,(a,b), A\ (c,d)} .

Suppose \,(a,b) =1,,(c,d) = 0. Then (a,b) € p and (c,d) ¢ p.

Now A,(a+¢,b+d) >0 =min{1,0} =min{A,(a,b),A,(c,d)}

(il) Ap(z,9) =1 (z,y) € p & (myz,myy) € p = Ap(myz, myy) =1

Suppose \,(z,y) = 0.
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Now A,(myz,myy) > 0= X(z,y) for all z,y € G,;m € M and y € T

Hence A, is a fuzzy congruence on G.

Conversely, suppose that ), is a fuzzy congruence on G. We have to show that p is a
congruence relation on G.

(i) 1> sup Ap(y,2) = Az, 2) =
y,2€G

(
(if) (z,y) € p & Ap(z,y) =1 Ap(y,2) =1 (y,2) € p.
(iii) (z,y) € pand (y,2) € p & A (a: ) =1and A ( z)=1<1=min{\(z,y), \(y,2)}.
Now A,(z,z) > sup {min {\,(z, y), oy, 2)}} = sup{l} =1.
z€G z€G
This implies (z, z) € p. Therefore p is transitive.
(iv) Suppose (z,y), (2, w) € p.
Now A,(z + 2,y +w) > min {\,(z,y), \,(z,w)} = min{1,1} = 1. Therefore (z + 2,y +
w) € p
(v) Let m € M and (z,y) € p.
Now Ay (myx, myy) = Ap(z,y).
This implies (m~yx, myy) € p. Hence p is a congruence relation on G 0

x,x) € p, for all z € G. Therefore p is reflexive.

Definition 2.5. Let « be a fuzzy relation on an MT'—group G for each t € [0,1], the set
ar ={(a,b) € G x G| a(a,b) >t} is called a level relation of a.

Theorem 2.6. Let o be a fuzzy relation on MI'—group G. Then « is a fuzzy congruence
on G if and only if oy is a congruence on G for each t € im « (image of «).

Proof. Suppose « is a fuzzy congruence relation on G. We have to show that «; is a
congruence relation on G.
Let t € im a. Now oy = {(a,b) € G x G | a(a,b) > t}. Since « is fuzzy reflexive, we

have a(x,z) = sup a(y,z) >t for all z,y,z € G, and so (z,x) € .. Therefore ay is
y,2€G
reflexive.

Suppose (z,y) € o = a(z,y) >t then a(y,z) >t = (y,x) € ar. Hence oy is symmet-
ric.

Suppose (z,y) € ay, (y,2) € ¢ = a(x,y) >t and a(y, z) > t.

Now min {a(z,y), a(y,2)} >t = sup {min{a(z,y),a(y,z)}} >t so a; is transitive and

€G

hence oy is a equivalence relation onyG

Next we verify that a; is a congruence relation.

Take (a,b), (¢,d) € ap = a(a,b) > t,alc,d) >t

Then, a(a + ¢,b+ d) > min{a(a,b),a(c,d)} > min{t,t} =t = (a + ¢, b+ d) € ay.

Take m € M, a,b € G. Now a(m~ya, myb) > a(a,b) > t.

Therefore, (mya, myb) € ay.

Conversely, suppose that a; is a congruence relation on G. We need to verify that « is
a fuzzy congruence relation on G.

Since (x,z) € o4 for all x € G,t € im a , we have a(x,z) > t. Put t = «(0,0). Then

a(z,x) = sup al(y,z) for all z,y,z € G, and so « is fuzzy reflexive.
y,2€G

alz,y) =t e (z,y) € ot < (y,x) € oy (since oy is symmetric) < a(y,z) =t, and so «
is fuzzy symmetric.

Now if a(z,y) = t,a(y,z) = t, then (z,y) € ay,(y,2) € oy (since ay is transitive)
(x,z) € ay. This implies a(z, z) = t, and so « is fuzzy transitive. O

Proposition 2.7. Let o be a fuzzy congruence on an MI'—group G and po be a fuzzy
subset of G, defined by po(a) = a(a,0),a € G. Then pq, is a fuzzy ideal of G.
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Proof. We have, 11,,(0) = «(0,0) = sup a(z,y) # 0 (since « is non-empty, we have p,, is
z,yeG
non-empty).
For a.b € G, pia(a+ B) = a(a + b,0) > min {a(a,0), a(b,0)} = min {4 (a), ()}

pa(—a) = a(—a,0)
=a(—a+0,—a+a)
> min {a(—a, —a),«(0,a)}
= «a(0,a) = a(a,0) = pa(a).

In a similar way, pq(a) > po(—a). Therefore pq(—a) = pq(a).
Also pa(a+b—a)=ala+b—a,0)=ala+b—a,a+0—a) > a(b,0) = pa(b).
This proves i, is a fuzzy normal subgroup of G. For any a,b € G, v € I' and m € M,

to (my(a+b) —mya) = a(my(a+b) — mvya,0)
= o (my(a+b) — mya, mya — mya)
> min{a (my(a + b), mya) , a(—mya, —m~ya)} (since « is reflexive)
= a(mvy(a+b),mvya) > ala + b,a)(since « is fuzzy congruence)
> min{a(a,a),a(b,0)}
= a(b,0) = pa(b).

Therefore o {m~vy(a + b) — mvya} > pq(b).
Hence pq is a fuzzy ideal of G. U

Remark 2.8. If p is a fuzzy ideal of MT'—group G, then u(z —y) = pu(—y + z) for all
z,y € G.

Proposition 2.9. Let i be a fuzzy ideal of an MT'—group G. If ay, be the fuzzy relation
on G, defined by o (x,y) = u(x —y) for x,y € G, then oy, is a fuzzy congruence on G.

Proof. Since ji # ¢, we have o, # ¢. Let x € G.
Now ay(x,x) = p(x — ) = p(0) > pu(y — 2) == au(y, 2), for all y,z € G
Therefore a,(x,x) = sup a(y, z). So oy is fuzzy reflexive.
y,2€G

We have, o, (z,y) = p(z —y) = p(—(r —y)) = p(y — ) = a,(y, ). This shows that o,
is fuzzy symmetric.
Now ay(z,y) = plr —y) = ple — 2+ 2z —y) > min{p(x — 2), u(z —y)} (since p is a
fuzzy ideal).
Therefore a,(x,y) > min {p(x — 2), u(z —y)} for all z € G.
So ay(z,z) > supz € Gymin{u(z — z),u(z —y)} =supz € G} min{a,(z, 2), au(z,y)}.
{ {

This shows that «y, is fuzzy transitive. Hence o, is a fuzzy equivalence on G.
Let x,y,u,v € G. Now,
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a4,y +0) = o+ u — (y +0))

(x4+u—v—y)

(—y + 2 +u —v) (By Remark 2.8)
> min {p(—y + z), p(u —v)}

= min{p(z —y), u(u —v)}

= min {OZM(SL‘, Y), O‘M(u’ v)}.

=i
=i

For m € M, consider o, (m~yz, m~yy).

Now
ay(myz, myy) = p(myz — myy)
= p{my(y —y + ) — myy}
> p(—y +2z) = plz —y) = afz,y).
Hence «, is a fuzzy congruence on G. ([l

Theorem 2.10. Let G be an MT'—group. Then there exists an inclusion-preserving bi-
jection from the set of all fuzzy ideals of G to the set of all fuzzy congruence on G.

Proof. Let FI(G) = {p | p is a fuzzy ideal of G} and

FC(G) = {a | a a fuzzy congruence on G} .

Define f : FI(G) — FC(G) by f(n) = a, for p € FI(G) and g : FC(G) — FI(G) by
g(@) = pg for a € FC(Q).

Now (g o f) (1) = g(f(n) = g(an) = piay and

pau(a) = au(a,0) = p(a — 0) = p(a) for all a € G. Therefore fia, = p.

Thus (g o f)(u) = p = Idpp) (). This shows that f is injective.

Let i1, o € FI(G) and pu1 C po.

Now ay, (z,y) = p2(z—y) = pi(z—y) (since p1 C p2) = ay, (z,y) for all (z,y) € GxG.

Therefore oy, C a,. Hence f(u1) € f(p2). This shows that f is inclusion preserving
mapping.

Let a € FC(G). Then p, is a fuzzy ideal of G (by Proposition 2.7 ).

Now by Proposition 2.9 «,,, is a fuzzy congruence on G.

Now (f o g)(a) = f(g9(a)) = f(pa) = oy,

Also ay,, (,y) = palz —y) = oz — y,0) = a(z,y).

Therefore a,,, = a. Hence (f o g)(a) = f(g(a)) = a = Idpc(q)(a) for all a € FC(G).

Thus f og = Idpc(g) which implies f is surjective. This implies f is an inclusion
preserving bijection from FI(G) to FC(G). O

Proposition 2.11. Let a be a fuzzy congruence relation on an MT'—group G and p., be
the fuzzy ideal induced by o. Let t € Ima. Then (pq); = {x € G | a(z,0) > t} is the ideal
nduced by the congruence oy

Proof. Let t € Ima. Since «(0,0) > t, we have 0 € (uq)¢-
Let T,y € (:LLOé)t~

Now a(x — y,0) = a(x,y) > sup {min {a(z, 2), a(z,y)}} > sup {a(z,0), a(y,0)} = t.
zeG zeG
This implies  — y € (pa)t- Take m € M,y €T, g € G,z € (1)t

Now,
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a(my(g +z) —myg,0) = a(my(g + z), myg)

> sup {min {a(m~y(g + z), a(myg)}}
meM,yel,x,geG

> t.
This implies wm~y(g + ) — myg € (fa ). Therefore (uq): is an ideal of G. O

Proposition 2.12. Let p be a fuzzy ideal of an MT'—group G and o, be the fuzzy con-
gruence induced by p. Let t € Impu. Then (oy,); is the congruence on G induced by fu.
Proof. For (z,y) € G x G, (z,y) = p(z —y).

Take t € Impu. Then ay,(t) = {(z,y) | au(z,y) > t}.

Let 8 be the congruence on G induced by ;.

Here (z,y) € <z —y € 1.

Let (v,y) € (ap)t = (o) (2, y) >t implies u(z —y) >t =2 —y € 1y = (v,y) € B.

Therefore (o) C .

Take (z,y) € B. Then v —y € p, implies p(x —y) > t = (o)(x,y) > t implies
(x,y) € (ap)e. Therefore 5 C (avy,):. Hence (o) = 5. O

Definition 2.13. Let G be an MT'—group and o be a fuzzy congruence on G. A fuzzy
congruence f on G is said to be a—invariant if a(x,y) = a(u,v) implies that [(x,y) =

B(u,v) for all (z,y), (u,v) € G X G.

Lemma 2.14. Let G be an MT'—group and p be a fuzzy ideal of G. Let o be the fuzzy
congruence on G induced by p. Then the fuzzy relation (a/a) on G/u, defined by
(a/a)(@ +p,y +p) = a(z,y),
is a fuzzy congruence on G /.
Proof. Now r+p=u+pand y+ = v+ p,
implies p(x —u) = p(0) and p(y —v) = pu(0) (By Proposition 1.4.).
Since a(z,u) = p(z —u) = wu(0),

we have, a(x,u) = sup a(p,q) and a(y,v) = u(y —v) = u(0).
p,g€G

Also a(y,v) = sup a(p,q).
p,q€G
Now

o(z,y) > min {a(z,u), a(u, 1)}
= a(z,y)
> min {a(u,v), a(v,y)}
= a(u,v).

In a similar way,

a(u,v) > min{a(u, z), a(z,v)}

= a(z,v)
> min{a(z,y), a(y,v)}
= a(z,y).

Therefore a(x,y) = a(u,v).

Hence (a/a) is well defined.
We need to verify that («/a) is a fuzzy congruence on G/p.
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For this, (a/a)(x + p,x + p) = a(x,z) = sup a(y,z) = sup (a/a)(y + p).
y,2€G y,2€G
Therefore (/) is fuzzy reflexive.

Now (a/a)(@ + p,y + p) = e, y) = oy, z) = (/) (y + p, x + p). Therefore (ov/a) is
fuzzy symmetric.
We have,
(a/a)(@ + py + p) = a(z,y)

> sup {min(a(z, 2), a(z,y))}
zeG

— sup {min((0/a)(z + 2+ ), (afa)(z + iy + )}
2+peG/p

Next we show that («/«) is fuzzy congruence.
(i) We have, for all z,y, z,w € G,

(a/)(((@+p) + (y+ w), (2 + p) + (w+ p)) = (@/a)((z+y +p), (2 +w+ p)
=a(r+y,z+w)
> min{a(z, 2), a(y, w)}
= min {(a/a)(z + 1,z + p), (a/a)(y + p,w+ p)}
(ii) Let m e M,y €T.

Now,
(/@) (my(z + p),my(y + p) = (a/ @) ((myz + p), (myy + 1))
= a(myz, myy)
> a(z,y)
= (a/a)(@ + p,y + ).
Therefore (/) is a fuzzy congruence on G/p. O

Theorem 2.15. Let G be an MT'—group and p be a fuzzy ideal of G. Let o be the fuzzy con-
gruence on G induced by u. Then there exists a bijection between FCy(G) of a—invariant
fuzzy congruence on G and FC,/q)(G /1) of (o) ) —invariant fuzzy congruences on G/ .

Proof. Let 8 be an a—invariant fuzzy congruence on G.
Define (8/a)(z + p,y + ) = B(z,y) for all z,y € G.
We need to verify that 5/« is well defined.
Suppose  + p =u+ pand y + p = v + p. Then a(z,y) = a(u,v) (by Lemma 2.14)
Since f is a—invariant, we have (z,y) = f(u,v). Therefore 5/« is well defined.
Now to show that 8/« is an (a/a)—invariant fuzzy congruence on G/ p.
Suppose (a/a)(z + p,y + p) = (a/a)(u+ p,v + p) = a(z,y) = a(u,v).
Since (3 is a— invariant, we have,
Bz, y) = B(u,v) = (B/a)(z + p,y + p) = (B/a)(u+ p,v + p).
Therefore (/) is an (/) invariant fuzzy congruence on G/ p.
Define f : FCo(G) — FCa/a)(G/p) by f(B) = B/a.
Suppose B1, B2 € FCqo(G) such that Bi(z,y) # Ba(z,y).
Now (B1/a)(@ + p,y + p) = Bi(z,y) # Pa(x,y) = (B2/a)(x + 1,y + p).
Therefore 6 is injective.
To prove f is surjective, let 8’ be an (a/a)—invariant fuzzy congruence on G/ p.
We define a fuzzy relation 5 on G as f(z,y) = B'(x + p,y + p).



D. S. MANGALORE, S. P. KUNCHAM, H. PANACKAL: FUZZY CONGRUENCE ON MI'-GROUPS 835
Now, (i)

B(x,x) = f'(x + p,x+ p)

= sup  Fy+pztp)
y+u,z+peG/u

= sup B(y, 2).
y,2€G

(ii) Bz, y) = B'(x +wy +p) = B'(y + p, v + p) = By, z).
(iii) B(z,y) > jlelg{min{ﬁ(%z),ﬁ(z,y)}}-

Thus S is a fuzzy equivalence relation on G.
(iv) We have,

Blx+ay+b =08 @+a+puy+b+pu)
=B (z+p+at+puy+pu+b+p)
> min { ' (z + p,y + ), 8'(a + p, b+ p) }
= min{8(z,y), B(a,b)}.

(v) For any m € M,z,y € Gand~y €T,

B(myx,myy) = B'(myx + p, myy + )
= B'(my(z + p), my(y + p))
> B'(x + p,y + )
= B(z,y).

This shows that 3 is a fuzzy congruence relation on G.
It remains to prove that (8 is an a—invariant. Suppose a(z,y) = a(u,v).
Now,

(a/a)(x + p,y + p) = (a/a)(u+ p, v+ )
= (B/a)(x + p,y + p)
= (B/a)(u+ p,v + p)
= B(z,y) = B(u,v).

Therefore § is a—invariant.

Now, (B/a)(@+p,y+p) = Bz, y) = f'(x+p,y+p) forall (x+p,y+p) € G/uxG/p
Therefore 5’ = (8/a) = f(B). Hence f is surjective. O

Theorem 2.16. Let G be an MT'—group and p be a fuzzy ideal of G. Let o be the fuzzy
congruence on G induced by p. Let t = sup ima. Then G/u = G/oy.

Proof. Define f : G/u — G /oy by f(x+ p) = zay, where zay denotes the congruence class
containing x of the congruence ay.

We verify that f is well defined.
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We have,

c+p=y+p = plx—y)=pn)
= a(x,y) =sup ima >t
= (2,y) € o
= Ty = Yoy
= fle+p)=fly+n.

Therefore f is well defined.
Next we verify that f is an MT'—homomorphism.
We have,

fet+pu+y+u)=flz+y+p)
= (z+y)ou
= x0oy + Yoy
= flx+p)+ fly+p).

Let me M,y €T and z + pu € G/p.

Now, f(my(z + p)) = f(myz + p) = (myz)ay = my(zay) = myf(z + p).
Therefore f is an MT'—homomorphism.

Further,

fle+p)=fly+n) = zop =you
= (z,y) € o
= a(z,y) =t
= @ —y) =1t=0a(0,0) = u0).

This shows that « + ¢ = y + p. So f is injective. Clearly f is surjective. Hence
G/p=G/oy. O

3. CONCLUSIONS

The concept module over a gamma nearring (called as, MT'—group) is a generalization
of the concepts module over a ring, module over a nearring where in addition is not
necessarily abelian. We have introduced fuzzy congruence on MI'—group and obtained
one-one correspondence between fuzzy substructures of MI'—groups and corresponding
congruence relations. This can be extended to left ideals / MT—subgroups / two sided
ideals of MT'—groups and related substructures.
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