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FUZZY CONGRUENCE ON MΓ−GROUPS

D. S. MANGALORE1, S. P. KUNCHAM2, H. PANACKAL2, §

Abstract. In this paper, we consider an algebriac structure MΓ− group, which is a
generalization of both the concepts module over a nearring and a gamma nearring, intro-
duced by Satyanarayana [12]. In this paper, we define a fuzzy congruence onMΓ−module
and obtain the one-one correspondence between the fuzzy congruences and fuzzy ideals
on MΓ−groups. Further, we establish various related results between the congruences
and ideals of MΓ−groups.
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1. Introduction

Nearrings are generalized rings which are crucial in the nonlinear theory of group map-
pings. Nearrings are defined in a natural way. For a group (G,+) (not necessarily abelian),
the set M(G) = {f : G→ G} together with component-wise addition and composition of
mappings forms a nearring but not a ring. Nearrings does not require the commutativity
of addition. An important type of nearrings obtained by considering the additive closure
E(G) consists of all sums (or differences) of endomorphisms, which generalizes the concept
of an endomorphism ring of an abelian group to the non-abelian case. More formerly, we
give the definition as follows.

Pilz [10] A non-empty set N with two binary operations + and · is called a nearring if
it satisfies the following axioms.

(1) (N,+) is a group (not necessarily Abelian);
(2) (N, ·) is a semigroup;
(3) (a+ b) · c = a · c+ b · c for all a, b, c ∈ N.

Precisely speaking, it is a right nearring. Moreover, a nearring N is said to be a zero-
symmetric nearring if n · 0 = 0 for all n ∈ N where 0 is the additive identity in N. The
concept of Γ−nearring, a generalization of the concepts the nearring and the Γ−ring, which

1 Rayalaseema University, Kurnool, India.
1 Department of Mathematics, Moodlakatte Institute of Technology, Kundapura, Karnataka State,

India.
e-mail:deepakshettymr@gmail.com; ORCID: https://orcid.org/0000-0003-3290-7267.

2 Manipal Institute Of Technology, Manipal, Karnataka State, India.
e-mail: kunchamsyamprasad@gmail.com; ORCID: http://orcid.org/0000-0002-1241-6885.
e-mail:pkharikrishnans@gmail.com; ORCID: http://orcid.org/0000-0001-7173-9951.

§ Manuscript received: November 24, 2019; accepted: December 21, 2019.
TWMS Journal of Applied and Engineering Mathematics, Vol.11, No.3 © Işık University,
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was introduced by Satyanarayana [12]. Let (M,+) be a group (not necessarily abelian)
and Γ, a non-empty set. Then M is said to be a Γ−nearring if there exists a mapping
M × Γ × M → M (the image of (a, α, b) is denoted by aαb), satisfying the following
conditions:

(1) (a+ b)αc = aαc+ bαc;
(2) (aαb)βc = aα(bβc) for all a, b, c ∈M and α, β ∈ Γ.

Further, M is said to be zero-symmetric if aα0 = 0 for all a ∈ M and α ∈ Γ, where 0
is the additive identity in M.

It is clear that if M is a Γ−nearring, then the elements of Γ act as binary operations
on M such that the system (M,+, γ) is a nearring for all γ ∈ Γ. The relations between
the concepts Γ−nearring and nearring were studied by Satyanarayana [13], [14]. Some
characterizations of prime ideals and corresponding radical properties were studied by
Satyanarayana [13], [14], Booth [2], [3]. Also the ideal theory of modules over Γ−nearrings
was studied by Booth and Groenewald [4].

Throughout this paper, M stands for a zero-symmetric Γ−nearring. For standard
definitions and preliminary results on nearrings we refer to Pilz [10], and Satyanarayana
and Syam Prasad [22].

Definition 1.1. [22] Let M be a Γ−nearring. An additive group G is said to be a
Γ−nearring-module (or MΓ−group) if there exists a mapping M × Γ × G → G (denote
the image of (m,α, g) by mαg for m ∈M,α ∈ Γ, g ∈ G) satisfying the conditions

(1) (m1 +m2)α1g = m1α1g +m2α1g
(2) (m1α1m2)α2g = m1α1(m2α2g) for m1,m2 ∈M,α1, α2 ∈ Γ and g ∈ G.

An additive subgroup H of G is said to be MΓ−subgroup if mαh ∈ H for all m ∈ M,
α ∈ Γ and h ∈ H. (Note that (0) and G are trivial MΓ−subgroups).

A normal subgroup H of G is said to be a ideal of G if mα(g + h) − mαg ∈ H for
m ∈M,α ∈ Γ, g ∈ G and h ∈ H.

For MΓ−groups G1 and G2, a group homomorphism θ : G1 → G2 is said to be
MΓ−homomorphism if θ(mαg) = mα(θg) for all m ∈M,α ∈ Γ and g ∈ G1.

The ideals of an MΓ−group are defined to be the kernals of MΓ−homomorphisms.

The concept of fuzzy subset was introduced by Zadeh [23]. Let A be a non-empty
set. A mapping µ : A → [0, 1] is called the fuzzy subset of A. For any t ∈ [0, 1], µt =
{x ∈ A | µ(x) ≥ t} is called as a level subset of µ. For any two fuzzy sets µ, σ in A, we
write µ ⊆ σ if µ(x) ≤ σ(x) for all x ∈ A. (In this case, we also say that µ is a subset of
σ). Let X and Y be two non-empty sets, f : X → Y, µ and σ be fuzzy subsets of X and
Y respectively. Then f(µ), the image of µ under f is a fuzzy subset of Y defined by

(f(µ))(y) =

 sup
f(x)=y

µ(x) if f−1(y) 6= φ,

0 if f−1(y) = φ.

f−1(σ), the preimage of σ under f is a fuzzy subset of X defined by (f−1(σ))(x) = σ(f(x))
for all x ∈ X.

Definition 1.2. [22] A non-empty fuzzy subset µ of an MΓ−group G is called a fuzzy
ideal of G if

(1) µ(x+ y) ≥ min{µ(x), µ(y)}
(2) µ(−x) = µ(x)
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(3) µ(y + x− y) = µ(x)
(4) µ(mγ(a+ b)−mγa) ≥ µ(b), for all x, y ∈ G and for all m ∈M,γ ∈ Γ.

Definition 1.3. [22]
Let µ be a fuzzy normal subgroup of G and x ∈ G. Then the fuzzy subset x + µ of G,

defined by (x+ µ)(y) = µ(y − x) for all y ∈ G, is called the fuzzy coset of µ.

Proposition 1.4. [22] Let µ be a fuzzy ideal of G. Then x + µ = y + µ if and only if
µ(x− y) = µ(0) for all x, y ∈ G.

2. Fuzzy congruence relations on MΓ−groups

It is well known that a congruence relation on a algebraic structure is an equivalence
relation in which the underlined algebraic operations are preserved. In this section we
define fuzzy congruence on MΓ−group which is analogue of the notion defined for module
over nearrings.

Definition 2.1. A relation ρ on MΓ−group G is called a congruence on G if ρ is an
equivalence relation on G with (a, b) ∈ ρ and (c, d) ∈ ρ implies that (a+ c, b+ d) ∈ ρ and
(mγa,mγb) ∈ ρ for all a, b, c, d ∈ G and for all m ∈M,γ ∈ Γ.

Definition 2.2. Let G be an MΓ−group. A non empty fuzzy relation α on G (that is, a
mapping α : G×G→ [0, 1]) is called a fuzzy equivalence relation if

(1) α(x, x) = sup
y,z∈G

α(y, z) for all x, y, z ∈ G (fuzzy reflexive)

(2) α(x, y) = α(y, x) for all x, y ∈ G (fuzzy symmetric)
(3) α(x, y) ≥ sup

z∈G
(min(α(x, z), α(z, y))) for all x, y, z ∈ G (fuzzy transitive)

hold.

Definition 2.3. A fuzzy equivalence relation α on an MΓ−group G is called a fuzzy
congruence relation if

(1) α(a+ c, b+ d) ≥ min {α(a, b), α(c, d)}
(2) α(mγa,mγb) ≥ α(a, b) for all a, b, c, d ∈ G,m ∈M,γ ∈ Γ.

Example 2.1. Take M = (Z,+, .), nearring of integers, G = (Z,+), and Γ = {γ} , where
γ is a usual multiplication of integers. Then G is an MΓ−group.

Let

α(x, y) =


1, if x = y,

0.5, if x 6= y and x, y = 2n or x, y = 2n+ 1 for some n ∈ Z.
0, otherwise.

This satisfies α(x, x) = sup
y,z∈G

α(y, z) for all y, z ∈ G, α(x, y) = α(y, x) for all x, y ∈ G,

α(x, y) ≥ sup
z∈G
{min {α(x, z), α(z, y)}} .α(a+ c, b+ d) ≥ min {α(a, b), α(c, d)} and

α(m1γg,m2γg) ≥ α(m1,m2) for all g,m1,m2 ∈M and γ ∈ Γ.

Example 2.2. Take M = {0, a, b, c} , G = {0, a, b, c} and Γ = {γ1, γ2} with addition and
multiplication operations as defined below. Then G is an MΓ−group.
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Here addition table defined for both M and G are as follows:

+ 0 a b c
0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0

Let Γ = {γ1, γ2} where γ1 and γ2 defined as follows:

γ1 0 a b c
0 0 0 0 0
a 0 a b c
b 0 0 0 0
c 0 a b c

γ2 0 a b c
0 0 0 0 0
a a a a a
b 0 0 0 b
c a a a c

Define

α(x, y) =


1, if x = y and x 6= 0, y 6= 0,

0.6, if x = 0 or y = 0,

0, if x 6= y.

The above definition satisfies α(x, x) = sup
y,z∈G

α(y, z) for all y, z ∈ G,

α(x, y) = α(y, x) for all x, y ∈ G,
α(x, y) ≥ sup

z∈G
{min {α(x, z), α(z, y)}} .

Further, α(a+ c, b+ d) ≥ min {α(a, b), α(c, d)} and
α(m1γ1g,m2γ2g) ≥ α(m1,m2) for all g,m1,m2 ∈M and γ1, γ2 ∈ Γ.

Theorem 2.4. Let ρ be a relation on an MΓ−group G and λρ be its characteristic func-
tion. Then ρ is a congruence relation on G if and only if λρ is a fuzzy congruence on
G.

Proof. Suppose ρ is a congruence relation on G. We need to prove that λρis a fuzzy
congruence on G.

(i) Since ρ is reflexive, we have (x, x) ∈ ρ for all x ∈ G, so λρ(x, x) = 1 ≥ sup
y,z∈G

λρ(y, z).

(ii) λρ(x, y) = 1⇔ (x, y) ∈ ρ⇔ (y, x) ∈ ρ (Since ρ is symmetric) ⇔ λρ(y, x) = 1.
Also λρ(x, y) = 0⇔ (x, y) /∈ ρ⇔ (y, x) /∈ ρ⇔ λρ(y, x) = 0
(iii)If λρ(x, y) = 1, then it is clear. Suppose λρ(x, y) = 0. Then (x, y) /∈ ρ implies

(x, z) /∈ ρ or (z, y) /∈ ρ for all z ∈ G⇒ λρ(x, z) = 0 or λρ(z, y) = 0 for all z ∈ G.
Now, λρ(x, y) = min {λρ(x, z), λρ(z, y)} = 0 = sup

z∈G
{0} = {0} .

Therefore λρ(x, y) = sup
z∈G
{min {λρ(x, z), λρ(z, y)}} .

Thus we proved that λρ is fuzzy equivalence on G.
Let a, b, c, d ∈M and m ∈M.
(i) Suppose λρ(a, b) = 1, λρ(c, d) = 1 then (a, b) ∈ ρ, (c, d) ∈ ρ implies (a+ c, b+ d) ∈ ρ.

This means λρ(a+ c, b+ d) = 1 = min {1, 1} = min {λρ(a, b), λρ(c, d)} .
Suppose λρ(a, b) = 1, λρ(c, d) = 0. Then (a, b) ∈ ρ and (c, d) /∈ ρ.
Now λρ(a+ c, b+ d) ≥ 0 = min {1, 0} = min {λρ(a, b), λρ(c, d)}
(ii) λρ(x, y) = 1⇔ (x, y) ∈ ρ⇔ (mγx,mγy) ∈ ρ⇔ λρ(mγx,mγy) = 1
Suppose λρ(x, y) = 0.
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Now λρ(mγx,mγy) ≥ 0 = λρ(x, y) for all x, y ∈ G,m ∈M and γ ∈ Γ.
Hence λρ is a fuzzy congruence on G.
Conversely, suppose that λρ is a fuzzy congruence on G. We have to show that ρ is a

congruence relation on G.
(i) 1 ≥ sup

y,z∈G
λρ(y, z) = λρ(x, x)⇒ (x, x) ∈ ρ, for all x ∈ G. Therefore ρ is reflexive.

(ii) (x, y) ∈ ρ⇔ λρ(x, y) = 1⇔ λρ(y, x) = 1⇔ (y, x) ∈ ρ.
(iii) (x, y) ∈ ρ and (y, z) ∈ ρ⇔ λρ(x, y) = 1 and λρ(y, z) = 1⇔ 1 = min {λρ(x, y), λρ(y, z)}.
Now λρ(x, z) ≥ sup

z∈G
{min {λρ(x, y), λρ(y, z)}} = sup

z∈G
{1} = 1.

This implies (x, z) ∈ ρ. Therefore ρ is transitive.
(iv) Suppose (x, y), (z, w) ∈ ρ.
Now λρ(x+ z, y +w) ≥ min {λρ(x, y), λρ(z, w)} = min {1, 1} = 1. Therefore (x+ z, y +

w) ∈ ρ
(v) Let m ∈M and (x, y) ∈ ρ.
Now λρ(mγx,mγy) ≥ λρ(x, y).
This implies (mγx,mγy) ∈ ρ. Hence ρ is a congruence relation on G �

Definition 2.5. Let α be a fuzzy relation on an MΓ−group G for each t ∈ [0, 1], the set
αt = {(a, b) ∈ G×G | α(a, b) ≥ t} is called a level relation of α.

Theorem 2.6. Let α be a fuzzy relation on MΓ−group G. Then α is a fuzzy congruence
on G if and only if αt is a congruence on G for each t ∈ im α (image of α).

Proof. Suppose α is a fuzzy congruence relation on G. We have to show that αt is a
congruence relation on G.

Let t ∈ im α. Now αt = {(a, b) ∈ G×G | α(a, b) ≥ t} . Since α is fuzzy reflexive, we
have α(x, x) = sup

y,z∈G
α(y, z) ≥ t for all x, y, z ∈ G, and so (x, x) ∈ αt.. Therefore αt is

reflexive.
Suppose (x, y) ∈ αt ⇒ α(x, y) ≥ t then α(y, x) ≥ t⇒ (y, x) ∈ αt. Hence αt is symmet-

ric.
Suppose (x, y) ∈ αt, (y, z) ∈ αt ⇒ α(x, y) ≥ t and α(y, z) ≥ t.
Now min {α(x, y), α(y, z)} ≥ t⇒ sup

y∈G
{min {α(x, y), α(y, z)}} ≥ t so αt is transitive and

hence αt is a equivalence relation on G.
Next we verify that αt is a congruence relation.
Take (a, b), (c, d) ∈ αt ⇒ α(a, b) ≥ t, α(c, d) ≥ t
Then, α(a+ c, b+ d) ≥ min {α(a, b), α(c, d)} ≥ min {t, t} = t⇒ (a+ c, b+ d) ∈ αt.
Take m ∈M,a, b ∈ G. Now α(mγa,mγb) ≥ α(a, b) ≥ t.
Therefore, (mγa,mγb) ∈ αt.
Conversely, suppose that αt is a congruence relation on G. We need to verify that α is

a fuzzy congruence relation on G.
Since (x, x) ∈ αt for all x ∈ G, t ∈ im α , we have α(x, x) ≥ t. Put t = α(0, 0). Then

α(x, x) = sup
y,z∈G

α(y, z) for all x, y, z ∈ G, and so α is fuzzy reflexive.

α(x, y) = t⇔ (x, y) ∈ αt ⇔ (y, x) ∈ αt (since αt is symmetric) ⇔ α(y, x) = t, and so α
is fuzzy symmetric.

Now if α(x, y) = t, α(y, z) = t, then (x, y) ∈ αt, (y, z) ∈ αt (since αt is transitive)
(x, z) ∈ αt. This implies α(x, z) = t, and so α is fuzzy transitive. �

Proposition 2.7. Let α be a fuzzy congruence on an MΓ−group G and µα be a fuzzy
subset of G, defined by µα(a) = α(a, 0), a ∈ G. Then µα is a fuzzy ideal of G.
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Proof. We have, µα(0) = α(0, 0) = sup
x,y∈G

α(x, y) 6= 0 (since α is non-empty, we have µα is

non-empty).
For a, b ∈ G,µα(a+ b) = α(a+ b, 0) ≥ min {α(a, 0), α(b, 0)} = min {µα(a), µα(b)}

µα(−a) = α(−a, 0)

= α(−a+ 0,−a+ a)

≥ min {α(−a,−a), α(0, a)}
= α(0, a) = α(a, 0) = µα(a).

In a similar way, µα(a) ≥ µα(−a). Therefore µα(−a) = µα(a).
Also µα(a+ b− a) = α(a+ b− a, 0) = α(a+ b− a, a+ 0− a) ≥ α(b, 0) = µα(b).
This proves µα is a fuzzy normal subgroup of G. For any a, b ∈ G, γ ∈ Γ and m ∈M,

µα (mγ(a+ b)−mγa) = α (mγ(a+ b)−mγa, 0)

= α (mγ(a+ b)−mγa,mγa−mγa)

≥ min {α (mγ(a+ b),mγa) , α(−mγa,−mγa)} (since α is reflexive)

= α (mγ(a+ b),mγa) ≥ α(a+ b, a)(since α is fuzzy congruence)

≥ min {α(a, a), α(b, 0)}
= α(b, 0) = µα(b).

Therefore µα {mγ(a+ b)−mγa} ≥ µα(b).
Hence µα is a fuzzy ideal of G. �

Remark 2.8. If µ is a fuzzy ideal of MΓ−group G, then µ(z − y) = µ(−y + z) for all
z, y ∈ G.

Proposition 2.9. Let µ be a fuzzy ideal of an MΓ−group G. If αµ be the fuzzy relation
on G, defined by αµ(x, y) = µ(x− y) for x, y ∈ G, then αµ is a fuzzy congruence on G.

Proof. Since µ 6= φ, we have αµ 6= φ. Let x ∈ G.
Now αµ(x, x) = µ(x− x) = µ(0) ≥ µ(y − z) == αµ(y, z), for all y, z ∈ G
Therefore αµ(x, x) = sup

y,z∈G
α(y, z). So αµ is fuzzy reflexive.

We have, αµ(x, y) = µ(x− y) = µ(−(x− y)) = µ(y− x) = αµ(y, x). This shows that αµ
is fuzzy symmetric.

Now αµ(x, y) = µ(x − y) = µ(x − z + z − y) ≥ min {µ(x− z), µ(z − y)} (since µ is a
fuzzy ideal).

Therefore αµ(x, y) ≥ min {µ(x− z), µ(z − y)} for all z ∈ G.
So αµ(x, z) ≥ sup

{
z ∈ G}min {µ(x− z), µ(z − y)} = sup

{
z ∈ G}min {αµ(x, z), αµ(z, y)} .

This shows that αµ is fuzzy transitive. Hence αµ is a fuzzy equivalence on G.
Let x, y, u, v ∈ G. Now,
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αµ(x+ u, y + v) = µ(x+ u− (y + v))

= µ(x+ u− v − y)

= µ(−y + x+ u− v) (By Remark 2.8)

≥ min {µ(−y + x), µ(u− v)}
= min {µ(x− y), µ(u− v)}
= min {αµ(x, y), αµ(u, v)} .

For m ∈M, consider αµ(mγx,mγy).
Now

αµ(mγx,mγy) = µ(mγx−mγy)

= µ {mγ(y − y + x)−mγy}
≥ µ(−y + x) = µ(x− y) = α(x, y).

Hence αµ is a fuzzy congruence on G. �

Theorem 2.10. Let G be an MΓ−group. Then there exists an inclusion-preserving bi-
jection from the set of all fuzzy ideals of G to the set of all fuzzy congruence on G.

Proof. Let FI(G) = {µ | µ is a fuzzy ideal of G} and
FC(G) = {α | α a fuzzy congruence on G} .
Define f : FI(G) → FC(G) by f(µ) = αµ for µ ∈ FI(G) and g : FC(G) → FI(G) by

g(α) = µα for α ∈ FC(G).
Now (g ◦ f)(µ) = g(f(µ)) = g(αµ) = µαµ and
µαµ(a) = αµ(a, 0) = µ(a− 0) = µ(a) for all a ∈ G. Therefore µαµ = µ.
Thus (g ◦ f)(µ) = µ = IdFI(G)(µ). This shows that f is injective.
Let µ1, µ2 ∈ FI(G) and µ1 ⊆ µ2.
Now αµ2(x, y) = µ2(x−y) ≥ µ1(x−y) (since µ1 ⊆ µ2) = αµ1(x, y) for all (x, y) ∈ G×G.
Therefore αµ1 ⊆ αµ2 . Hence f(µ1) ⊆ f(µ2). This shows that f is inclusion preserving

mapping.
Let α ∈ FC(G). Then µα is a fuzzy ideal of G (by Proposition 2.7 ).
Now by Proposition 2.9 αµα is a fuzzy congruence on G.
Now (f ◦ g)(α) = f(g(α)) = f(µα) = αµα .
Also αµα(x, y) = µα(x− y) = α(x− y, 0) = α(x, y).
Therefore αµα = α. Hence (f ◦ g)(α) = f(g(α)) = α = IdFC(G)(α) for all α ∈ FC(G).
Thus f ◦ g = IdFC(G) which implies f is surjective. This implies f is an inclusion

preserving bijection from FI(G) to FC(G). �

Proposition 2.11. Let α be a fuzzy congruence relation on an MΓ−group G and µα be
the fuzzy ideal induced by α. Let t ∈ Imα. Then (µα)t = {x ∈ G | α(x, 0) ≥ t} is the ideal
induced by the congruence αt

Proof. Let t ∈ Imα. Since α(0, 0) ≥ t, we have 0 ∈ (µα)t.
Let x, y ∈ (µα)t.
Now α(x− y, 0) = α(x, y) ≥ sup

z∈G
{min {α(x, z), α(z, y)}} ≥ sup

z∈G
{α(x, 0), α(y, 0)} = t.

This implies x− y ∈ (µα)t. Take m ∈M,γ ∈ Γ, g ∈ G, x ∈ (µα)t.
Now,
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α(mγ(g + x)−mγg, 0) = α(mγ(g + x),mγg)

≥ sup
m∈M,γ∈Γ,x,g∈G

{min {α(mγ(g + x), α(mγg)}}

≥ t.
This implies wmγ(g + x)−mγg ∈ (µα)t. Therefore (µα)t is an ideal of G. �

Proposition 2.12. Let µ be a fuzzy ideal of an MΓ−group G and αµ be the fuzzy con-
gruence induced by µ. Let t ∈ Imµ. Then (αµ)t is the congruence on G induced by µt.

Proof. For (x, y) ∈ G×G,αµ(x, y) = µ(x− y).
Take t ∈ Imµ. Then αµ(t) = {(x, y) | αµ(x, y) ≥ t} .
Let β be the congruence on G induced by µt.
Here (x, y) ∈ β ⇔ x− y ∈ µt.
Let (x, y) ∈ (αµ)t ⇒ (αµ)(x, y) ≥ t implies µ(x− y) ≥ t⇒ x− y ∈ µt ⇒ (x, y) ∈ β.
Therefore (αµ)t ⊆ β.
Take (x, y) ∈ β. Then x − y ∈ µt, implies µ(x − y) ≥ t ⇒ (αµ)(x, y) ≥ t implies

(x, y) ∈ (αµ)t. Therefore β ⊆ (αµ)t. Hence (αµ)t = β. �

Definition 2.13. Let G be an MΓ−group and α be a fuzzy congruence on G. A fuzzy
congruence β on G is said to be α−invariant if α(x, y) = α(u, v) implies that β(x, y) =
β(u, v) for all (x, y), (u, v) ∈ G×G.

Lemma 2.14. Let G be an MΓ−group and µ be a fuzzy ideal of G. Let α be the fuzzy
congruence on G induced by µ. Then the fuzzy relation (α/α) on G/µ, defined by

(α/α)(x+ µ, y + µ) = α(x, y),

is a fuzzy congruence on G/µ.

Proof. Now x+ µ = u+ µ and y + µ = v + µ,
implies µ(x− u) = µ(0) and µ(y − v) = µ(0) (By Proposition 1.4.).
Since α(x, u) = µ(x− u) = µ(0),
we have, α(x, u) = sup

p,q∈G
α(p, q) and α(y, v) = µ(y − v) = µ(0).

Also α(y, v) = sup
p,q∈G

α(p, q).

Now

α(x, y) ≥ min {α(x, u), α(u, y)}
= α(x, y)

≥ min {α(u, v), α(v, y)}
= α(u, v).

In a similar way,

α(u, v) ≥ min {α(u, x), α(x, v)}
= α(x, v)

≥ min {α(x, y), α(y, v)}
= α(x, y).

Therefore α(x, y) = α(u, v).
Hence (α/α) is well defined.
We need to verify that (α/α) is a fuzzy congruence on G/µ.
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For this, (α/α)(x+ µ, x+ µ) = α(x, x) = sup
y,z∈G

α(y, z) = sup
y,z∈G

(α/α)(y + µ).

Therefore (α/α) is fuzzy reflexive.
Now (α/α)(x+ µ, y + µ) = α(x, y) = α(y, x) = (α/α)(y + µ, x+ µ). Therefore (α/α) is

fuzzy symmetric.
We have,

(α/α)(x+ µ, y + µ) = α(x, y)

≥ sup
z∈G
{min(α(x, z), α(z, y))}

= sup
z+µ∈G/µ

{min((α/α)(x+ µ, z + µ), (α/α)(z + µ, y + µ))} .

Next we show that (α/α) is fuzzy congruence.
(i) We have, for all x, y, z, w ∈ G,

(α/α)(((x+ µ) + (y + µ)), ((z + µ) + (w + µ))) = (α/α)((x+ y + µ), (z + w + µ))

= α(x+ y, z + w)

≥ min {α(x, z), α(y, w)}
= min {(α/α)(x+ µ, z + µ), (α/α)(y + µ,w + µ)} .

(ii) Let m ∈M,γ ∈ Γ.
Now,

(α/α)(mγ(x+ µ),mγ(y + µ)) = (α/α)((mγx+ µ), (mγy + µ))

= α(mγx,mγy)

≥ α(x, y)

= (α/α)(x+ µ, y + µ).

Therefore (α/α) is a fuzzy congruence on G/µ. �

Theorem 2.15. Let G be an MΓ−group and µ be a fuzzy ideal of G. Let α be the fuzzy con-
gruence on G induced by µ. Then there exists a bijection between FCα(G) of α−invariant
fuzzy congruence on G and FC(α/α)(G/µ) of (α/α)−invariant fuzzy congruences on G/µ.

Proof. Let β be an α−invariant fuzzy congruence on G.
Define (β/α)(x+ µ, y + µ) = β(x, y) for all x, y ∈ G.
We need to verify that β/α is well defined.
Suppose x+ µ = u+ µ and y + µ = v + µ. Then α(x, y) = α(u, v) (by Lemma 2.14)
Since β is α−invariant, we have β(x, y) = β(u, v). Therefore β/α is well defined.
Now to show that β/α is an (α/α)−invariant fuzzy congruence on G/µ.
Suppose (α/α)(x+ µ, y + µ) = (α/α)(u+ µ, v + µ)⇒ α(x, y) = α(u, v).
Since β is α− invariant, we have,
β(x, y) = β(u, v)⇒ (β/α)(x+ µ, y + µ) = (β/α)(u+ µ, v + µ).
Therefore (β/α) is an (α/α) invariant fuzzy congruence on G/µ.
Define f : FCα(G)→ FC(α/α)(G/µ) by f(β) = β/α.
Suppose β1, β2 ∈ FCα(G) such that β1(x, y) 6= β2(x, y).
Now (β1/α)(x+ µ, y + µ) = β1(x, y) 6= β2(x, y) = (β2/α)(x+ µ, y + µ).
Therefore θ is injective.
To prove f is surjective, let β′ be an (α/α)−invariant fuzzy congruence on G/µ.
We define a fuzzy relation β on G as β(x, y) = β′(x+ µ, y + µ).
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Now, (i)

β(x, x) = β′(x+ µ, x+ µ)

= sup
y+µ,z+µ∈G/µ

β′(y + µ, z + µ)

= sup
y,z∈G

β(y, z).

(ii) β(x, y) = β′(x+ µ, y + µ) = β′(y + µ, x+ µ) = β(y, x).
(iii) β(x, y) ≥ sup

z∈G
{min {β(x, z), β(z, y)}} .

Thus β is a fuzzy equivalence relation on G.

(iv) We have,

β(x+ a, y + b) = β′(x+ a+ µ, y + b+ µ)

= β′(x+ µ+ a+ µ, y + µ+ b+ µ)

≥ min
{
β′(x+ µ, y + µ), β′(a+ µ, b+ µ)

}
= min {β(x, y), β(a, b)} .

(v) For any m ∈M,x, y ∈ G and γ ∈ Γ,

β(mγx,mγy) = β′(mγx+ µ,mγy + µ)

= β′(mγ(x+ µ),mγ(y + µ))

≥ β′(x+ µ, y + µ)

= β(x, y).

This shows that β is a fuzzy congruence relation on G.
It remains to prove that β is an α−invariant. Suppose α(x, y) = α(u, v).
Now,

(α/α)(x+ µ, y + µ) = (α/α)(u+ µ, v + µ)

=⇒ (β/α)(x+ µ, y + µ)

= (β/α)(u+ µ, v + µ)

=⇒ β(x, y) = β(u, v).

Therefore β is α−invariant.
Now, (β/α)(x+µ, y+µ) = β(x, y) = β′(x+µ, y+µ) for all (x+µ, y+µ) ∈ G/µ×G/µ
Therefore β′ = (β/α) = f(β). Hence f is surjective. �

Theorem 2.16. Let G be an MΓ−group and µ be a fuzzy ideal of G. Let α be the fuzzy
congruence on G induced by µ. Let t = sup imα. Then G/µ ∼= G/αt.

Proof. Define f : G/µ→ G/αt by f(x+µ) = xαt, where xαt denotes the congruence class
containing x of the congruence αt.

We verify that f is well defined.
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We have,

x+ µ = y + µ =⇒ µ(x− y) = µ(0)

=⇒ α(x, y) = sup imα ≥ t
=⇒ (x, y) ∈ αt
=⇒ xαt = yαt

=⇒ f(x+ µ) = f(y + µ).

Therefore f is well defined.
Next we verify that f is an MΓ−homomorphism.
We have,

f(x+ µ+ y + µ) = f(x+ y + µ)

= (x+ y)αt

= xαt + yαt

= f(x+ µ) + f(y + µ).

Let m ∈M,γ ∈ Γ and x+ µ ∈ G/µ.
Now, f(mγ(x+ µ)) = f(mγx+ µ) = (mγx)αt = mγ(xαt) = mγf(x+ µ).
Therefore f is an MΓ−homomorphism.
Further,

f(x+ µ) = f(y + µ) =⇒ xαt = yαt

=⇒ (x, y) ∈ αt
=⇒ α(x, y) = t

=⇒ µ(x− y) = t = α(0, 0) = µ(0).

This shows that x + µ = y + µ. So f is injective. Clearly f is surjective. Hence
G/µ ∼= G/αt. �

3. Conclusions

The concept module over a gamma nearring (called as, MΓ−group) is a generalization
of the concepts module over a ring, module over a nearring where in addition is not
necessarily abelian. We have introduced fuzzy congruence on MΓ−group and obtained
one-one correspondence between fuzzy substructures of MΓ−groups and corresponding
congruence relations. This can be extended to left ideals / MΓ−subgroups / two sided
ideals of MΓ−groups and related substructures.
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