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EFFECTS OF SINUSOIDAL AND NON-SINUSOIDAL TEMPERATURE
MODULATION IN A TRIPLE DIFFUSIVE CONVECTION

S. PRANESH', S. TARANNUM!, J. MEGHANA, §

ABSTRACT. The Triple Diffusive convection with time-dependent sinusoidal (cosine) and
non-sinusoidal (square and triangular) temperature modulation is studied using linear
and non-linear analysis. The expression for Rayleigh number and correction Rayleigh
number is obtained by using perturbation method which gives the prospect to control the
convection. Effects of various parameters of the problem are individually studied for two
cases of temperature modulation namely, (i) in-phase and (ii)out-of-phase. Ginzburg-
Landau equation using multi-scale method is derived to study the effects of temperature
modulation on heat and mass transfer. It is observed that both solutal Rayleigh num-
bers stabilizes or destabilizes the system depending on the values of the frequency of
modulation.

Keywords: Triple diffusive convection, Temperature modulation, Sinusoidal and non-
sinusoidal wave form, Correction Rayleigh number.
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1. INTRODUCTION

The single component convection was studied first by Bénard [I] and this was further
explained by Rayleigh [2] in terms of buoyancy and by Pearson [3] in terms of surface
tension. Diffusion process in single component is straightforward but in multicomponent,
the system is not that easy compared to single component. The curiosity of oceanography
led to the study of double diffusive convection by Stern [4], Turner [5] and many more
authors. Furthermore, this inquisitiveness led to another important convective phenom-
ena called triple diffusive convection in which the density depends on three independently
diffusing stratifying agencies. Triple diffusive convection can be found in solidification of
molten alloys, geothermal lakes, sea water, etc. The onset of motion in a triple diffusive
convection is fundamentally different from that of single and double diffusive cases. The
presence of third diffusive component in the system leads to a important and remarkable
results which are not observed in single and two component convection. Griffiths [6] stud-
ied the limiting condition for the formation of salt fingers at an initially sharp density step
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in a three-component system. Poulikakos [7] examined that the presence of third diffusing
component with small diffusivity which can seriously alter the nature of the convective
instabilities in the system. Later Sameena and Pranesh [§, [9] investigated the heat and
mass transfer in a triple diffusive convection by deriving the Ginzburg-Landau equation
in a couple stress fluid with and without rotation respectively. Sameena and Pranesh [10]
studied the effect of temperature modulation on heat and mass transfer by considering only
sinusoidal wave modulation in a couple stress fluid using non-linear analysis. Recently,
Raghunatha et. al. [11] studied the effect of cross diffusion in triple diffusive convection in
a Oldroyd-B fluid using linear and nonlinear analyses. They found that the cross diffusion
either stabilises or destabilises the system depending on the solute concentration values.

One of the functional ways of monitoring convection is by maintaining the non-uniform
thermal gradient which solely depends on space. Nonetheless, in various applied circum-
stances non-uniform thermal gradient finds the source in transient cooling or heating at
the boundaries, therefore the basic thermal profiles depend explicitly on time as well as
position and these kinds of problems are considered as temperature modulation. Venezian
[12] examined the effect of modulation on the onset of thermal convection using pertur-
bation method and concluded that the shift in the critical Rayleigh number is calculated
as a function of frequency, and he observed that it is feasible to progress or postpone the
onset of convection by time modulation of the wall temperatures. Recently, Siddheshwar
et al. [I3] studied the effects of temperature modulation and variable viscosity on the
onset of Rayleigh-Bénard convection in Newtonian dielectric fluid using linear theory by
considering only sinusoidal type. Though many authors have studied the effect of mod-
ulation on the onset of thermal convection, to the best of our knowledge, none of them
have considered the effect of third component on the onset of convection in a sinusoidal
and non-sinusoidal wave temperature modulation. Therefore, the main objective of this
paper is to study the effect of third component on the onset of convection and heat mass
transfer with sinusoidal (cosine) and non-sinusoidal (square and triangular) wave type of
temperature modulation.

2. MATHEMATICAL FORMULATION

The horizontal layer of Newtonian fluid is taken between two parallel plates situated at
z = 0 and z = d. The fluid layer is heated and solutes are added from below. Let AT,
AS; and ASs are temperature and solutes 1, 2 difference maintained between the plates.
Cartesian coordinates with origin in lower plate and z-axis vertically upwards are taken.
Gravity is acting vertically downwards and in addition to fixed temperature difference
between the plates an additional perturbation is applied to the wall temperatures varying
sinusoidally or non-sinusoidally.

z
1
T=T, *EAWF*T(VHKD]J; Sy =St I S»=Sx

z=d
g l Newtonian Fluid ¥

z=0 X

T=Tn—%AT[1—sf[vﬂ1 Sy=S;p+AS;, S;=Spx+AS,

F1GURE 1. Physical Configuration
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Under the Boussinesq approximation the continuity equation, conservation of linear
momentum, conservation of energy, conservation of solute 1, conservation of solute 2 and
equation of state for the problem are given by:

8(? — = ]% 2>
Po |5 T (@.V)q| = —=Vp — pgk + uV=g, (2)
oT
O+ @V)T =XV, 0
851 — 2 .
p=po|l—ou(T—To)+as, (S — Sio)] (i=1,2). (5)

where, ¢ is the velocity vector, p is the density, ¢t is time, p is the pressure, u is the
coeflicient of viscosity, g is gravity, T is Temperature, 5; is concentration of solute ¢, pg is
the refence density, oy is the coefficient of thermal expansion, ay, is concentration analog
of thermal expansion of solute 7, x is thermal diffusivity, xs, is solutal diffusivity of solutes.
The lower and upper plates are maintained with temperature and solutes;

AT AT
7(0.) = T+ 21+ ef00)). Tt = To— 21— epre + ), ©)
S; = Sio + AS; at z =0, Si:SioatZ:d(i:1,2). (7)

where, € is the amplitude of modulation, « is frequency of modulation and ¢ is phase
angle. The temperature modulation comes into picture in the present problem through
the boundary condition (@

We consider two types of temperature modulation namely:
Case (i): In-phase (Symmetric, ¢ =0 ) Case (ii): Out-of-phase (Asymmetric, ¢ = 7),

Using the boundary conditions @ and , the solutions of motionless state can be
written as.

q_l;:(0,0,0), Szb:SzO+ASz (1—2), (121’2)7

9 mz —mz
Ty(z,t) = To + (1 - ;) AT + ¢ Re |H(m)e d + H(-m)e d |e 7, ®)
(1/2) o
—a-a (2% _AT e e
where, m= (-0 (30) T mom = SE [0,

The three different wave types of temperature modulation are considerd in the paper,
namely:

(i) Cosine : f(v,t) = Cos(~t),

(ii) Square: f(v,t) => 02 55.. L sin(nyt),

(ili) Triangular: f(v,t) =372, 35 . —£5(=1)"2 sin(nyt),

3. STABILITY ANALYSIS

The stability of the system is analysed by introducing the following perturbation on the
motionless state and is given by,

JZ qz+§/7P:pb+Pl7 p:pb+plaT:Tb+T/7Si :S’Lb—i_s': (Z: 172)7 (9)
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where, the prime indicates that the quantities are infinitesimal perturbations.
Substituting equation @D in equations —, using motionless state solution , ren-
t/

l,l yl Zl

dereding resultant equations dimensionless using (z*,y*,2*) = —, =, — |, t* = ———,

iy A2y T! s
q = Xq/d’ p* = Mi , 0% = AT o5, = AS, and introducing the stream function 1 by
0
U = a—f, w = —8—5, we get the following dimensionless equations after eliminating the
pressure term.
[ 9 9 97+ 1 [ 10 1 0(h, V2) ]
-V* Ra— —Rg,— —Rg,— e v /) il J
5 Ox Yoz 0 v Pr 8t(v v+ Pr 0(z,z)
- V2 00 0 oy, 0
ox v 0 0 0 - + 5262]0177# + (,6)
) _ ot Ox 6%@,2) (10)
- 0 —T1V2 0 (bs - 8¢Sl 8(¢7 ¢S1
353 ' ot | Oz 2)
O¢s, 0V, ¢s,)
— 0 0 —Ty V2 _ 5 R
| Ox ? | K& ot O(z, z) ]
ATd?
In equation 1} the dimensionless groups are Ra = pocugATd the thermal Rayleigh
HX
gAS;d?
number, Rg, = M the solutal Rayleigh number of solute i, Pr = M the
1154 PoX

Prandtl number, T; = Xsi the ratio of diffusivity of solute 7 and the heat diffusivity and

w = %2 is the frequency. In the equation (D we observe that the motionless state solution
9Ty

influences the stability problem through the factor =% , which is substituted by

0Ty 9

22— 144 11
oz + 6% f1 (11)

where, fi = Re |A(\)e + Al(—A)e—*Z} foa=(1—-19) (g) 240N = % [

4. LINEAR STABILITY ANALYSIS

In this section, we obtain the condition for the onset of convection immense useful in
the local non-linear analysis to be discussed in the next section. To make this study we
neglect the Jacobians in the system . Eliminating 6, ¢5, and ¢g, from the resulting
equations and replacing € = §%ex we get equation of ¢ in the form:

2
[X1X2X3X4V2 + [Ra(—l —+ Efl)X4X3 + RSIXQXg + R82X3X2] W] w = 0, (12)
where,
110 9 10 9 70 9 70 9
Y=g -V X5V X=lg-uv] X=[g-wv

The boundary conditions for solving equation are obtained in the form:

Oy oW 0% By
022 024 0926 028

P = =0at z=0,1. (13)
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The eigen value Ra of the equation is obtained by expanding Ra and v as a function
of small amplitude of modulation € in the form:

(Ra,¢) = (Rag, o) + €(Ra, ¥1) + €(Rag, 12) + - - - (14)

Here, Rag is the solution for the unmodulated system (e = 0), 1; and Ra; (i > 1) are
the correction due to temperature modulation. Using equation in equation and
equating the coeflicents of corresponding powers of €, we obtain:

Ly = 0, (15)
0 i
Ly = —Ra0X4X3f1ﬂ + RG1X3X487w20a (16)
2 92 o2 5?2
L¢2 —RaoX4X3f1 w + Ra 1X3X4( ¢1 - fl ¢0) + RCL2X3X4 8¢207 (17)

where,

2

0
L= [X1X2X3X4v2 + (- Rag X X3 + Rs, Xo X3 + RSQX3X2)@} '

The solution of equation is taken in the form ¢y = sin(mazx)sin(mwz) and the corre-
sponding eigen value Rag for unmodulated case is given by,
Rs Rs kS

L, s

t
Radt =
T T m2a?’

(18)

where, k? = 72(1 + o?).

When Rg, = Rg, = 0, equation reduces to the expression for the classical Rayleigh
number.

Following the analysis of Siddheshwar and Pranesh [14], we get:

Ra; =0 (19)

Ra3rn?a? & Li(w,n) 4+ Li(w,n)
Fos, = TS B [P (20)

where, L(w,n) =Y1 +iY2, Li(w,n)= Z3L(w,n),

1
}/1 = P—T [7‘(’20[2PT[—]<24(R82T1 + (R81 — RaoTl)Tz) + (—Rao + R81 + RSQ)W2]
+k2[—k8P7”T1T2 + k‘4(Z2 + PT‘Zl)UJ2] — k‘2w4] ,
Ya = P% [ﬂ2a2Prk2[R51(1 +T9) + Rso(1 + 1) — Rao(ty + 12)] + K2[KS(T1T2 + PrZs) — k2(Pr + Zl)wﬂ

Zi=14+T1+Ty, Zo=Ti+To+TTy, Z3=(—iw+1k?)(—iw+ 12k?),

B (}\) B —27171'2)\2 [6)‘ _ 6—)\ 4 (_1)n(e—)\—i<p o 6)\—1'4,0)]
S ed —e N2+ (n+1)2n2] ’

5. LocAL NONLINEAR STABILITY ANALYSIS

We assume the form of the stream function, temperature and solute concentrations as
follows:

Y = A(t)sin(ax)sin(nz), (21)
0 = B(t)cos(ax)sin(mz) + C(1)sin(27z), (22)
¢s, = Ei(t)cos(ax)sin(rz) + Fi(t)sin(2rz), (i = 1,2), (23)
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where, the time dependent amplitudes A, B, C, E; and F;, are to be determined from the
dynamics of the system.

Substituting equation — in equation and taking the orthogonality condition
with the eigen functions associated with the considered minimal modes, we get

1 0A T

oo = 7o [-RaB + R, By + +Rs, Fa] — K4, .

OB

5o = T aAC+ (~1+ ef)mad ~ KB, (25)

aC 2aAB

5 = T O; — 4720, (26)
E;

%T — 120AF; — maA — K*tE;, (i=1,2), (27)
F‘ 2 AE

%T’ - % — dm’Ti Fy, (i=1,2), (28)

We now use the following regular perturbation expansion in equations — :
A=eA| + Ay 4+ A3, B=€eB| +€’By+€3Bs, C =€eCy+ 2By + €6C3 , E; = e,
+ €2Ei2 + €3Ei3 , Fy=¢€F; + 62Fi2 + 63Fi3 , Ra = Ray + eRay + €2Ras + €3 Ras, (29)

where, T = €°t,
Substituting equation in equations — and on comparing the corresponding
powers of € in the resulting equations, we get:

LVy =0, (30)
£V2—[0 0 7;;214% 0 ;;O‘;A% 0 gf;A%]TT, (31)
o dA7 0w a3A3 7r3042A1A2 T dA; 7 a3A‘% 7r3a2A1A2 TT, (32)

k2 dt 8Tym2k2 Tk? k2 dt  STom2k? Tok2

where ‘/l = [AJ B] C] Elj Flj EQJ' FQj] ; (.] = 172’3)a

r RagPrma Rg, Prra Rs, Proa 7]
—TTa —k? 0 0 0 0 0
0 0 —47? 0 0 0 0
L=1_ra 0 0 k2 0 0 o |
0 0 0 0 —An’T 0 0
—To 0 0 0 0 —Tok? 0
| 0 0 0 0 0 0 — 4727y |
The solution of equation and subject to initial conditions is given by :
Tr
T _ (A =0 0 =" 4000 =T 4. 0
Vi [ 10 2 410 T2 o o2 o0 , (33)
3.2 3.2 3.2
vl — |4 —EA —T o A2 —waA -t —waA —-mlat ’T,n
2 [ 200 T2 gy 10 a0 9o ga 0 o ga 0 g o g2 o

(34)
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where, A9 and Asg are arbitrary functions of 1. Using Fredholm solvability condition we
get the Ginzburg-Landau equation in the form:

dA
P 2 = PyAyg — P3Ad, -
T
RagPrm2a? Rs, Pra2a? Rs, Pra2a?
where, fi =1+ k6 kS 1okS
Prr?a? R R Pradat
P, = (RCLQ Raof)ﬂ P; = (RCLO . 2’1 B g2> r7r6a ’
T Ty k

6. HEAT AND MASS TRANSPORT AT LOWER BOUNDARY

The expression for Nusselt number Nu and Sherwood number Sh which quantifies the
amount of heat and mass transport is given by

2
0 —
— ¥ (1—2z+0).dx
m
0 2ma? o
Nu(t) = P — =1-21C(1)=1+c¢ JT% Ao, (36)
[277 Jor (1= z)zdav]
z=0
27
@ ra
202
Shi(t) = =0 — 1 —2nFj(1) =1+ € T QA%O, (i=1,2),

{ fo (1-2) da:]
z=0
(37)
Average Nusselt number and average sheerwood number is considered in order to study
effects of various parameters on heat and mass transport and it is given by:

2T 2
Nu(t) = (;)/w Nudt, Shi(t) = (;)/Ow Sh; dr, (i =1,2). (38)

7. RESULTS AND DISCUSSIONS

In this paper, the effects of sinusoidal (cosine) and non-sinusoidal (square and trian-
gular ) temperature modulations on the onset of triple diffusive convection heated and
added solutes from below are analyzed with stress-free, isotemperature and isoconcentra-
tion boundaries. The influence of the parameters Rg,, Rs,,T1 and T2 on the onset and
heat and mass transport in a triple diffusive convection are examined for sinusoidal and
non-sinusoidal temperature modulations. The correction Rayleigh number Rs, is plotted
against frequency of modulation w for in-phase temperature modulation where, ¢ = 0 and
for out-of-phase temperature modulation where, o = w. The graphs are plotted by taking
moderate values of w for a reason that when w < 1, the period of modulation is very high
and makes finite amplitude important and w — oo the modulations tends to zero. With
Rs, = Rg, = 0, our results agree with those obtained by Venezian [12].

Figures (2)-(5) are the plots of Ry, versus w for different types of temperature mod-
ulations and for different values of Rg,, Rg,,T1 and T2. From these figures we observe
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that with an increase of w, Ry, decreases initially and reaches the minimum point (around
w = 5). Further increase in w, Rg, increases and reaches the maximum value (around
w = 20). For w > 20, Ry, decreases with increase in w and becomes zero for large values
of w. This indicates that the modulation effect is to destabilize the system for w < 5 and
stabilize when 5 < w < 20 . The two peaks of Ry, at w = 10 (approximately) and w = 20
(approximately) gives the maximum destabilizes and maximum stabilizes respectively.

Figure (2(A)) is the plot of Rs, versus w, for in-phase; cosine, square and triangular
temperature modulations and for different values of Rg,. From the figure, we observe
that, with increase in the values of Rg,, the value of Ry  also increases. This is because
when the solutes are added from below, the system is not disturbed as the solute concen-
tration settles down at the lower boundary and this expands when heated and the onset
of convection is delayed. Thus, increase in Rg, stabilizes the system. We also observed
that the increase in Rg, increases the peak for negative and positive values of Ry, , which
shows that maximum destabilizing and maximum stabilizing can be achieved by increasing
Rg,. Also Ry, changes from negative to positive at around w = 8, which shows in-phase
modulation destabilizes when w < 8 and stabilizes when w > 8.

Figure (3(A)) is the plot of Ry, versus w, for in-phase; cosine, square and triangular
temperature modulations and for different values of Rg,. From the figure, we observe
that, with increase in the values of Rg,, Ro, increases. The physical reason is same as
that of Rg, as Rg, is also added from below and hence makes the system stable. We notice
from the graph that by increasing the value ofRg, increases, the maximum peak of R,
increases, thus by adding the third component to the system, the system becomes more
stable.

Figure (4(A)) and (5(A)) are the plots of Ry, versus w, for in-phase; cosine, square
and triangular temperature modulations and for different values of T; and T2 respectively.
From the figures, we observe that, with increase in the values of T; and T2, the values of
Ry, decreases. T1 and Ty represents the ratio of solute diffusivity with heat diffusivity. The
increase in T; and T9 advances the onset of convection because heat diffuses faster than
solute and therefore, salute gradient advances the onset of convection and hence destabi-
lizes the system. Comparing the two graphs we observe that both maximum destabilizing
peak and maximum stabilizing peak decreases in the case of increase in To compare to Ti.

Figures (2(B)) - (5(B)) presents the plots of R, with w for out-of-phase temperature
modulation respectively for different values of Rg,, Rs,,T1 and T2. The effect of these pa-
rameters is quantitatively similar to that of its effect in in-phase temperature modulation.
Comparing the figure (2(B)) and figure (3(B)) we found that maximum peak of Ry, is
higher in figure (3(B)), which means that the addition of the third component Rg, for a
two component system, stabilizes the system, the same result as observed in the case of
in-phase temperature modulation. Thus, the triple diffusive convection is more stable than
single and two component convection. This result can also be anticipated from equation
(18). We observe that in the case of out-of-phase temperature modulation Rg, changes
from negative to positive at w = 3. Thus, comparing two types of temperature modula-
tion, Ry, is more positive in out-of-phase temperature modulation in-phase temperature
modulation and also from figures we note that Ry hase R;Et'Of'phase. Therefore, we
can conclude that the out-of-phase temperature modulation is more stable than that of
in-phase temperature modulation.
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From the above figures following are true for all the three types of temperature modula-
tion:

(i) For w <w*, R§ < RS <RI (i) For w > w*, R < RY < RS,

where w* = 8 and 3 for in-phase and out-of-phase temperature modulation respectively.
From the above observation we can conclude that in general square wave (S) type of tem-
perature modulation is more stable compared to the cosine (C) and triangular (T) wave
type of temperature modulation.

With the clear knowledge of effects of parameters and temperature modulations on
the onset of convection, we move on to discuss their effects on heat and mass transfer
which represents post onset regime of the convection. In the case of nonlinear analy-
ses of Ginzburg-Landau equation (35 is derived from seventh order non -autonomous
Lorenz model equations — using multi-scale method. The heat and mass transfer
is quantified by Nusselt number (see equation ) and mass transports are quantified
by Sherwood numbers Sh; and Shy (see equation (37)). Evaluating Ginzburg-Landau
equation (35) numerically, the average Nusselt number ( Nu) and average Sherwood num-
bers (Shy and Shy) are calculated for different parameters and for different temperature
modulations. The results obtained in this case are depicted in the Figures (6) - (9).
From the figures following observations are made:

L. Nupg =Rg,=50 < NURg =Rg,=100

ii. Shigg =Rrg,=50 < Sh1Rrg =Rg,=100

iii. Sharg =Rg,=50 < Sh2rg =Rg,=100
Thus, increase in Rg, and Rg, increases Nu, Shi and Shy and therefore increases
the heat and mass transport. This is true for in-phase and out-of-phase modula-
tion.

v, NUu ¢, —0.3/75=07 > NU 1,20.5/t2=0.9

V. Shi 1,20.3/1=0.7 > NU ,20.5/1,=0.9

vi. Sha 1,20.3/1=0.7 > NU 1,=0.5/1,=0.9
Thus, increase in diffusivity ratios decreases the heat and mass transport. This is
true for in-phase and out-of-phase modulation.

vii. Nu in-phase > Nu out-of—phase7 TM in-phase > Thl ’ 57}7/2 > Thg out—of—phase’
Thus, heat and mass transport decreases in out-of-phase compare to in-phase.

oo T ~—— C S T C S T C S

viii. Nu~™ < Nu = < Nu ", Sh1~ <Shy < Shy ", Shos = < Shy = < Shy

Thus, heat and mass transport is maximum in square wave type of temperature
modulation and least in triangular wave type of modulation in case of out-of-phase
modulation, but in the case of in-phase modulation Nu, Sh; and Shy for all three
types of modulations coincides because in in-phase modulation the phase angle is
zero (p = 0).

ix. In genral Shy < Shy for all three types of temperature modulation.

x. Mass transfer is more compare to heat transfer.

out-of-phase in-phase

8. CONCLUSIONS

The following are the conclusions drawn from the study:

(1) The temperature modulation can either stabilize or destabilise depending on the
value of frequency of modulation.

(2) Compare to two types of temperature modulation, out-of-phase temperature mod-
ulation is more stable than that of in-phase.
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(3) Square wave form is more stable compare to the cosine and triangular wave form
in general.

(4) The addition of third component stabilizes the system more compare to single and
two component convection.

(5) Solute Rayleigh numbers Rg, and Rg, stabilize the system, whereas ratio of dif-
fusivities of solute to heat diffusivity T; and To destabilize the system.

(6) It is possible to control the onset of triple diffusive convection and also heat and
mass transfer by appropriately choosing the type of temperature modulation and
also choosing the appropriate wave form of modulation.
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FIGURE 2. Plot of variation of Ry, with w for different values of Rg, for (A)
in-phase and (B) out-of-phase temperature modulation and for (1) square
(2) cosine and (3) triangular waveforms.
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and (B) out-of-phase temperature modulation and for (1) square (2) cosine
and (3) triangular waveforms.
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FIGURE 4. Plot showing the effect of T; on Ry, for (A) in-phase and (B)
out-of-phase temperature modulation and for (1) square (2) cosine and (3)
triangular waveforms.
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FIGURE 5. Plot showing the effect of T2 on Rs, for (A) in-phase and (B)
out-of-phase temperature modulation and for (1) square (2) cosine and (3)
triangular waveforms.
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