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‘DEL’ RELATION AND PARALLELISM IN FUZZY LATTICES

M. WASADIKAR!, P. KHUBCHANDANTI?, §

ABSTRACT. The notions of ‘del’ relation, a neutral element and parallelism from lattice
theory are introduced in a fuzzy lattice and their properties are obtained.
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1. INTRODUCTION

Ore [10] introduced the concept of a distributive element in a lattice. A generalization
of this concept, namely, a ‘neutral element’ in a lattice was introduced by Birkhoff [3].
Several researchers have developed many equivalent conditions for an element of a lattice
to be neutral. Maeda and Maeda [4] have studied modular pairs in lattices.

Fuzzy sets and fuzzy relations were introduced by Zadeh [11]. The concept of a fuzzy
binary relation and a fuzzy partial order relation are due to Zadeh [12]. Fuzzy lattices
were defined by Ajmal and Thomas [1] and Chon [2]. Mezzomo et. al. [6] defined a
new notion of a fuzzy ideal and a fuzzy filter in a fuzzy lattice. Recently, Wasadikar and
Khubchandani [8] have defined a fuzzy modular pair in a fuzzy lattice. As a continuation of
the study of fuzzy modular pairs in [8], in this paper, we consider fuzzy distributive triples
in a fuzzy lattice. In section 3, we define a neutral element in a fuzzy lattice £ = (X, A).
We prove that the set of all neutral elements of a fuzzy lattice is a distributive sublattice
of L = (X, A). In section 4, we define the concept of parallelism in a fuzzy lattice, while
in section 5, we define the notion of atom free parallelism and prove some properties and
relations among them in a fuzzy lattice.

2. PRELIMINARIES

Throughout this paper, (X, A) denotes a fuzzy lattice, where A is a fuzzy partial order
relation on a nonempty set X.
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For the definitions of a fuzzy partial order relation, fuzzy equivalence relation, fuzzy supre-
mum, fuzzy infimum, fuzzy lattice etc. we refer to Chon [2].

We use the notations a Vg b and a Ap b to denote the fuzzy supremum and the fuzzy
infimum of a,b € X to distinguish the supremum and infimum of a, b in the lattice sense,
if these exist in X.

Definition 2.1. [7, Definition 3.4] A fuzzy lattice (X, A) is said to be bounded if there
exist elements L and T in X, such that A(L,a) > 0 and A(a, T) > 0, for every a € X.
In this case, L and T are respectively called bottom and top elements of X .

We illustrate these concepts in the following example.

Example 2.1. Let X = {L,a,b,c,d,e, T} and let A: X x X — [0,1] be a fuzzy relation
defined as follows:

A(L, L) = A(a,a) = A(b,b) = A(c,c) = A(d,d) = A(e,e) = A(T,T) =1,

A(L,a) = 0.07, A(L,b) = 0.16, A(L,c) = 0.34, A(L,d) = 0.51, A(L,e) = 0.62,

A(L,T) = 0.82,

Aa, L) =0, A(a,b) =0, A(a,c) =0.19, A(a,d) = 0.36, A(a,e) =0, A(a, T) = 0.67,
A(b, 1) =0, A(b,a) =0, A(b,c) = 0.09, A(b,d) =0, A(b,e) = 0.38, A(b, T) = 0.55,
A(e, L) =0, A(c,a) =0, A(e,b) =0, A(e,d) =0, A(c,e) =0, A(e, T) =0.39,

A(d, L) =0, A(d,a) =0, A(d,b) =0, A(d,c) =0, A(d,e) =0, A(d, T) = 0.20,
A(e, L) =0, A(e,a) =0, A(e,b) =0, A(e,c) =0, A(e,d) =0, A(e, T) = 0.10,
A(T,L)=0, A(T,a) =0, A(T,b) =0, A(T,c) =0, A(T,d) =0, A(T,e) =0.

Then A is a fuzzy partial order relation.

The fuzzy join and fuzzy meet tables are as follows:

Ve|lL a b ¢ d e T ARl L a b ¢ d e T
L]l a b ¢ d e T L L 1 L 1 1 1L
ala a ¢ ¢ d T T a |l a L a a L a
b |b ¢ b ¢ T e T b |L L b b L b b
c|lc ¢ ¢ ¢ T T T c|L a b ¢ a b _L
d|ld d T T d T T d|L a L a d L d
e le T e T T e T e |L L b b L e e
TI|T T T T T T T TIT a b ¢ d e T

We note that (X, A) is a fuzzy lattice.
We recall some known results which we shall use in this paper.

Proposition 2.1. [2, Proposition 3.3] and [6, Proposition 2.4] Let (X, A) be a fuzzy lattice.
For a,b,c € X, the following statements hold:

(1) A(a,b) >0 iffaAnpb=a iffaVFpb=0.

(23) If A(b,c) >0, then A(a Apb,aApc)>0 and A(aVpb,aVpc)>0.

For the definitions of a fuzzy distributive and fuzzy modular lattice, we refere to [2].
We note that from the distributive inequalities and fuzzy antisymmetry property, (X, A)
is distributive iff A(a Ap (bVFc),(a Apb)VE (a Apc)) >0 and
A((CL V§ b) Ay (a Vi C),CL Vp (b AF C)) > 0.

Definition 2.2. [8, Definition 3.1] Let X be a nonempty set and L = (X, A) be a fuzzy
lattice with L. Let a,b € X. We say that (a,b) is a fuzzy meet-modular pair and we write
(a,b) p My, if whenever A(c,b) >0, then (cVpa) Apb=cVp (a Apb).

We say that (a,b) is a fuzzy join-modular pair and we write (a,b)pM;, if whenever
A(b,c) >0, then (cA\pa)Vrb=cAr (aVrb).
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Remark 2.1. [8, Remark 3.1] If a € X, then (L,a)pMy, (a,L)rMpy, (a,a)pMp,
(T,a)p My, (a, T)p My, and (L, T)pM,, hold if L and T exist.

Definition 2.3. [8, Definition 4.1] A fuzzy lattice L = (X, A) with L is called fuzzy
weakly modular when in L = (X, A), a Ap b# L implies (a,b)pM,y,.

Definition 2.4. [8, Definition 4.4] Let £ = (X, A) be a fuzzy lattice. Let a,b € X, then
b <r a (a “fuzzy covers”b) if 0 < A(b,a) < 1 and A(b,x) > 0 and A(z,a) > 0 imply
rT=aorzxz=>.

Definition 2.5. [8, Definition 3.3] Let P denote the set of all a € X such that L <p a.
The elements of P are called fuzzy atoms.

Lemma 2.1. [9, Lemma 5.3] If b <p a Vp b, then (a,b)pM;.

Definition 2.6. [9, Definition 5.3] Let £L = (X, A) be a fuzzy lattice with L. Ifp is a
fuzzy atom and a App = 1, then a <p aVp p is called the fuzzy covering property.

Definition 2.7. [5, Definition 3.1] Let £ = (X, A) be a fuzzy lattice and Y C X. Y s
an ideal of L if it satisfies the following conditions:

(i) Ifre X, yeY and A(xz,y) >0, thenx €Y.

(i) If v,y €Y, thenxVpy €Y.

Definition 2.8. [9, Definition 5.1] A fuzzy poset L = (X, A) with a least element L
1s called fuzzy atomic if for every monzero b € X there is some fuzzy atom a such that
A(a,b) > 0.

3. ‘DEL’ RELATION IN FUZZY LATTICES

Definition 3.1. Let £L = (X, A) be a fuzzy lattice. Let a,b,c € X. We write (a,b,c)pD
if(a\/Fb)/\FC:(a/\FC)\/F(b/\FC) (I)
and we write (a,b,¢)pD* if (a Apb)Vrc= (aVEc)Arp (bVFEc). (1I)
If (I) and (II) hold for all permutations of a, b and ¢, then we say that {a,b,c} is a fuzzy
distributive triplet and we write (a,b,c)pT.

L = (X, A) is called fuzzy distributive when (a,b,c)pD and (a,b,c)pD* hold for all
elements a,b,c € X.

Example 3.1. In Ezample 2.1, both (a,e,b)pD and (a,e,b) pD* hold.

Definition 3.2. A fuzzy lattice L = (X, A) is called a FM;-symmetric fuzzy lattice if
(a,b)pM; implies (b, a)pM;.

Example 3.2. Consider the fuzzy lattice in Example 2.1.
For A(b,e) >0, (b,c)pM; holds as (e ANpc)VEb=0bVpb=>band eNp(cVrb) =eApc=>b.
For A(c, T) >0, (¢,b)pM; holds as (TApb)Vrc =bVpc=cand TAp(bVpc) = TApc=c.

Definition 3.3. Let L = (X, A) be a fuzzy lattice with L. Let a,b € X. We write aV b

if (xVpa) Apb=1x Apb for every x € X. (%)
Let Y C X. We write YV¥ = {a € X| aVpb, for allb e Y}.

Remark 3.1. If avVpb, then a Ap b= L and (a,b)pM,, hold.

If we put © = L in (x), then we get a Ap b= L.

To show that (a,b)p M, holds. Let c € X be such that A(c,b) > 0. Since aV b holds we

have (cVpa) Apb=cApb=c=cVp L =cVp (aApb).

Remark 3.2. aV b is equivalent to a A\p b= L and (x,a,b)pD for every x € X.
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Proof. Suppose that aV b holds. Then by Remark 3.1 we have aArpb = L and (a,b)pM,,.
Hence for every z € X satisfying A(x,b) > 0 we have

(xVpa)A\pb=xVp (aApb) = (xApb)Vp (a Apb) as A(xz,b) > 0.

So, (x,a,b)pD holds.
Conversely, suppose that a Ap b= L and (x,a,b)pD hold.
Then we have,

(xVrpa) Apb=(xApb)VE (a Apb), as (z,a,b)pD
=(zxApb)Vp L,
=x Apb.
Thus aV b holds. O

Lemma 3.1. Let L = (X, A) be a fuzzy lattice with L. Then the following statements
hold for a,b,a1,b; € X.

(i) If aVEb holds and ai,by are such that A(a1,a) > 0 and A(by,b) > 0, then a1Vpb;
holds.

(ii) If a1V b and asV b hold, then (a1 VE ag)VFb holds.

(111) YVF is an ideal of £ for every subset Y of X.

Proof. Let £ = (X, A) be a fuzzy lattice with L.

(i): Suppose that aV b hold and ay, b are such that A(a1,a) > 0 and A(b1,b) > 0.

To show that a1V gb; holds, i.e., to show for any = € X, A((x VF a1) Ap bi,z Apby) > 0.
We note that A((z Vr a1) Ap b1, (zVra1) Apby) =1>0.

Hence A((z Vr a1) Ap b1, (x VF a1) Ap by Apb) > 0, as A(by,b) > 0 implies by Ap b = b;.
We have A((x VF a1) Ap b1, (a1 VFx) Ap (aVE ) AR b AR by) > 0, since A(ap,a) > 0.
Hence A((z Vr a1) Ap b1, (a1 VFx) Apx ApbApby) >0, since aVpb.

Thus, A((z VF a1) Ap b1,z Ap b Apby) >0, by absorption identity.

Hence A((x VFai) Apbi,x Apby) > 0. Since A(x Ap by, (zVEa1) Arpby) > 0 always holds,
by fuzzy antisymmetry of A we get (z Vg a1) Ap by = x Ap by.

Hence a1V by holds.

(ii): If a1 Vb and ayV b, then for any x € X we have

A((:L’ VrEFa1 VE CLQ) Ap b, (l’ Vrpal Vi CLQ) AR b) =1>0,

ie, A((x Vp a1 Vra2) Apb,((x Vpa1) Vp az) Ap b) > 0,

ie, A((x Vp a1 Vr a2) Ap b, (x Vpay) Apb) >0, using asVpb and Remark 3.2.

ie, A((x Vp a1 Vp az) Ap b, (x Apb) >0, by a1 Vb and Remark 3.2.

As A((z Ap b, (x VF a1 Vrag) Apb) > 0 always holds, by fuzzy antisymmetry of A we have
(CC Vrpay Vp ag) Apb= (.T Np b)

Hence (a1 VF az)V b holds.

(iii): To show that Y'VF is an ideal of £ for every subset Y of X.

(a): Let a € YVF and A(c,a) > 0, so we get ¢Vpb for all b € Y. Hence ¢ € YVF holds.
(b): It follows from (ii) that if a1,a2 € YVF, then a1 Vpag € YVF. O

Definition 3.4. Let £L = (X, A) be a fuzzy lattice with L. Let Y1,Ya,---,Y, be subsets of
X. Suppose that each Y; contains 1. We say that X is the direct sum of Y1,Yo, -, Y,
and we write X =Y, ® Yo @ -+ ,BY,, if every element a € X can be written as a =
arVpaaVp---Vpay ,a €Y; (fori=1,2,--- ,n)andy; CYij for i # 7.

Lemma 3.2. Let L = (X, A) be a fuzzy lattice with L is a direct sum of Y1,Ya, -+, Yy,
then every element a € X can be expressed in the form a = a1 Vp---Vpay, a; € Y;
(for i =1,2,--- ,n) uniquely and the sets Y1,---,Y, are ideals of L.



868 TWMS J. APP. AND ENG. MATH. V.12, N.3, 2022

Proof. Let £L = (X, A) be a fuzzy lattice with L.

(i): Let a=a1 VFraa Vg ---Vrpa, =bi VEbo Vp ---Vp b, where a; € Y; and b; € Y; (fOl“
i=1,2,---,n). Then by (iii) of Lemma 3.1 and by Definition 3.4, we have boVp---Vgb, €
YIVF. Hence (by Vg -+ Vg by)Vai. As a = a1 Vpaa Vg -+ Vg a, we have A(ay,a) > 0.
Hence

a1 = a Af aq,
= (b1 Vp (ba VE -+ VF by)) AF at,
=bi Araj as (bQ VE---VF bn)Val holds

So, we get A(ay,by) > 0. (I)
Since as Vg ++- Vg ay, € YlvF, (a2 VF -+ VF ay)Vpby holds. This implies that
(a2 VF---VEay) Ap by = L. We have

by = a Ap by,
:(a1 VF (ag\/F--~\/F6Ln))/\Fb1, asa=aiVrpaa VF - VF an
=aj; Ap by as (CLQ Vp-+--Vp (Ln)VFbl.

So, we get A(b1,a1) > 0. (II)
Therefore, from (I) and (II) by fuzzy antisymmetry of A we get a3 = by.
More generally, we have a; = b; for every i.

(ii): To show that Yi,---,Y,, are ideals of £. We shall show that Y7 is an ideal of X.

(a): Let a € Y7 and A(b,a) > 0. Suppose that b =0b; Vg --- Vg by, b €Y.

Let i # 1. Since A(b;,b) > 0, A(b,a) > 0, by fuzzy transitivity of A we get A(b;,a) > 0;
i.e.,, by =aArb;.

If a € Y,"F, then a Ap b; = L for all b;. This implies b; = L. Hence b = b; € Y;.

(b): If a,b € Y1, a Vp b is expressed in the form a Vpb=1c¢y Vp -+ Vp ey, ¢; €Y.

If 7 # 1, then since a,b € Y1 C YZ-VF, we have ¢; = (aVpb) Ap ¢, =aApc; = L.

Hence aVp b =c; € Y.

Therefore, Y7 is an ideal. In general Y; is an ideal for every i. U

Definition 3.5. An element z of a fuzzy lattice L = (X, A) is called a fuzzy neutral
element when (z,a,b)pT for all a,b € X.

Lemma 3.3. The set of all fuzzy neutral elements of a fuzzy lattice L = (X, A) is a fuzzy
distributive sublattice of L.

Proof. Let z1 and zo be fuzzy neutral elements. We shall show that z; V gz is fuzzy neutral
element. Let a,b € X. We note that A((z1 V22 Vpa)Apb, (21 VE2z2VEa)Apb) =1>0,
i.e., A((2’1 VE 2o VE a) Ar b, (Zl Vi (ZQ Vi a)) Np b) > 0,

i.e., A((21 VE 22 VE a) Ar b, (Zl Ap b) Vg ((ZQ Vp a) Np b)) > 0,

ie, A((z1 VF 22VF a) Ap b, (21 Ap b) VF ((22 AR b) VE (a AR b))) > 0,

ie, A((z1 VF 22 Vpa) Ap b, ((z21 VF 22) Ap b) Vi (a Ap b)) > 0.

Therefore, A((21 Vg 22 Vp a) Apb, ((z21 VF 22) Apb) VE (a Ap b)) > 0.

As A(((z1 VF 22) AR b) VE (a AR b), (21 VF 22 VF a) Ap b) > 0 always holds.

By fuzzy antisymmetry of A we get (21 Vp 22 Vpa) Apb= ((21 VF 22) Ap b) VE (a Ap b).
Hence (21 VF 2z2,a,b) D holds.

We note that A((a Vr b) Ap (21 VF 22),(a VF b) AF (21 VF 22)) =1 > 0,

ie., A((a Vg b) Ay (Zl Vp Zg), ((a Vi b) Ap 21) Vi ((a Vg b) Np 2’2)) > 0,

ie., A((CL Vg b) Ay (Zl Vp 22), (a Np 2’1) Vg (b Np 2’1) Vp (a Np 2’2) Vg (b AV ZQ)) > 0,

ie., A((CL Vg b) Ay (Zl Vp 22), (CL Np (21 Vg 2’2)) Vg (b Ay (2’1 VE 22))) > 0.

As A((a Ap (21 VF 22)) VE (bAF (21 VF 22)), (@VE b) AR (21 VF 22)) > 0 always holds.
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By fuzzy antisymmetry of A we get

(a Vi b) Ap (Zl Vi 22) = (a AF (Zl VE 22)) VE (b Ay (Zl VE 22))

Hence (a,b,z1 Vp z2)pD holds.

We note that A(((z1 VF 22) Apa) Ve b, ((21 VF 22) Apa) Vpb) =1 > 0,

ie, A(((z21 Vp 22) Apa) VE b, (21 Ap a) VE (22 Ap a) Vp b) > 0,

ie, A(((z1 VF 22) Apa) VE b, (21 Ap a) Vi (21 AR b) VE (22 Ap a) Ve b) > 0,
by putting b = (21 Ap b) Vp b

ie, A(((z1 VF 22) Apa) Vi b, (21 Ap (aVE b

ie, A(((z1 VF 22) Apa) Vi b, (21 Ap (aVE b

ie., A(((Zl Vi 2’2) Np a) Vg b, (2’1 VE 2o VR b) AR (CL Vi b)) > 0.

As A((z1 VF 22 VE D) Ap (aVE D), ((21 VF 22) AF a) VE b) > 0 always holds.

By fuzzy antisymmetry of A we get ((21 VF 22) Apa) Vpb = (21 VF 22 VF b) Ap (a Vg b).

Hence (21 VF 22,a,b) pD* holds.

We note that A((CL Np b) Vg (Zl VE 22), (a Np b) Vg (21 Vg 2’2)) =1>0,

i.e., A((a Ay b) Vg (2’1 Vp 22), ((a Ap b) VE 21) Vg 2’2)) > 0,

i.e., A((a Ay b) VrF (2:1 VE 22), ((a VE 21) AF (b Vg 21)) Vg 2’2) > 0,

ie, A((aANpb)VF (21 VF 22),(aVF 21 VF 22) AF (DVFE 21 VF 22)) > 0.

As A((a VFz1 VF 22) NF (b VFEz1 VF 22), (a NF b) VE (2’1 Vi 22)) > 0 always holds.

By fuzzy antisymmetry of A we get (aApb)VEr(21VE2z2) = (aVEz1VE22) A (bVEZ1 VE22).

Hence (a,b, 21 VF 2z2) pD* holds. Thus 21 VF 29 is fuzzy neutral element.

Similarly, we can show that z; Ap 29 is fuzzy neutral element.

Therefore, the set of fuzzy neutral elements forms a sublattice which is obviously fuzzy

distributive. ]

) VE ((ZQ AR a) VFE b)) >0,
) VF ((ZQ VE b) AF (a VE b))) > 0,

4. Fuzzy PARALLELISM IN A FUZZY LATTICE

The notion of fuzzy parallelism is well-known in lattices, see [4]. In this section, we
introduce this notion in a fuzzy lattice and prove some properties.

Definition 4.1. Let £L = (X, A) be a fuzzy lattice with L. Let a,b € X — {L}.
We write a <|p b when a Apb= 1 and b <p aVpb. If a <|p b and b <|p a hold, then we
say that a and b are fuzzy parallel and we write a ||F b.

Example 4.1. In Ezample 2.1 aApb= 1 andb<paVpb=calsoa <paVpb=c. As
a <|pbandb <|r a hold we say a and b are parallel.

Remark 4.1. Let £L = (X, A) be a fuzzy lattice with the fuzzy covering property. If p is a
fuzzy atom and if p Ap a = L, then by the fuzzy covering property we have a <p a Vg p.
Hence p <|p a. In particular, if p and q are different fuzzy atoms of X, then putting
a = q, we get p <|p q. Interchanging the roles of p and q we get ¢ <|p p. Hence p ||F q.

Definition 4.2. £ = (X, A) is called a fuzzy atomistic lattice, in short FAC if
L= (X,A) is an fuzzy atomistic lattice with the fuzzy covering property.

Lemma 4.1. In a fuzzy lattice L = (X, A) with L. If a <|p b, then a; VFb=a Vg b for
any a1 € X satisfying a; # L and A(ay,a) > 0.

Proof. Suppose that a <|p b holds. Then b <p a Vg b holds and a Ap b= L.

As A(ay,a) > 0, by (ii) of Proposition 2.1, we have A(a1 A b,a Apb) > 0,

ie., A(ay Apb, L) > 0. Since A(L,a; Apb) > 0 always holds, by fuzzy antisymmetry of A
we have a1 Ap b= L.

As A(ay,a) > 0 so by (ii) of Proposition 2.1, we have A(a; VF b,a Vr b) > 0 and

A(b, a1 Vg b) > 0.
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As b <p a Vg b holds we have either b=ay Vpbor ai VFb=aVgb.
If b=a; Vp b, then A(ay,b) > 0, a contradiction to a; Ap b= L.
Therefore, we get a1 Vpb=a Vg b. O

Lemma 4.2. Let L = (X, A) be a fuzzy lattice with L. Suppose that a <|r b holds.

(i) If a1 # L is not a fuzzy atom such that A(ai,a) > 0, then (b,a1)rM,, does not hold;
(11) If A(a1,a) > 0, then (a1,b)pM; holds;

(11t) If a1 # L and A(a1,a) > 0, then (b,a1)rM; does not hold.

Proof. Suppose that a <|r b holds. Then b <p a Vg b holds and a Ap b= L.

(i): Suppose that a; # L and ap is not a fuzzy atom and A(ai,a) > 0. Then there exists
¢ € X such that ¢ # L and A(c,a;) > 0. Clearly, A(c,a) >0

Also, given A(aj,a) > 0, then by Lemma 4.1, we have cVpb=aVpband a; Vb= aVgb.
From A(a;,a) > 0 and (ii) of Proposition 2.1, we have A(a; Ar b,a Ap b) > 0. Since
aANpb= 1, weget A(ay Apb, L) > 0.

As A(L,a; Apb) > 0 always holds, by fuzzy antisymmetry of A we get a;j Ap b= L.
Hence (¢cVrpb)Arpa; = (a1 VFb)Apa; =a; and ¢cVEp (bAFpa1) =cVp L =c#a.
Thus, (b, a1)rM,, cannot hold.

(ii): If @y = L, then by Remark 2.1, we have (ai,b)pM;. Suppose that a; # L and
A(ai,a) > 0 hold. As a <|r b holds we have b <p a Vpb. By Lemma 4.1 we have
aVpb=a; Vrb. Hence by Lemma 2.1, we have (a1, b)pM;.

(iii): If a1 # L and A(ai,a) > 0, then by Lemma 4.1, we have a1 Vp b= a Vg b.

We have a Ap (bVpa1) =aAp (bVrpa)=aand (a Apb) VFal = a1 # a.

Hence (b, a1)rM; does not hold. O

Lemma 4.3. Let £L = (X, A) is a fuzzy lattice with 1. Suppose that £ is a F'M;-symmetric
fuzzy lattice. If a <|p b, then a is a fuzzy atom in X.

Proof. If a <|p b holds, then b <r a Vp b holds and a Ap b = L. Hence by Lemma 2.1, we
have (a,b)pM;. By (ii) of Lemma 4.2, (a1,b)rM; holds for every A(a;,a) > 0.

As L = (X, A) is a F'Mj-symmetric fuzzy lattice, we have (b, a1)pM;.

By (iii) of Lemma 4.2, a is a fuzzy atom in X. O

Lemma 4.4. Let a,b € X — {L} be elements of a fuzzy atomic lattice L = (X, A) with
the fuzzy covering property.

(i) a <|p b if and only if a Ap b= L and there exists a fuzzy atom p such that A(p,a) > 0
and pVpb=aVpb;

(i) a ||p b if and only if a Ap b = L and there exist fuzzy atoms p,q € X such that
A(p,a) >0, A(q,b) >0 and aVFp q=>bVFpp.

Proof. Let a,be X —{L}.
(i): Let a <|r b hold. Since £ = (X, A) is fuzzy atomic there exists a fuzzy atom p with
A(p,a) > 0. By Lemma 4.1, we have pVrpb=a Vg b.

Conversely, suppose that a Ap b = | and p is a fuzzy atom satisfying pVp b =a Vg b
and A(p,a) > 0. By (ii) of Proposition 2.1, we have A(p Ap b,a Apb) > 0.
Since a Ap b= 1, we get A(p Apb, L) >0. But A(L,p Apb) > 0 always holds. Hence by
fuzzy antisymmetry of A we get p Ap b= 1. As p is a fuzzy atom and p Ap b = L by the
fuzzy covering property we have b <p p Vp b, that is, b <p a Vp b. Hence a <|p b holds.

(ii): a ||r b means a <|p b and b <|r a hold. Then by (i) there exist fuzzy atoms p,q € X
such that A(p,a) >0, A(q,b) >0and pVrb=qVra=aVpbh.

Conversely, suppose that a Apb= 1, A(p,a) >0, A(¢g,b) >0 and aVpq=>bVpp hold
We have A(b,a Vp q) > 0 and A(p,a Vr q) > 0 by (ii) of Proposition 2.1, we have
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A(aVEb,aVpq) > 0. As A(p,a) > 0 by (ii) of Proposition 2.1, we have

A(pVpb,aVpb) > 0. (I)
AsaVpq=0bVpp so, we have A(a,bVpp) >0 and A(q,bVgp) > 0.
by (ii) of Proposition 2.1, we get A(a Vg b,b Vg p) > 0. (II)

From (I) and (II) by fuzzy antisymmetry of A we get a Vpb=pVpb.
Similarly, a Ve g =a Vg b.
Therefore, we get a <|r b and b <|r a by (i). Thus, a || b holds. O

Lemma 4.5. Let L = (X, A) be a fuzzy weakly modular lattice with the fuzzy covering
property. If a <|p b and if q is a fuzzy atom with A(q,b) > 0, then a || (a VF q) AF b.

Proof. Suppose that a <|r b holds. Then b <p a Vg b holds and a Ap b= L.

Put by = (aVr q) Apb. (I)
As A(b1,b) > 0 then by (ii) of Proposition 2.1, we have A(a Ap bi,a Apb) > 0.

Since a Ap b= 1 we have A(a Ap b1, L) >0. As A(L,a A by) > 0 always holds, by fuzzy
antisymmetry of A we have a Ap by = L. Also, by (I) we have A(b1,a VF q) > 0 by (ii) of
Proposition 2.1, we have A(a Vp bi,a VEq) > 0. (IT)
As A(q,a VF q) > 0 always holds, by (ii) of Proposition 2.1, we get

A(gAFpb,(aVEq) Apb) > 0. As A(q,b) > 0 we have A(q, (a VF ¢) Ap b) > 0 which gives
Alg,b1) > 0 by (1),

By (ii) of Proposition 2.1, we have A(a VF g,a Vg by) > 0. (I1I)
From (II) and (III) by fuzzy antisymmetry of A we have a VF q=a Vp b;.

To prove that a || by holds, it is sufficient to show that by <p a VF g and a <p a Vp q.
Since, A(gq,b) > 0 by (ii) of Proposition 2.1, we get A(a A q¢,a Ap b) > 0. This implies
A(aArq, L) > 0asaApb= L. Since A(L,aArq) > 0 always holds by fuzzy antisymmetry
of A we have a Ap ¢ = 1. Hence by fuzzy covering property we get a <r a Vp q.

Let ¢ € X be such that A(by,c) >0, A(¢c,a VE q) > 0.

Case (1): Let A(c,b) > 0. We have A(c,a Vg q) > 0. Then by (ii) of Proposition 2.1,
we have A(c Ap b,b Ap (a Vp q)) > 0. This implies that A(c,b1) > 0 by (I). By fuzzy
antisymmetry of A we have b; = c.

Case (2): Let A(c,b) =0,0 < A(b,bVpc) <1 and A(c,aVE q) > 0 by (ii) of Proposition
2.1, we have A(bVpc,bVp (aVEq)) > 0. Thus A(bVgc,aVpb) >0 as A(q,b) > 0. So,
we have 0 < A(b,bVrc) <1, AbVpec,aVpb) > 0.

Then b=bVpcand bVpc=aVpgb. (IV)
Asb <p aVpbholds and A(q,b) > 0 by (ii) of Proposition 2.1 we have A(aVrq,aVpb) > 0.
By (IV) we have A(a VF q,bVEc) > 0.

Since £L = (X, A) is fuzzy weakly modular fuzzy lattice, using 0 < A(L,q) < 1 and
A(q, (aVFE q) Apb) > 0 we have (b,a VF q)pMp,.

Hence
c=cVpby,
=cVp{bAr(aVrq)}, asby=(aVrq)Arb
=(cVrb) Ar(aVFq), because (b,aVrq)rMp,
Hence ¢ = a Vg q. Therefore, by <p a Vg g holds. Hence a || (a Vp q) Ap b holds. O

5. FUZZY ATOM-FREE PARALLELISM IN A FUZZY LATTICE

In this section, we define a fuzzy modular element in a fuzzy lattice L = (X, A) and
introduce fuzzy atom-free parallelism in a fuzzy lattice.

Definition 5.1. An element a in a fuzzy lattice L = (X, A) is called a fuzzy modular
element if (x,a)pM,, for every x € X.
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The elements 1, T and every fuzzy atom, if they exist, are fuzzy modular elements.

Definition 5.2. Let L = (X, A) be a fuzzy lattice with L and let a,b € X — {L}. If

a Ap b= 1 and there exists a fuzzy modular element m € X such that mVpb=aVpb
and A(m,a) > 0, then we write a < |()b.

We have 0 < A(L,m) <land 0 < A(m,T) < 1.
(i) Ifm=_L1,thenb=aVpb. Hence a Apb=a=1;
(ii)) If m = T, then T Vg b= a Vp b, which gives T =a Vpb.
Hence we have A(a, T) > 0; (I)
Since A(m,a) > 0 we get A(T,a) > 0. (II)
From (I) and (II) we have a = T. This givesa Apb=T Apb=5b= L.

Ifa < ](m)b and b < |(n)a hold, then we say that a and b are parallel with axes m and n
and we write a ||(y, ) b. Since fuzzy modular elements m and n are not necessarily fuzzy
atoms, we may say that this parallelism is fuzzy atom-free.

Example 5.1. Consider the fuzzy lattice in Example 2.1. Here dApe= 1. Asa,be X
are modular elements such that aVpe = dVpe, bVpd = eVpd, A(a,d) > 0 and A(b,e) > 0
hold. Hence d < |(q)e and e < |)d hold.

Thus, d||(q,pe holds.

Lemma 5.1. Let a < |(;,)b hold in a fuzzy lattice with 1.

(i) If 0 < A(m,a1) <1 and A(ai,a) > 0, then (b, a1)rM,, does not hold;

(i) If A(m,a1) >0, 0 < A(ai,a) <1, then (b,a1)pM; does not hold;

(ii5) If L = (X, A) is a FM-symmetric fuzzy lattice and if A(m,a1) > 0, A(a1,a) > 0,
then (a1,b)pM; holds.

Proof. Let a < ;)b hold in a fuzzy lattice £ = (X, A) with L.

Since a < |()b we have a Ap b= L and mVpb=aVpb. (I)
(i): Suppose that 0 < A(m,a1) < 1 holds. Hence by (ii) of Proposition 2.1, we have
A(m Vg b,a; Vg b) > 0.

By (I) we get A(aVpb,a1 Vi b) > 0. (II)
As A(ay,a) > 0 so by (ii) of Proposition 2.1, we have A(a; Vg b,a Vg b) > 0. (TII)
From (II) and (III) by fuzzy antisymmetry of A we have a1 Vpb=a Vg b. (IV

By (I) and (IV) we have a1 VP b=aVrpb=mVpb.

As A(ay,a) > 0 by (ii) of Proposition 2.1, we have A(a; Apb,a Apb) > 0.

So, we have A(a; Apb, L) >0asaApb=_1 and A(L,a1 Apb) >0 always holds.
Therefore, by fuzzy antisymmetry of A we get a1 Ap b= 1.

(mVFb)/\Fa1:(al\/pb)/\palzal and m\/F(b/\Fal):m\/FJ_:myéal.

Hence (b, a1)rM,, does not hold.
(ii): Suppose that A(m,a;) >0 and 0 < A(a1,a) < 1 hold.

As 0 < A(aq,a) < 1 so by (ii) of Proposition 2.1, we have A(a; Vg b,a Vg b) > 0. (I)
As A(m,a1) > 0 by (ii) of Proposition 2.1, we get A(m Vg b,a; Vg b) > 0.
But mVpb=aVpgb. So, we have A(a Vg b,a; Vg b) > 0. (11)

From (I) and (II) by fuzzy antisymmetry of A we have ay Vpb=a Vg b.
We have

(aApb)VFpar =1 Vpas=a; and aAp (bVpa1) =aAp (bVpa)=a# a.

Hence (b, a1)rM; does not hold.
(iii): Assume that £ = (X, A) is a FM-symmetric fuzzy lattice and let A(m,a;) > 0,
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A(aq,a) > 0 by (ii) of Proposition 2.1, we have A(m Vg b,a; Vg b) > 0, (I)
and A(ay Vg b,aVEb) > 0.

As a <|()b we have a Ap b = L. There exists a fuzzy modular element m € X such that
A(m,a) >0and mVepb=aVrb. So, (I) reduces to A(a Vg b,a1 Vg b) > 0.

Therefore, we have A(a Vg b,a; Vpb) >0 and A(a; Vp b,aVEb) > 0.

By fuzzy antisymmetry of A we get a Ve b= a1 Vg b.

So, we have aVpb=a; Vpb=mVpb.

Let A(b,c) > 0 since m is a fuzzy modular element we have (¢, m)pMy,.

But £ = (X, A) is a FM-symmetric fuzzy lattice so, we have (m, c¢)pM,,.

Consider a1 VR b=m Vg b.

We have
cAp (a1 VFb) =cAp (mVpb),
=bVp (mApc), because (m,c)rMy,.
Therefore, ¢ Ap (a1 Vrpb) =bVp (m Af c). (1I1)

We have A(m,ay) > 0.

By applying (ii) of Proposition 2.1, repeatedly we have

A(m Ap c,a1 Apc)>0and A(bVE (mApc),bVE (a1 Apc)) > 0.

From (II) we have A(c Ar (a1 VF D), (c AFpa1) VEb) > 0.

Therefore, (a1, b)rM; holds. O

Lemma 5.2. Let L = (X, A) be a fuzzy lattice with 1. Let a,b € X — {L}. Then
a ||(m,n) b if and only if a Ap b = L and there exist fuzzy modular elements m,n € X such
that A(m,a) >0, A(n,b) >0 and aVpn=>bVrm.

Proof. If a || (yn) b, then we have a <|,,) b and b <[,y a. Hence we have
aApb=_1,A(m,a) >0, A(n,b) >0 andbVpm=aVrpb=nVpa.

Conversely, suppose that a Ap b = L and there exist fuzzy modular elements m,n € X
such that A(m,a) >0, A(n,b) >0 and aVrpn =>bVrm so, we have A(a,bVpm) > 0.

By (ii) of Proposition 2.1, we have A(a VF b,bVEm) > 0. (I)
Also, we have A(m,a) > 0 so, by (ii) of Proposition 2.1,we have
A(m\/F b,a\/pb) > 0. (H)

From (I) and (II) by fuzzy antisymmetry of A we have m Vpb=a Vpb.
Hence we get a <\(m) b. Similarly, we have b <[, a.
Thus a ||(m,n) b holds. O

Lemma 5.3. In a fuzzy lattice L = (X, A) with L, if a <|g, b, A(m,a1) > 0 and
0 < A(a1,a) <1, then a1 <|(m) b.

Proof. Suppose that a <|(,,) b holds. Then we have a Ar b = L and there exists a fuzzy
modular element m € X such that m Vg b=a Vg band A(m,a) > 0.

Given 0 < A(a1,a) < 1 so by (ii) of Proposition 2.1, we have A(a; A b,a Ap b) > 0, that
is, A(a; Ap b, L) > 0.

Since A(L,a; Ap b) > 0 always holds, by fuzzy antisymmetry of A we get a; Apb= L.
Also, given that A(m,a) >0and mVrpb=aVpb. (I)
To show that m Vg b = a; Vg b holds.

As A(m,a;) > 0 and A(aj,a) > 0 so, by (ii) of Proposition 2.1, we have

A(mVpb,a; Vg b) >0 and A(a; Vr b,a VEb) > 0.

By (I) we have A(a VF b,a1 Vg b) >0 and A(a; VF b,a VEb) > 0.

So, by fuzzy antisymmetry of A we have a1 Vpb=a Vg b. (IT)
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Therefore, from (I) and (II) we get a1 Vpb=m Vpb.
Hence we have a1 Apb= 1, a1 Vpb=mVprband A(m,a;) > 0.
Thus, a1 <|() b holds. O

Lemma 5.4. Let L = (X, A) be a fuzzy lattice with L and a,b,b1 € X. Suppose that
a <|(m) b holds and b # L is such that A(b,b1) > 0.

(i) If a AN\p by = L, then a <|(m) bi;

(i1) If m # L and A(m,by1) > 0, then 0 < A(a,b1) < 1.

Proof. As a <|(;;) b holds we have a Ap b = L and m be a fuzzy modular element such

that mVpb=aVgrband A(m,a) > 0.
(i): Suppose that a Ap by = L. To show that a <[, b1 holds.

We have
mVpb =mVpbVgrby, because A(b,by) >0
=aVrpbVpb,
=aVpby, because A(b,b1) > 0.
Therefore, we get m Ve by = a Vp by. (I)

Hence if a A by = L holds, then a <[, b1.
(ii): Suppose that m # L and A(m,b;) > 0. To show that A(a,by) > 0.
From (I) we have aVpb; = mVpb; = by. Therefore, aVpby = by, that is, A(a,b;) > 0. O

6. CONCLUSION

In this paper, we have introduced the notion of ‘del’ relation in a fuzzy lattice and
have presented a novel approach to parallelism and atom free parallelism in fuzzy lattices.
Also, we have studied some properties. We have proposed a new notion and notation of
distributive and neutral elements in fuzzy lattices.
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