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BIPOLAR INTUITIONISTIC FUZZY ¢8 COMPACT SPACES
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ABSTRACT. The objective of this article is to initiate the innovative views on bipo-
lar intuitionistic fuzzy topological space, bipolar intuitionistic fuzzy € compact and its
preimage, orbit and image followed by some of its special characterizations are studied.
The main approaches of its €&, JRC compact spaces are established and few significant
properties are investigated.
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1. INTRODUCTION

A Cyberneticist, Zadeh [13], established the fuzzy set in 1965 for the first time and
was followed by Chang[5] who developed the fuzzy topological spaces in 1968. Currently,
this theory works well in uncertainties, ambiguous situations of problems with incomplete
information and it is applied in vigorous research disciplines such as medical, spacial and
life sciences, engineering, graph theory, artificial intelligence, robotics, computer network-
ing system and decision making problems. After twenty years of gap, the intuitionistic
fuzzy sets were discovered and generalized by Atanassov [1]. At the same time, Coker [2,3]
introduced the notions of an intuitionistic fuzzy point and intuitionistic fuzzy topological
spaces with some relevant concepts. The important applications of IF'S have been studied
in different fields in pattern recognition and processing of image in computer graphics.
The important notion of bipolar fuzzy sets and its membership degree ranges between -1
to 1 was introduced by Zhang in 1994 [14, 15, 8]. The bipolar intuitionistic fuzzy set and
strong forms are well developed by Sankar and Ezhilmaran [6]. Recently, bipolar fuzzy
topological spaces were initiated by R. Nandhini and D. Amsaveni[10, 7] in 2019. More-
over, it has wide applications in solving real-life problems. In this article, we developed
the innovative concept of bipolar intuitionistic fuzzy topological space, bipolar intuition-
istic fuzzy image, bipolar intuitionistic fuzzy preimage, bipolar intuitionistic fuzzy orbit
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set and bipolar intuitionistic fuzzy € compact set then we investigate on some of its prop-
erties. Finally, the intuition of bipolar intuitionistic fuzzy €f and SR€ compact spaces are
introduced and examined its significant features.

2. PRELIMINARIES

Definition 2.1 (6). Let X be a non empty set. A bipolar intuitionistic fuzzy set B in
X is an object having the form B = {(z,u” (z), p™¥(z),vF(2), ¥V (z) : z € X}, where

PoX —=[0,1], pV: X = [-1,0, v : X = [0,1], ¥V : X — [~1,0] are the mappings
such that 0 < puf + 4P <1. -1 <N +4N <0.

Definition 2.2 (6). For cmy two bipolar intuitionistic fuzzy sets
a: b

A = (pi (), p (2), 74 (2), 7} () and B = (pi(2), pfs (), 75 (2), 75 ()
(AN B)(x) = (uﬁ(w)/\ug(fc), i (2) V gy ()
(AU B) (@) = (i (@) V pp (@), iy () A iz ()
(AN B)(x) = (v4 (=) V75 (@), 74 (2) AvE ()
(AUB)(z) = (v4(2) Avg (), v () V75 ()

Definition 2.3 (11). Let (X, T) be an intuitionistic topological space. Then A = (z, A', A?)
€ T is said to be intuitionistic C-compact set if every A C U;er A where AS is an intu-
itionistic closed set in (X,T). The complement of an intuitionistic C compact set is an
intuitionistic C-cocompact set.

Definition 2.4 (9). Let X be a nonempty set and let f:X — X be any mapping. The fuzzy
orbit set of X under the mapping f is defined as FOr(A) = {A A f(A) A f2(A) A ...} the
intersection of all members of Of(\)

Definition 2.5 (12). An IFTS B of (X, T) is said to be IF(3- compact if it is I[F3- compact
as a subspace of X.

3. BIPOLAR INTUITIONISTIC FUZZY TOPOLOGICAL SPACE

In this section we introduce, the operations of bipolar intuitionistic fuzzy sets and
bipolar intuitionistic fuzzy topological space and discuss some properties on it. Through
this article, Ap~. denotes the bipolar intuitionistic fuzzy set(in short BZFs) .

Remark 3.1. Let I, =[0,1] and I_ = [-1,0]. Let I : X — [0,1], I_~ : X — [-1,0].
Then the power set of BLFs of X can be written as I*_ x Ifw x I*  x IX .

3.1. SOME OPERATIONS ON BIPOLAR INTUITIONISTIC FUZZY SETS.

Definition 3.1. Let X be a non empty fixed set and let Ap~, Bp~ be any two bipolar
intuitionistic fuzzy sets (BZFs) in X are defined by

Ape = {a, ply, (@), 5, (2),74, ()75, () :x € X} and
Bp. = {z, MEBN(QU%ME;BN(Q?),’YEBN(QJ),’)/;BN (x) :x € X}. Then
(i) Ap~ C Bp~ if and only if py (x) < pfy (2);py, (¥) > pp, (2);
YARH(E) <, (2);vAp~ () = 7p, (2);
(ii) ABN = BBN iﬁ ABN - BBN and BBN - ABN,'
(iif) Ap~ = {&,1—pf, (2), =1 —py, (2),1—~f, (2),—1—v, (2)}
= {7V, (@), (@), uh, (@), py, (x):zeX}
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(iv) Ap~UBp~(2) = {x, 14, (@) up, (2); 104, () Aug, (@),
Vip @) AVA, (@), 74, (@) Vg, (2) 2 € X}
(v) Ap~ N Bp~(2) = {z, 14, (@) Npip, (2), 104, (2)V up, (@),
Vi @V vk, (@),74, (@) Ava, (x)z € X},
Definition 3.2. Let {Ap~,} be the arbitrary collection of BLFss in X :x € X. Then
() NAz~ = (A, @)V az, @Vl @AV, @)
() Udpe, = (V ik, (@) Aria, @) AV, @V v5, ()
Definition 3.3. Let Op.. and 1p~. are defined by Op.. = {(x,0,0,1,—1) :
x € X}; 1po = {{(z,1,-1,0,0) : z € X}.
Corollary 3.1. Let Ag~,Bg~,Cp~ and Dpg.. be the BLFss in X. Then

(i) Ap. C Bp~
and CBN C DBN = ABNUCBN C BBNUDBN and ABNHCBN C BmeDBN;

Ap~(Bp~ = Ap~U Bp~,

ii)
¥
(v) Ap~UBp~ = Ap~ N Bp-,
vi)
vii)
iii) Op~

Definition 3.4. Let X be a non empty fized set. A bipolar intuitionistic fuzzy topological
structure on X is a collection Tz of bipolar intuitionistic fuzzy sets in X satisfying the
following three conditions

1 OBN, 1. € TBIF

2 Ap~Bp~ € Tpzz for any Ap~, Bp~ € Ta1§

3 UAB,~ € mazg for arbitrary class of {Ap,~ 11 € J } C Typr;.
Then the ordered pair (X, Tazg) is called a bipolar intuitionistic fuzzy topological structure
space (in short BLFTS). Every element of Tezz is said to be a Tprz open set in X. The
complement of a bipolar intuitionistic fuzzy topological open set (BZFOs) is said to be a
bipolar intuitionistic fuzzy topological closed set BIZFCs in X.

_ _ b
Example 3.1. Let X = {a,b}. Let Ap. = (x, (0_37_0.7‘7’0‘77_0.3) (0_47_0.570‘67_05)%

_ b _
Bp~ = (x, (0.4,70.6(,10.6,70.4) (0.5,70.8,0.5,70.2)% Ap~ () Bp~ = (z, (0.3,70.6(,10.7,70.4)
b _ b
(0.4,—0.5,0.6,—0.5)>’ Ap.UBp~ = (z, (0.4,—0.7?0.6,—0.3) (0.47—0.8,0.5,—0.2)> are the BIFs of X.
Then the family To15 = {0B~, 1B~, AB~, Bp~, A~ Bp~, A~ U Bp~} forms a bipolar
intuitionistic fuzzy topology (BLFtopology) on X. Thus the pair (X, Tazz) is said to be a
BZFTS.

Definition 3.5. Let Ap. = (z, MXB ,VEBN,MXBN,VZBN> be a BLFs in X and B~ =

(s sy )V, )it ()5, () iy € D} be BLFs in D). Let ®: % - bea
function. Then

(i) the preimage of Bp~ under ® is denoted as ®~1(Bp.) is the BLFs in X, defined by
o !(Bp~) = {{z, @7 (up, ) (@), @ (up, )(z), @7 (vh, (@),

o (vp, @) s x € X}, where @ N(up, )(x) = pp, o ®(x); 2 (up, )(&) = up, o
O(x); @fl(ygBN)(az) = I/EBN o ®(x); @fl(I/BBN)(:c) =vp, © O(x).
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(ii) then the image of Ap~. under function ®, as ®(Ap~) is the BLFs in %), defined by
(Ap~) = {(y, @(uh, W), 1 =21 —pf (), ®(vy, )W),
—1-90(-1—-vg, )(y):y €Y} where,

SUDgep-1(y) Mg, () if N y) # o

0 otherwise

®(uh, )y) = {

inf,ep-14) v, (x) if @71 y) # ¢

1 otherwise

L—21-vi, )y = {

vy, Ny) = {Squeq’—l(y) Pp, () if 7N (y) # ¢ .

—1 otherwise

(~1= (=1 = v, ))y) = {mf%q’wy) Vg (1) if ®71(y) £ (1)

0 otherwise

Corollary 3.2. Let Ag..,Ap~’s (I € M) and Bp~,Bp,~’s (k€ L) be BIFss of X
and %) indiwvidually and ® : X — 9). Then
i) Ap,~ C ABQN(i'e)M,JXBlw < HXBQN’ MZBlN Z M232N7VXBIN > VXBQNa

Vip. < Vi, = ®(Ap) C (Ap,0) (L)®(uh, )< B(ui, ). B(uy, ) >
Dz, )1O0L, )= eWh, ).0r, ) <oWs, ).

ii) Bpi~ € By li-€)ify, < Hp, s Ppy 2 M, Vi o 2 Vi,
Vpy . S Vpy,. = ®{(Bp,) C 7 (Bp,.)
()@ (i, )< 7, ), 0, )= ey, ),
o1k, )= ok, )0, )< vy, ).

iii) Ap. C @ Y(®(Ap~)) [If @ is injective, then Ag. = @1 (P(Ap.))],

iv) ®(®1(Bg.)) C B~ [ If ® is surjective, then ®(®~1(Bp.)) = Bp~],

v) ‘I’*l(UlBBkl) =U ‘I’*l(Bwa)(j-@)(‘I’*l(U B ).
— @ (V ph, () 9 (Anp, (@) (Avp, @)

*1(\/1/‘,53 )(@);

vi) @ (ﬂ BBw) =Ne” 1(BBk~) (i.e) (@1 BBk~))

= ( (/\MBB @), 27V pp, @), @ (Vg (@),
AV, N)( x));

vii) (U Ap~) =U®(Ap,~), (U AB~) = UP(Ap~)
(i.e) Ub(Ag) = Vi, (el A®Giz, (@), AW, (@),
Ve, )@),

viii) ®() ABZN) CU®(Apn~), [If ® is injective, then

(1 Ap~) = U2(Ap~)],
ix) @ 1(1p~) = 1p~,
x) ®1(0p~) = 0p~,
xi) ®(1p~) = 1p~, If ® is surjective,
xii) ®(0p~) = 0p~,
xiii) @(ABN C ®(Ap~), If ® is surjective,
xiv) @1 (Bg.) = ®1(Bg.).
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Definition 3.6. A collection ¢ = {Bp,~. : Bp,~ € Twzz,l € A} of all BZFss is a bipolar
intuitionistic fuzzy cover (in short BLFcover) of a BIFs Ap~ if and only if Ap. C
U{BB,~ : Bp,~ € (}. It is a bipolar intuitionistic fuzzy open cover (in short BLF Ocover)
of (X, Tezgz) iff every member of ¢ is a BLZFOs. If 3 a subset AjofA : |J{Bp~ : 1l €
A1} D Ap~, then {Bp,~ : 1 € A1} is called a BLF subcover.

Definition 3.7. A BZFTS is said to be bipolar intuitionistic fuzzy compact(in short
BZFc) if each BZFOcover of (X, terz) by BIF members of Tezy contains a finite
BZFsubcover (i.e.) Bp,~ € Tuzz for everyl € A and |J{Bp,~ : 1l € A} = 1p~ then 3 a
finite indices ly,la, ..l € A : UjeA{BszN} = 1p~.

Definition 3.8. Let (X, maz3) be a BIFTS. A BLF subset Bp~. of a BIZFTS (X, Ts13)
is said to be BIF¢ relative to X, if for every family {Ap,~ : i € A} of BIFOs of X :
Bp.. CU{AB;~ i € A} 3 a finite subset Ay of A : Bp.. C | J{Ap,~ : 1 € Ag}.

Definition 3.9. Let (X, ozz) and (), owzg) be two BZFTSs . Let ® : (X, mazz) — (D),
owz3) be a mapping . Then ® is called BLF continuous iff ®~1(Ap~) € BLFOs(X) for
each A~ € BIFOs(2).

Definition 3.10. Let (X, mpzz) be a BIFTS and Ap~ be any BIFs of X. Then
TSBI&BNIABN = {BBN N Ag~. : Bg. € T%Ig} is a BIFTS and (ABN’T%I&BNIABN) 18
called a BLF subspace of (X, Toezs).

Definition 3.11. A BZFsubset Ap~. of BIFTS (X, mazz) is BIFc if Ap~ is BLFc in
its subspace topology.

Proposition 3.1. Let Ap.. be a BIFsubset of BIFTS (X, tezz). If Ap~ is BLFc in
its subspace topology then, every BLF Ocover of Ap~ has a finite subcover by BLFOss in
(%, T%IS)~

Proof. Consider that Ap~ is a BIF¢ in the subspace of (X, Tpzz). By definition, then
every BZFOcover of Ap. by BIFOss in Ap. has a finite sub cover. Assume that
{Dp,~ i € A} is any BZF Ocover for Ap.. of X and {Dp,~ : i € A} is BIFOcover of
ABN. This = ABN C UDBZ.N

~ Ap~NUiea D5,)

= Ap~ C U(Ap~(Dp,;~) because Dp,~. is BZFO in X for each i. Therefore, Ap. C
Uica (A~ DB,~), this gives {Ap~ (| Dp;~ } is BIFOcover of Ap.. by BZFOss of Ap...
By hypothesis, this BZFOcover has a finite BZF subcover, {Ap~. (1 Dp,,~},i =1,2,...n.
i.e. ABN C U?:l(ABN ﬂDBap)

= A~ N(UL, DB%_N) = {Dp, ~},j=1,2,.nis a BLFOcover for Ap.. by BZFOss of
X and this is a finite subcollection of {Dp,~ : i € A}. O

Proposition 3.2. Let Ap.. be any BLF subset of a BLFTS (X, Twzs). If every BZF Ocover
of Ap~. by BIFOss in (X, mazz) has a finite BLF subcover, then Ap~ is BLFc in its
relative topology.

Proof. Assume that { Hyg, ~ : a € A } is any BZFOcover of X by BIFOss in Ap~.
Then A~ C J, Hg,~. Because, Hy ~ is BZFO in Ap., Hy,~ = Ap~()Gs,~ Where
G~ is BIFO of X, for every « € A. So, A~ C U, Hs.~ = U,(AB~GCGn.~)
= A~ NU,CGs.~) € U, Gn,~. Hence, G~ is a BLFOcover of Ap. by BIFOs in
X and also by the assumption, G~ has a finite BZF sub cover i.e. G%ajwj =12, ..n.
(ie) Ap~ C ULy Gpopne we have Ap. = UL (Ap~ NG, ~) = UL, Hs, ~ Hence,
the family Hy, ~, 1=12,.1 05 & BZFOcover of Ap. by bipolar intuitionistic fuzzy sets
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which are BZFO of X and H%QIN is a finite subfamily of Hy, ~ : o € A. Therefore, Ap..
is BZF ¢ in its relative topology. O

Proposition 3.3. A BIFTS (X, tezz) is BIFc iff every family of BLZFE subsets of X,
having FIP, has a nonempty intersection.

Proof. Let X be BLZF¢c. Let Ag.. = {CBazN : oy € A} be any family of BZF€ subsets of X
having FIP. Suppose ({(B,,~ : v € A} = 0p~. Then {CBazN taq € A} is a BZFOcover
of X (i.e) Uy en (Bay~ = 1B~. Thus, 3 a finite subset Ay of A := Uaea, (Boy~ = 1B~
Then ﬂ{CBazm~ tay, € Ao} =0p~ for m =1,2,...qg which is a =<«. Thus Ap~, has FIP.
Conversely, let {nBal~ : ay € A} be an open cover of (X, mgzz) by BZFOs. Suppose
that for any finite subset Ag of A :{J, cn, 18~ # 1o~ Then N, ca, Tn~ # On~g-
Hence, {ﬁ%alw t oy € A} holds the FIP. Then by hypothesis, (), ca, T~ 7 OB~
= Uajen, "8~ # 1~ and it is a =< for {ny, ~ : oy € A} is a BIF Ocover of X. Thus,
Uazer e~ # 1y~ is wrong, Therefore, Ualer N~ = lp~, = X is BZFc. O

Proposition 3.4. (i) Let (X, mazz) and (), owzz) be two bipolar intuitionistic fuzzy
topological spaces (BZFTSs), then a BZF continuous image of a BZF ¢S is BLFc.

(ii) Let ®: (X, ma15) — (), owzz) be BLF continuous map. If Ap~ is BLF ¢ relative to
X hence ®(Ap.~.) is BLFc relative to ).

Proof. (i) Let ® : X — ) be BZF continuous mapping from (X, mszz) onto (), ouzz)-
Assume that {(p, ~ : oy € A} be a BLFO cover of 3). Then {(I)_I(CBQZN) top € A} be a
BZFO cover for X. Because (X, mgzg) is a BLZF ¢ there exists a finite subset Ag of A : it
has a finite BZF subfamily {q)_l((BalN), ‘I)_l(CBQQN), ...<I>_1(CBQZN) tap € Ag} covers X.
Since, @ is surjection and {(p,, ~;CBa,~> ilBoy~ 1Oy € Ao} is a finite BZFOcover of Q)
has a finite BZF subcover and hence Q) is BZF¢c.

(ii) Given that Ap. be BIF subset of (X, myzs) is BIFc relative to X. To prove that
®(Ap~) is BIFc relative to ). Consider {(p,~ : ¢ € A} be a BIFOcover of 9,
i ®(Ap~) C Ua;EA{CBalmN} by assumption Ap. is BIFc relative to X so that there
exists a finite BZFsubset Ag € A : Ap. C Ugen, {‘I)_I(CBQZN) t o € Ap} and so
®(Ap~) C Upen, {CBay~ 1 au € Ag}. Thus, @(Ap.) is BIF ¢ relative to ). O

Definition 3.12. Let X be a non-empty set. Let ® : X — X be any function and A~ be
BIFs of X. The bipolar intuitionistic fuzzy orbit of Ap~ (in short BIFO(Ap.~)) under
the function ® is defined as BIFO(Ap.) = {Ap~, ®(Ap.), ®*(Ap~),...}.

Definition 3.13. Let X be a non-empty set. Let & : X — X be any function and Ap~
be BZFs of X.The bipolar intuitionistic fuzzy orbit set of Ap~. (in short BLFO(Ap~))
under the function is defined by BIFO(Ap~) = {Ap~N®(Ap~) N P*(Ap~) (.o}
= {2, ph, (@) ANl (@) AP (uhy, ) (@) pia, (2)V @(1a, @)V

% (pgy (@)oo Vay (@) V (v, (@) VO (va, ) (@) gy, (2) A

P(py, () A (I)Z(’}/ZBN)({L‘) ..... } (i.e) the intersection of all members of BLFO(Ap-~.).
Example 3.2. Let X = {a, b} be any non empty set and consider Ap.. = (x, m
m% be a BLFs of X. Then the family t7g75 = {OB~,1B~,AB~} is a BLF
topology on X. Let ® : X — X is defined by ®(a) = b and ®(b) = a. The BZFO of Ap~.
under the function ® is defined by BIFO(Ap~)= {Ap~ N ®(Ap~) N P*(Ap~) ().}

(z T : )
» (0.3,-0.3,0.7,—0.7)) (0.3,—0.3,0.7,—0.7)
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Definition 3.14. Let (X,7g5) be BZFTS. Let ® : X — X be any function. BIFOs
under the function ® it is in BLFtopology Tszg is said to be bipolar intuitionistic fuzzy
orbit open set (BZFOO) under the function ® and its complement is said to be bipolar
intuitionistic fuzzy orbit closed set (BLZFOC )under the function .

Example 3.3. Let X = {a, b} be any non empty set and consider Ap.(a) = (x

a
» (0.3,—0.4,0.7,—0.6))

b _ a b _ a
(O.6,—0.3,0.3,—0.7)>’ Bp-(a) = (z, (0.3,-0.6,0.6,—0.4) (0.7,—0.4,0.3,—0.6)>’ Cp~(a) = (z, (0.3,-0.3,0.7,—0.7)
b a b

(0.3,—0.3,0.7,—0‘7)% Dp~(a) = (z, 0.3,-0.6,0.7,—0.4) (0.7,—0.4,0.3,—0.6)> are the BLFss of X. Then
the family T7a75 = {0B~, 1B~y AB~, Bp~, Cp~, Do} is a BIFtopology on X. Let ® :

X — X is defined by ®(a) = b and ®(b) = a, then the (BIFOOs) of Ap~ under the
function ® is defined by (BI}"DO(ABN)) {ABN ﬂ(I)(ABN) N®%(Ap)) ...} = Dp~.
(i.e)(BZFOOs)(Ap~) = (x, CED 0607 00 07 0403 06)) = Dp~. under the function

P.

Definition 3.15. Let (X, mgz5) be BIFTS. Let Ap.. = <$’Mj4_3~’ Z/ZBN,M"A'BN,
Vi) be a BLFs in X and BIFO(Ap~). Then the

(i) bipolar intuitionistic fuzzy kernal of BIFO(Ap~) is denoted and defined by
BZFKer(BIFO(Ap~)) =(W{Bp~ : Bp~ is a BLFOs and BZFO(Ap~) C Bp~}.
(ii) bipolar intuitionistic fuzzy cokernal of BLFO(Ap~) is defined by
BIFCoKer(BZFO(Ap~)) =\U{Bp~ : Bp~ is a BLZFCs and BIFO(Ap~.) 2 Bp~}.

Remark 3.2. Let (X,7pz5) be BZFTS. Let Ap.. be BIFs in X and its orbit set
BIFO(Ap-~). Then

(i) BIFKer(BLFO(Ap~)) = BLZFCoKer(BLFO(Ap~)).

(ii) BLZFCoKer(BZFO(Ap~)) = BIFKer(BLZFO(Ap~)).

(i1 )BIF Ker(BLFO(0p~)) = 0p~ and BIFCoKer(BIFO(0p.)) = Op-.

(iv) BLFKer(BZFO(1p~.)) = 1p~ and BIFCoKer(BIZFO(1p~)) = 1p~.

(v) For a BIFOOs Ap.. then BIFKer(BLFO(Ap~)) = BZFO(Ag-~).

(iv) For a BIFOCs Ap.. then BIFCoKer(BIFO(Ap~)) = BIFO(Ap~).

Proof. The proof is simple by using above definition. O

4. BIPOLAR INTUITIONISTIC Fuzzy €8 COMPACT SPACES

Definition 4.1. Let (X, 7g75) be BZFTS. Then Ap.. = <x,ungN, VA_BJ/“‘XBN’

I/EBN> € Tz 15 bipolar intuitionistic fuzzy closed compact set (in short BLFCcs) if every
A~ € Uies (Agw) where (Agw) is a BLFCs in (X,7p75). The complement of the
BIF€cs is a bipolar intuitionistic fuzzy € cocompact set (in short BIFE€cos ).
Definition 4.2. Let (X, 7p75) be BZFTS and A~ = (x, “J/EBN’ u;BN,,ungN,

I/ZB~> € Tp73 15 a BLF €cs of X. Then

(i) the bipolar intuitionistic fuzzy €-compact kernal of Ap~. is defined by
BLFCcKer®(Ap~) =U{Bp~ : Bp~ is a BIFCcs in (X,7mprz) and Bp. C Ap-};

(ii) the bipolar intuitionistic fuzzy €-compact cokernal of Ap~ is defined by
BIF&€cCoKer(Ap~) =(W{Bp~ : Bp~ is a BIF&cos in (:{,T‘,BIS) and Ap.. C Bp~}.
Remark 4.1. Let (X, 7g75) be BLFT Sand let Ap~. be a BIFs of X. Then

i) BIF€cKer°(Ap~) = Ap~ if and only if Ap~. is a BZFCcs.

1) BIFECcCoKer (Ap~) = A~ if and only if Ap~. is a BLF€ces.

Definition 4.3. A BIFTS (X, tszrs) is called a bipolar intuitionistic fuzzy €compact cok-
ernal space is referred as (BLZFEcCRS ) if the BIFEcCR of every BLFC&cs is a BIFEcs.
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Example 4.1. Let X = {a} be any non empty set and consider Ap..(a) = m,
. a _ a _ a
Bp~(a) = (0.4,-0.2,0.6,—08)’ Cp~(a) = (0.1,-0.2,0.9,-08) Dp~.(a) = (0.3,-0.2,0.7,—0.8)’ Ep~(a) =
m are the BLFss of X. Then the family 7a75 = {OB~, 1B~, AB~, Bp~, CB~,
Dp..,Ep~} is a BLFtopology on X. Thus the pair (X, 7g1z) is a BLFECECRS.

Proposition 4.1. Let (X, mgz5) be BZFTS and let Ap~.. = (x,,ujBN,VZBN,
ujBN, VZBN> be a BLFCcs in X. Then these properties are hold:

i) BLIFCcCoKer (Ap.) = BIFCcKer®(Ap.).
i) BIFCcKer°(Ap.) = BIFCcCoKer (Ap.).

Proof. i) BZF€cCoKer'(Ap~) = N{Mp~ = <x7m!\—/IBN7VZ\_/IBN7“X/IBN’VJT/I ) Mp.is a
BLFC€cos in (X, Ta75), M~ 2 Ap~}. Applying complements on both sides,
BIFCcKer (Ap.) = U{Mp~ : Mp. is a BIFCcs in (X, myz;), M~ C Ap.} =
BIFCcKer®(Ap~).

)BIZFE€cKer°(Ap~) =U{Mp~. = (x,u}&BN, Vg M]\'/‘[BN, Vit )t Mp~isa BLIFEcS in
(X, T153), Mp~. C Ap~} Applying complements on both sides,

BIFCcKer®(Ap.) = ({Mp~ : Mp~ is a BIFCgos in (X, Tyz;), Mp~ 2 Ap.}

= BIF¢cCoKer (Ap-). O

Proposition 4.2. Let (X, mpzz) be BIFTS. Then the following equivalent statements
are hold.

i)(X, Taz3) i1s a BLFECcCRS.

i1) For every BIFC€coS Ap~, then BIFEcKer®(Ap~) is a BLFCcoS .

i11) For every BLZFC€cos Ap~, then

BIFe¢cCoKer (BIFCcCoKer (Ag~)) = (BIFCcCoKer (Ap~)).

iv) For every pair of BLFCcss Ap~ and Bp~. with Bp.. = (BIFCcCoKer (Ap.)) then
BIFe¢cCoKer (Bp.) = BLIF¢cCoKer (Ap.).

Proof. (i) = (ii) Let A~ be any BIF€cos of X. Then its complement, Ap. is BZFCcs
in (X, Ts73). Because by assumption, (BZF€cCoKer (Ag~)) is a BLFCcs in (X, Ts73),
we have (BZFC€cCoKer' (Ap.)) = (BIFCcKer°(Ag~). Thus, BIF¢cKer®(Ap.) is a
BLZFC€cos in (X, Tazz). Hence, (i) = (ii).
(ii)= (iii) Let Ap~. be any BZF€cs of X. Then Ap. is BIF€cos in (X, T3~3). Con-
sider (BZFC€cKer®(Ap.)) is a BIFC€cos in (X, Tuzs), now, (BIFCcKer® (Ap.)) =
(BZFE€cCoKer '(Ap~). Therefore,
BIFe¢cCoKer (BIFCcCoKer' (Ap~)) = (BIFE€cCoKer (Ap.)).
Hence, (ii) = (iii).
(iii) = (iv)

Assume (iii), let A~ and Bp.be any two BZF€css of X : Bg~
= BIF€cCoKer'(Ap~) and by assumption
BIFe¢cCoKer (BIFCcCoKer (Ap.)) = (BIFE€cCoKer (Ap.)).
(i.e) BIFE€cCoKer (Bp~) = BIFCcCoKer (Ag~)). Thus, (iii) =(iv).
(iv) = (i)

Let Ap. and Bp. be any BZF€css of X : Bp.. = BIFCcCoKer ' (Ap.). By (iv),
BIFe¢cCoKer (Bp.) = (BIF¢cCoKer (Ap.)).
This gives BZFCcCoKer (Ap..)) is a BLZF€cos of X and its complement BZFE€cCoKer (Ag.))
is a BZF€cs of X. Therefore, (X, mprs) is BZFERcS. Thus, (iv) = (i).
This ends the proof. O
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Proposition 4.3. Let (X, tpr5) be BLFTS. Then (X, Twzz) is a BIFECRcS if and only
if for every BIFCcs Ap~ and BIF&cos Bp~ : Ap~ C Bp~, BI]—"Q:CCOKerj(ABN) C
BIF&cKer®(Bp~).

Proof. Consider (X, tyrz) is a BIFECRcS. Let Ap.. be BIFCcs and Bp.. is a BZF€cos
of X : Ap. C Bp~. Since, by above Proposition (ii), BZFCcKer®(Bp~) is aBZF&cos of
X. Therefore,

BIFe¢cCoKer (BLFCcKer®(Bp.)) = BLF¢cKer®(Bg.).

Since, Ap.~. is a BZF€cs and Ag. C Bp~, Ap. C BIZFCcKer°(Bp.).

Now, BIF€cCoKer (Ap.) C BIFEcCoKer ( (BIFCcKer®(Bg.))) = BIFCcKer®(Bp.),
= BIFCcCoKer (Ap.) C BIFCcKer®(Bg.).

Conversely, consider Bp., is a BZF€ces of X. Then BIFECcKer®(Bp.) is a BIZFCcs
and BZF€cKer®°(Bp~) C Bp~. By assumption

BIFe¢cCoKer'( (BIFEcKer®(Bp.))) = BIFCcKer®(Bp.).

Moreover, BIF€cKer®(Bp.) C BLF¢cCoKer'( (BIFCcKer®(Bp.))),

= BIFCcKer®(Bp.) C BIF¢cCoKer ( (BIFEcKer®(Bp.))).

Therefore, BIFCcKer®(Bp~.) is a BIZFCs in (X, mgzz). By the above proposition of (ii),
we have (X, ma7z) is a BIFCRcS. O

5. BIPOLAR INTUITIONISTIC Fuzzy € COMPACT MAP

Definition 5.1. Let (X, mgzgz)and (), opzs) be any two BIFECRcSs. A mapping ® : (X,
Ta75) — (), omzs) is said to be a BLFEc open mapping if ®(Ap~) BZFCcs in (,0875),
for each BZFC€cs in (X, Ta1z).

Proposition 5.1. Let (X, toz5) and (), oszz) be any two BIFCRcSs. Let @ (X, Ta13)
— (), owzs) be a BLFEcO and onto function, for every BLFs Ap~ in (), owzs), hence
d~YBIFecCoKer ' (Ap.)) C BIFCcCoKer (d~1(Ap.)).

Proof. Consider Ap.. is the BZFs in (), opzz) and Bg. = @ 1(Ap.). Then,
BIFecKer®(® 1(Ap.)) = BIFCcKer°(Bp.) is BLFEcs in

(X, 7a73). Now, BIFE€cKer°(Bp~) C Bp~.

Thus, ®(BIFCcKer®(Bp.)) C ®(Bp.).

(i.e) BIFCcKer®(®(BIFCcKer®(Bp.))) C BIFCcKer®(®(Bp.)).

Because @ is a BZFC€cO map, ®(BZFEcKer°(Bp~)) is a BZF&cs in

(2), oszs). Therefore,

O(BIFCcKer®(Bp.) C BIFCcKer®(®(Bp.)) = BIFEcKer®(Ap.).

Thus, BZFCcKer®(®~1(Ap.)) C @ YBIFCcKer°(Ap.)).

=, BIFCcKer°(®—1(Ap.)) D & 1(BIFCcKer°(Ap.)) gives
BIFe¢cCoker (21 (Ap.)) 2 @~ YBIFEcCoKer (Ap.)).

Thus, @1 (BZF¢cCoKer (Ap.)) C BIFCcCoKer (271 (Ap.)). O

Definition 5.2. Let(X, tpzg)and (), onzs) be two BIZFERcSs. Let ® (X, mpazz) — (),

owz3) be a function. Then ® is said to be a BIFCc continuous mapping if ®~1(Ap.) is
BIFC&cs in (X, ars), for each BLFCcs in (), omrz).

Remark 5.1. Let (X, mpz5) and (), onszg) be two BZFERcSs. Let @ (X, orz) — (),
opzg) be any mapping. If ® : is a BLF & continuous mapping then,
d~YBIFecCoKer'(Ap.)) 2 BIFEcCoKer (®~Y(Ap.)), for every BIFCcs Ap~ in
), oBzs)-

Proof. Let ® : be a BIF¢&c continuous function and consider Ap. is a BZFC€cs in
(9, owzz). Assume that BZFCcCoKer (Ap~) is a BIFCcos in (9, osry). Thus,
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d~YBIFecCoKer ' (Ap.)) is a BIF€cs in (X, sz5). Thus,

BIFecCoKer (®~Y(BIFEcCoKer (Ap.))) = @ YBIFCcCoKer (Ap.)).

Because

Ap~ C (BIFCcCoKer ' (Ap.)), Y (Ap.) = @ YBIFecCoKer (Ap.)).

Therefore,

BIFe¢cCoKer (@~ (Ap.)) C BZFE¢cCoKer (& HBIFEcCoKer (Ap~))

= & Y(BIFecCoKer (Ap~)).

(i.e)® Y (BIF¢cCoKer (Ap.)) D BLFEcCoKer (d~1(Ap.)). O

Remark 5.2. Let (X, mpzz) and (), onzg) be two BLZFCRcSs and @ (X, to13) — (),
owzs) i any mapping. If ®~H(BIFCcCoKer (Ap.)) 2

BIFe¢cCoKer (@Y (Ap.)), for every BIFCcs Ap~ in (), osry) then ® is BIFEc
continuous mapping.

Proof. Let us take BIFCcCoKer (d~1(Ap~)) C @ Y(BIFe€cCoKer (Ap.)) for every
BZFC€cs in (), opzz). Consider Ap. is a BIFC€cos in (), opzrz). To prove that
®~1(Ap.) is a BLFCcs in (X, Targz). Since Ap. = BIFE€cCoKer (Ap.), ® 1 (Ap.) =
Y (BIFe¢cCoKer ' (Ap~)) and from the given assumption

BIFecCoKer (®71(Ap.)) C ®~Y(BZFEcCoKer (Ap.)).

Hence, BIF€cCoKer (&1 (Ap.)) C & 1(Ap.) C d~YBIFCcCoKer (Ap~)).

Thus, 1 (Ap.) = BIFCc(® H(Ap~)), (ie.) @71 (Ap.) is a BIFCcos in (X, Targ).
This shows that ® is a BZF&¢ continuous mapping. O

Proposition 5.2. Let (X, mazz) and (), owzg) be two BLZFECRcSs and ® (X, Tazz)
— (9, omzz) be a bijection mapping. Then ® is a BLFCc continuous mapping if for
every BIFs Ap~. in (X, Tw1z),

®(BIFEcCoKer (Ap~)) C BIFCcCoKer (®(Ap.)).

Proof. Consider ® be a BZF€¢ continuous mapping and Ap. be a BZFs in (X, Tyzz).
Thus, @~ 1(BZFE¢cCoKer (®(Ap.))) is a BLFCg,s in (X, 7s73). By Remark 5.2,
BIFe¢cCoKer (&~ H®(Ap~))) C @~ YBIFCcCoKer (®(Ap.))).

Because, ® is a 1-1 map,

BIFecCoKer (Ap.) C @Y BIFCcCoKer (®(Ap.))).

Applying ® on both sides,

®(BIFEcCoKer (Ap.)) C ®(®~YBIFCcCoKer (®(Ap.)))).

Because ® is an onto map,

®(BIFecCoKer (Ap~)) C BIFEcCoKer (®(Ap.)). O

Proposition 5.3. Let (X, mazz) and (), owzg) be two BLZFECRcSs and ® (X, Tuzz)
— (), ouzz) be a bijection map. If ® is a BIFCqo continuous map, hence,
BIFecCoKer (®(Ap.)) C ®(BIFEcCoKer (Ap.)), for every BLFE¢cs Bp~ in (X,
T‘BZS)-

Proof. Let Ap~ = (y, ik, (), va, W), 1h, (W),va, (y)) be a BIFCcs, in (X, Tzz)
and it is clear that BZF€cCoKer (Ap.) is a BIFCcos in (X, Topzy). Since @ is a
BIF&c, continuous map, ®(BIFECcCoKer (Ap~)) is a BLFCcos in (2), osry). Thus,
BIFe¢cCoKer (®(Ap.)) C BIFECcCoKer (®(BIFECcCoKer (Ap.)))

= ®(BIFEcCoKer (Ag.)).

Hence, BIF€cCoKer (®(Ap~)) C ®(BIFEcCoKer (Ap.)). O

Proposition 5.4. Let (X, mgzz) and (), onzsz) be two BIFCRcSs. Let © : (X, mazz)
— (), owzz) be a bijection map. If for every BLF&cs Bp~ in (X, Tazz), then ® is a
BIFC&€co continuous map.
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Proof. Let B~ = (y, 15, (¥),vp, (4), 15, (W)vp, (y)) be a BIFCgs in (X, Turg)-
Then Bg. = BIFCcCoKer (Bp.).

By BIF¢cCoKer (®(Ap.)) C ®(BLIFCcCoKer (Ag~)),

= ®(Ap.) C BIFEcCoKer (®(Ap~)). Thus,

®(Ap~) = BIFCcCoKer (®(Ap.)) and ®(Ap~) is a BLFCc, continuous in (), ompry).
Thus, ® is a BZF €, continuous function. ]

Definition 5.3. Let (X, mazz) and (), owzs) be two BIFTSs. A map ® (X, Tazz)
— (), onzs) is said to be BIFCc irresolute map if ® 1 (Ap.) is BLFCcs in (X, Tar3),
for every BIF€cs in (), on1s).

Proposition 5.5. Let (X, maz5) and (), owzy) be two BZFTSs. Let ® (X, ta75) — (),
owrg) be a BLFC¢ irresolute mapping if and only if
®(BIFeCcCoKer (Ap~)) C BIFecCoKer (®(Ap.)), for each BLFEcs in (X, Tu13)-

Proof. Let us suppose ® be the BZF€¢ irresolute mapping. Let Ag. be BZF€cxs in
(X, 73z5). Hence, BLF€cCoKer (®(Ap~)) is the BIFC€cs in (2), omsrz). Assume that,
&Y (BIFecCoKer (®(Ap~)))is the BIF€cs in (X, Tozz). Now, Ap. C & 1(®(Ap.)) C
1 (BIFCcCoKer (®(Ap.))) and we have Ap. C &~ Y(BIFEcCoKer (Ap.)).
BIFecCoKer (Ap.) C BIF¢cCoKer (d~Y(BIFecCoKer (®(Ap.))))
BIFecCoKer ' (Ap.) C @ YBIFEcCoKer (®(Ap.))).
i.e. ®(BIFCcCoKer (Ap.)) C BIFCcCoKer (®(Ap-)).

For converse part, suppose that Ap~. is BIFCcos in (), ouzz)-
Then, BZF¢cCoKer'(Ap.) = Ap~. By assumption,
®(BIFEcCoKer (&1 (Ap.))) € BIFEcCoKer (®(®~1(Ap.)))
= BIF¢cCoKer (Ap.) = Ap~.
Thus, BIFE€cCoKer (71 (Ap.)) C @7 1(Ap.).
But, BIF€cCoKer (®71(Ap.)) 2 @ 1(Ap.).
Therefore, BZF¢cCoKer (®71(Ap.)) = @1 (Ap~). i.e. P1(Ap.) is the BIFCces in
(X, tpzz). Thus, @ is the BZF € irresolute map. O

6. BIPOLAR INTUITIONISTIC Fuzzy RE€ COMPACT SPACES

Definition 6.1. Let (X, mgzz) be BIFCRcS and let Ap~.. = ( x,,ujBN,,uZBN,
’y:{BN,'y;‘BN> be a BLFs of (X, taz5). Then Ap~ is called bipolar intuitionistic fuzzy RE
compact (in short BLFRCc) if

Ap. = BIFCcKer®(BIFCcCoker (Ap.)).

Definition 6.2. Let (X, tyzz) be BIFECRcS and let Ag.. = (x,uzBN,,uZBN,
7X3~77.ZB~> be a BIFs of (X, tazz). Then Ap~ is said to be bipolar intuitionistic fuzzy

R cocompact (in short BLFRCco) if
Ap~ = BIFecCoKer (BIFCcKer®(Ag.)).

Remark 6.1. Every BZFRCc is a BZFCc.

Proposition 6.1. Let (X, mgr) and (), oszz) be any two BZFTSs. If ® : (X, Tpzz)—
(), owzs) is a BIFCc continuous map of (X, Terg) into a BIFCRcS (), owzz) and if
Bp~ is a BLFRCc in (Y, onzz). Hence @ Y(Bp.) is a BIFRCc in (X, Ts1s)-

Proof. Given that Bp.. is a BIFRCc in (), onzsz). By the Remark 6.1, we have Bp., is
BIZF€c in (2, onzs). Because, ® is BZF€c continuous map, ®~!(Bg.) is (BZF€c) in

(:{, T%Ig).
i.e. BIFCcKer®((®1(Bp.))) = @ 1 (Bp~.) —()
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Since, Bp~ is a BZFREc in (Y, o) and it is BIFECRcS we have,

Bp. = BIFecKer®°(BLF¢cCoker (Bp.))

= BIFecCoKer (BIFCcKer®(BZFE¢cCoKer (Bgp.)))

= BIF¢cCoKer (Bp~)

i.e. Bp. = BIF€¢cCoker'(Bp~) —(II)

BIFecCoKer (&1 (Bp.)) C @ YBIFCcCoKer (Bg~)). Since, ® is a BIF€c con-
tinuous map. Therefore,

BIFCcKer®(BIFCcCoKer (' (Bp.))) C BIFecKer®(® (BIFCo
CoKer'(Bp~))). By (II), it gives that

BIFecKer®(® Y (BIFCcCoKer (Bg~))) = BLF¢cKer®(®1(Bg.)) —(III) By (I) and
(I11)

BIFCcKer®(BLFEcCoKer (71 (Bp.))) € ®~1(Bg.) —(1V)

Since, ®~(Bp~) C BIFCcKer (® (Bg~)). Then,

BIFecKer®(® Y(Bp~)) C BIF¢cKer®(BIFeCcKer (2~1(BssB ~))).

By (I) = & 1(Bp.) C BIFCcKer®(BIFecCoKer (®1(Bp.))) —(V)

Therefore, from (IV) and (V) ®~1(Bp.) = BIFCcKer®(BIFEcCoker (~1(Kerg.))).
Thus, ®~1(Bp.) is a BIFRCc in (X, Tar3)- O

Definition 6.3. Let (X, tg75) and (), o) be any two BIFTSs. Let ® : (X, Tpz13)—
(D, omzz)be a mapping. Then ® is said to be BLZF&c mapping if the image of every
BIFC&cs in (X, mors) is a BIFCcs in (), on1s).

Definition 6.4. Let (X, tozz) and (), omzz) be any two BLZFTSs. If ® : (X, maz5)—
&, owzz) is a mapping. Then ® is said to be BIZFEc mapping if the image of every
BIFC€cos in (X, Tozz) is a BIFCces in(), ours).

Proposition 6.2. For any two bipolar intuitionistic fuzzy topological spaces (X, Toazz)
and (), owzg)and If there is a BLF continuous bijection mapping ® : (X, to15)— (),
owrs) BIFCRcS (X, Tprs) into a space (), owszs). If Bp~ is a BLFRCcs of (X, T3/,
hence ®(Bp~.) is a BIFREc set of (), onzs)-

Proof. Given that Bp. is a BZFRCcs in (X, mazz) and because, (X, Tpzz) is a €RcS,
Bp. = BIFecKer®(BIF¢cKer (Bp.)) = BLF¢cKer (Bp.),

i.e. BIF¢cKer (Bg~.) = Bp~. Since, ® is a BLF¢¢ continuous bijection mapping,
®(Bp~) = ®(BIFCcKer (Bp~)) C BIFCcKer (®(Bp.)). Because, ® is a bipolar
intuitionistic fuzzy continuous mapping,

®(Bp~) = BIF¢cKer®(®(Bg~)) C BIFCcKer®(BIFecKer (®(Bg~))).

i.e. ®(Bp~) C BIFCcKer®(BIFecKer (®(Bp.))——(VI)

BIFecKery (BIFecKer (®(Bp.)) C BIFCcKer (®(Bp.). Since, ® is a BIFCc
bijective mapping, we have ® is a BZF € co-compact mapping.

Hence, BIF€cKer (®(Bp.)) C ®(BIFCcKer (Bp.)) = ®(Bp~).

Then, BIFCcKer®(BLF¢cKer (®(Bp~)) C ®(Bp.) ———(VII).

Thus, we have from (VI) and(VII)

BIFe¢cKer®(BIFecKer (®(Bp.)) = ®(Bg~).

Therefore ®(Bp.~.) is a BIFRC¢ set of (Y, ourg). O

Definition 6.5. Let (X, tpzz) be a BZFTS. If a collection {Ap~, = (a:,,uXBN'(a;),
Hap,. (1‘),7ZBN/_ (€),7a,. (@) i € A} of BIFREc of (X, Twz3) holds the property that

U{AB~, : i € A} = 1p~, then it is said to be bipolar intuitionistic fuzzy regular closed
compact cover (BLFRCccover) of (X, Tarz).
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Definition 6.6. A BZIFTS (X, mazz) is called BIFRCc space if and only if each
BLZFREc cover of (X, Tezz) has a finite sub collection of BIFCc cokernals of its members
cover the space (X, Tprg).

Proposition 6.3. For any two BLFTSs (X, Tazz) and (), owzg)and if there is a BIFEc
mapping ® : (X, to15)— (D), onzs) of a BLIFREc space (X, Tazz) onto BIFERc space
Q), owzz), then (), owrs) is a BIFREC space.

Proof. Let Ap.~, = {<x’”25~i (x), Fap.. (x),’ijNi (a:),’yATBNi (x)) :i€ A} be a

BIFRCEc cover of (2, onrg). Since, (2, onrg) is a BIFCRc space and ¢ is a BZFC¢c
continuous mapping and by Proposition 6.1 we have {®~1(Ap..) :i € A} is a BLFRCc
cover of (X, mpzg). Since, (X, Tpzrg) is a BIFRCEc space, 3 a finite sub collection
(I)_I(ABwil)a(I)_l(AB~i21)a ..... (I)_I(ABNim) :

Uie, BZFEcKer (7' (Ap~,, ) = 1pa

Thus, its image (U, BI}"QCKerj(@*l(ABNik)) =lpg.x

C Uit BIF€cKer (Ap~, ). Hence ;L) BIFCcKer (Ap., ) = lp.v. O

7. CONCLUSIONS

In this paper, the new concept of bipolar intuitionistic fuzzy topological space was intro-
duced by defining and characterizations of various operations such as bipolar intuitionistic
fuzzy sets, bipolar intuitionistic fuzzy image, preimage, bipolar intuitionistic fuzzy contin-
uous map, bipolar intuitionistic fuzzy orbit set, and bipolar intuitionistic fuzzy compact
space. Followed by, the bipolar intuitionistic fuzzy € compact set, bipolar intuitionistic
fuzzy €R compact space with certain examples are established and some of its features
were also investigated. Finally, the notion of bipolar intuitionistic fuzzy € compact map,
bipolar intuitionistic fuzzy R€ compact space are proposed and examined a few of its
properties.
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