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A PRODUCT TOPOLOGY AND STRONG CONVERGENCE SCHEME
FOR FINDING COMMON FIXED POINTS OF A FAMILY OF
NONEXPANSIVE SEMIGROUP

E. SOORI', N. ABASI', A. ZAFARI?, L. HAMIDMANESH', M. MANAVI?, §

ABSTRACT. In this paper, we consider the product space ET with the product topology
generated by the strong topologies on E for each i € I and using a family of nonexpan-
sive semigroup in a product spaces E!, where E is a real strictly convex and reflexive
smooth Banach space and I is a nonempty set. And also, we introduce an algorithm in
the product space E! consisting of all functions from I to E and prove the convergence
theorem of the proposed algorithms.

Keywords: Product topology, Fixed point, Nonexpansive mapping, Representation, Sunny
nonexpansive retraction.
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1. INTRODUCTION

Let C' be a nonempty, closed and convex subset of a Banach space E and let E* be the
dual space of E. Throughout (.,.) denotes the pairing between E and E*. The normalized
duality mapping J : E — E* is defined by

J@)={f € Bz, f) = |=* = | /II}
for all x € E. In the sequel, we use j to denote the single-valued normalized duality
mapping. Let U = {x € E : ||z|| = 1}. E is said to be smooth or said to have a Gateaux
differentiable norm if the limit

t —

et iyl |
t—0 t

exists for each x,y € U. E is said to have a uniformly Gateaux differentiable norm if for

each y € U, the limit is attained uniformly for all x € U. FE is said to be uniformly smooth
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or said to have a uniformly Fréchet differentiable norm if the limit is attained uniformly
for x,y € U, it is known that if the norm of F is uniformly Gateaux differentiable, then
the duality mapping J is single valued and uniformly norm to weak® continuous on each
bounded subset of E. A Banach space F is smooth if the duality mapping J of FE is single
valued. We know that if F is smooth, then J is norm to weak™ continuous; for more
details, see [17].

Throughout this paper, unless otherwise stated, S will denote a semigroup, £ a Banach
space, C' a nonempty, closed convex subset of F, and E* the dual space of E. Let C be a
nonempty, closed and convex subset of a Banach space E. A mapping T of C into itself
is called nonexpansive if | Tx — Ty| < [z — yl|, for all z,y € C and a mapping f is an
as-contraction on E if || f(x) — f(y)|| < asllx — yl|, =,y € E such that 0 < oy < 1.

Suppose that I is a nonempty set. We introduce the following general algorithm in
the product space E! for finding an element of E! such that it’s values are the common
fixed points of the representations S; = {71}, : t € S} of a semigroup S as nonexpansive
mappings from C; into itself with respect to a left regular sequence of means defined on an
appropriate subspace of bounded real-valued functions of a semigroup. In fact , our goal
is to prove that there exists a unique sunny nonexpansive retraction P; of C; onto Fix(S5;)
and x; € C; for each i € I such that the sequence {g, : I — E} in E! generated by

gn(l) :Zn,i7 1 GI)
Zn,i = ani(zmi) + (1 - En)T,un,iZn,i 1€ 1,

converges to a function g : I — E in ET defined by ¢(i) = P;z; in the product topology
on ET. To see more related works, the readers can refer [3, 5, 8, 9, 10, 11, 15, 16, 18].

2. PRELIMINARIES

Let S be a semigroup. We denote by B(S) or [*°(S) the Banach space of all bounded
real-valued functions defined on S with supremum norm. For each s € S and f € B(S5)
we define [5 and 75 in B(S) by (Isf)(t) = f(st) , (rsf)(t) = f(ts), (t € S). Let X be
a subspace of B(S) containing 1. An element p of X* is said to be a mean on X if
||l = p(1) = 1. We often write p(f(¢)) instead of u(f) for p € X* and f € X. Let X
be left invariant (resp. right invariant), i.e. [5(X) C X (resp. rs(X) C X) for each s € S.
A mean p on X is said to be left invariant (resp. right invariant) if u(lsf) = u(f) (resp.
pu(rsf) = u(f)) for each s € S and f € X. X is said to be left (resp. right) amenable if X
has a left (resp. right) invariant mean. X is amenable if X is both left and right amenable.
As is well known, B(S) is amenable when S is a commutative semigroup (see page 29 of
[17]). A net {pq,} of means on X is said to be left regular if liam s ta; — Hayll = 0, for

each s € S, where [} is the adjoint operator of [.

Let f be a function from semigroup S into a reflexive Banach space E such that the
weak closure of {f(t) : t € S} is weakly compact and let X be a subspace of B(S)
containing all the functions ¢t — (f(t),z*) with z* € E*. We know from [6] that for any
p € X*, there exists a unique element f, in E such that (f,,x*) = pu (f(t),2*) for all
z* € E*. We denote such f, by [f(t)du(t). Moreover, if p is a mean on X, then from
7], [£(8)dpu(t) € o () : L € SY.

Let C be a nonempty, closed and convex subset of E. Then, a family S = {Ts: s € S}
of mappings from C' into itself is said to be a representation of S as nonexpansive mapping
on C' into itself if S satisfies the following :

(1) Tqx = TsTix for all s,t € S and z € C;
(2) for every s € S the mapping T : C — C' is nonexpansive.
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We denote by Fix(S) the set of common fixed points of T, that is
Fix(S)=Nsegir € C : Tsx = x}.

Let {X4}a be a family of topological spaces. If the spaces X, are all equal to some
fixed space X, the product ITyc 4 X, is just the set X4 of mappings from A to X, and the
product topology is just the topology of pointwise convergence. More precisely:

Proposition 2.1. [4, Proposition 4. 12] If X is a topological space, A is a nonempty set,
and {f,} is a sequence in X4 then f, — f in the product topology iff f, — f pointwise.

Lemma 2.2. ([13, Lemma 3.2]). Let S be a semigroup and let C' be a closed convex subset
of a reflexive Banach space E. Suppose that S = {Ts : s € S} is a representation of S as
nonexpansive mapping from C into itself such that weak closure of {Tix : t € S} is weakly
compact for each x € C and X is a subspace of B(S) such that 1 € X. Also suppose that
the mapping t — (Tyx,x*) is an element of X for each x € C and x* € E*. Let u be a
mean on X. If we write T,z instead of [Tyxdu(t), then the followings hold.

(i) T, is a nonexpansive mapping from C into C.

(ii) Tyx = x for each x € Fix(S).

(ili) Tyx € co{Tyx : t € S} for each x € C.

(iv) If X is re-invariant for each s € S and p is right invariant, then T,/ Ty =T, for each
tesS.

Definition 2.3. [1, Definition 5.2.8] Let C' be a nonempty subset of a Banach space X and
T:C — X be a mapping. Then T is said to be demiclosed at v € X if for any sequence
{zn} in C the following implication holds:
Tp —~ueC and Tz, —>v imply Tu=w.
Note that Sx = {x € X : ||| = 1} shows the unit sphere of X.

Definition 2.4. [1, Definition 2.1.1] A Banach space X is said to be strictly convez if

z,y€Sx with zx=y=|(1-Nxz+Xy| <1 forall Xe(0,1).

This says that the midpoint "E—;ry of two distinct points x and y in the unit sphere Sx of X

does not lie on Sx. In other words, if x,y € Sx with ||z|| = |ly|| = ||L42'yH, then x = y.

Definition 2.5. [1, Definition 2.2.1] A Banach space X is said to be uniformly convex if
for any €, 0 < € < 2, the inequalities ||z|| < 1, |ly|]| <1 and ||z — y|| > 1 imply that there
ezists a § = 6(€) > 0 such that | “5¥|| <1 - 6.

Definition 2.6. [1, Definition 2.6.1] A Banach space X is said to be smooth if for each
x € Sx, there exists a unique functional j, € X* such that (x, jz) = ||z| and ||j.|| = 1.

Remark 2.1. From, Theorem 4.1.6 in [17], every uniformly convexr Banach space is
strictly convex and reflexive.

Remark 2.2. To see retraction and sunny nonexpansive retract concepts, refer to [1, 17].
For example, we know from [1, Proposition 2.10.20] that in the case that E is a smooth
Banach space and R is a retraction from C onto D where C' is a nonempty convexr subset
of E and D a nonempty subset of C, then we have R is sunny and nonexpansive, if and
only if for each x € C and z € D,

(x — Rx, J(z — Rx)) <O0.
Lemma 2.7. [12, Lemma 1] Let S be a semigroup and E be a real uniformly conver and

smooth Banach space. Suppose that C' is a nonempty compact convex subset of . Also
suppose that S = {Ts : s € S} is a representation of S as nonexpansive mappings from
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C' into itself such that Fix(S) # 0. Let X be a left invariant subspace of 1°°(S) such that
1€ X, andt— (Tyx,x*) belongs to X for each x € C and x* € E*. If i is a left invariant
mean on X and if J is weakly sequentially continuous, then Fix(T,) = T,(C) = Fix(S)
and there erists a unique sunny nonexpansive retraction from C onto Fix(S).

Let E be a Banach space and B C E. Suppose that D C E. Let P be a retraction of B
onto D, that is, Px = x for each x € D. Then P is said to be sunny, if for each x € B and
t > 0 with Pz + t(z — Px) € B, P(Px 4+ t(x — Pz)) = Px. A subset D of B is said to be
a sunny nonexpansive retract of B if there exists a sunny nonexpansive retraction P of B
onto D. We know that if £ is smooth and P is a retraction of B onto D, then P is sunny
and nonexpansive if and only if for each x € B and z € D, (x — Pz, J(z — Px)) < 0.
For more details, see [17].

In this paper, we denote B, for an open ball of radius r centered at 0. Also for ¢ > 0
and a mapping T : C — C, we denote F(T; G) for the set of e-approximate fixed points
of T for a subset G of C, i.e., F(T;G) ={x € G: ||z — Tx| < €}.

3. MAIN RESULTS

In this section, we deal with a product topology convergence approximation scheme
for finding an element of E! such that it’s values are the common fixed points of the
representations of a family of the representations of nonexpansive mappings.

Theorem 3.1. Let I be a nonempty set and S be a semigroup. Let C; be a nonempty
compact convex subset of a real strictly conver and reflexive smooth Banach space E for
eachi € I. Consider the product space ET with the product topology generated by the strong
topologies on E for each i € I. Suppose that S; = {Ts; : s € S} be a representation of S
as nonexpansive mapping from C; into itself such that Fix(S;) # 0 for each i € I. Let X
be a left invariant subspace of B(S) such that 1 € X, and the function t — (Tix,z*) is an
element of X for each x € C; and x* € E*. Let {u,} be a left reqular sequence of means
on X. Suppose that f; is an a;-contraction on C; for each i € I. Let {e,} be a sequence
in (0,1) such that lizn €n = 0. Then there exists a unique sunny nonexpansive retraction

P; of C; onto Fix(S;) and x; € C; for each i € I such that the sequence {g, : I — E} in
ET generated by

gn(l) = Zn,i, 1€ 1, (1)
Zni = Enfi(zn,i) + (1 - En)T,un,izn,i el

converges to the function g : I — E defined by g(i) = Pix; in the product topology on E'.

Proof. Since every Banach space is a complete metric space and E is reflexive, from Propo-
sition 1.7.3 and [1, Theorem 1.9.21], every compact subset C; of a reflexive Banach space
E, is weakly compact. By [1, Proposition 1.9.18], we know that every closed convex subset
of a weakly compact subset C; of a Banach space E is weakly compact. So [1, Proposition
1.9.13] implies that each convex subset C; of a normed space E is weakly closed if and
only if C; is closed. Hence, weak closure of {T;,x : t € S} is weakly compact for each
xz € C;.

The proof is divided into six steps.

Step 1. The existence of z,; which satisfies (1).
This concludes from the fact that the following mapping IV, ; is a contraction on C; for
everyn € Nand i € I,

Nypiwi = enfi(wi) + (1 — )Ty, v (25 € Cy).
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Indeed, put 8, = (1 + €,(a; — 1)), then 0 < 3, < 1 (n € N). Hence, we have,

[ Nnizi — Nnayill <enll fi(wi) — fily) |l + (L — €a) | T, s xi — T, il
<enaillzy — yill + (1 =€)z — il
=1+ en(a; — V)| — il = Bullzi — yill-

Hence, by Banach Contraction Principle [1, Theorem 4.1.5], there exists a unique point
Zni € C; that Nn,izm = Zn-

Step 2. limy, o0 ||2n,i — Ttiznil| =0, for all i € I and t € S.
Consider t € S, i € I and let ¢ > 0. By [14, Lemma 1], there exists 6 > 0 such that
coFs(Ti;) +2Bs C Fe(Ti;). From [2, Corollary 2.8], there also exists a natural number N
such that

N
HN—}—lZ tisiy — TtZ(N—G— ans,iy)H <9, (2)
7=0

for all s € S and y € C;. Let p; € Fix(S;) and My, be a positive number such that,

sup ||y|| < Moy,;. Let t € S. Since {u,} is strongly left regular, there exists Ny € N such
yel;
that ||, — [ pall < (3M 5 forn > No and j =1,2,---, N. Therefore, we conclude

1
SSE HT nil T /N—|—1 Z:ths,iy dun(S)H

=sup sup ‘< wis / ydjin >’
yeli [lz* =1 g N +1 Z tis,i n
1 N 1 N
A ‘7 ('un)8<Ts,iy7x*> B (Mn)s<ths,iy7$*>‘
veCflev=1 | N 1 Z; N+1 JZ;
N

1 * * *
<— Z sup sup ‘(Mn)s<Ts,iyax > - (ltj/‘n)s<Ts,iy,x >

.7:1727 y
< max i, — wunll(i’)Mm)
<6 (n>Np) (3)

Applying Lemma 2.2, we have

N N
1 o 1
/ W1 0 o) €008 iy D TlT) sw €5 . (4)

By (2)-(4) we deduce

N
[ 1
Thn:y €0 {N+1 E Oﬁths,@-y is € S} + By
1=

C ¢oF5(Tti) +2Bs C F6<Tt,z‘)a
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for all y € C; and n > No. Hence, limsup sup [|T;;(Ty, ,y) — Ty, .yl < €. Because € > 0 is
n—oo yE 4

arbitrary, we get

limsup sup [|T3;(Ty, ,y) — Ty, yll = 0. (5)

n—oo yeC;

Let t € S and € > 0. Then there exists § > 0, which satisfies (2). Put Lo; = (1 +
a;)2My; + || fi(pi) — pil|. Now, by lim €n = 0 and using (5) there exists a natural number

Ny such that T, .y € F5(T;,) for each y € C; and €, < 2L for each n > Nj. Since
pi € Fix(&;), we conclude

€l i) =T 7l
<en(1filzni) = Jilpi) | + 1fi(pi) = il

T s = T2l

n,t

<en(aillzni = pill + 11£i(pi) = pill + 120 — will)
<ep, (aszn'L pz” + Hfz(pl) _piH + ”Zn,l _piH)

<én (14 i)l zni — pill + || .fi(ps) — pill)
<én (14 @i)2Mo; + || fi(pi) — pill)

)
—GnLOZ > 5

for all n > Nj. Observe that

Zni = €nfi(zn z) + (1 - ﬁn)Tun,izn,i
T,un iZni T €n (f’L(ZTL 1) - T,un,izn,i)
S Fg(Tt,i) + Bg

C Fs(Ti,) + 2Bs
g Fe(ﬂ,l)

for each n > Nj. Then we conclude that
20, — Ttiznill <€ (n>Nyp).
Since € > 0 is arbitrary, we conclude that lim,, o ||2n,i — T%,i%n,i|| = 0.

Step 3. For each i € I, &{z,,;} C Fix(S;), where &{z,;} denotes the set of strongly
limit points (i.e., z € &{z,,;} means that there exists a subsequence {zy, ;} of {2} such
that z,,;; — z) of {25}

Let i € I. Consider z; € &{z,;} and let {z,,;} be a subsequence of {z,;} such that
Znji — Z;.
1T%i2i — 2zill <ITtizi — Thizng il + 1 Tizngi — 2n; ||+ 20,6 — il
SQHZn]-,i - Zz” + ”Tt,z'znj,i - an,i”;
applying step 2 we have, || T} ;2; — 2| < 21im; |25, ; — 2i|| +1im; || T} i, i — 2n, || = 0, hence,
Zi € FiX(Si).

Step 4. For each ¢ € I, there exists a unique sunny nonexpansive retraction P; of C;

onto Fix(8;) and z; € C; such that

I = limsup(z; — Pz, J(zn: — Pizi)) < 0. (6)

n
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Applying Lemma 2.7, there exists a unique sunny nonexpansive retraction P; of C; onto
Fix(S;). Using Banach Contraction Principle, we have that f; P; has a unique fixed point
z; € C;. We prove that I'; := limsup,, (z; — Pizi, J(2n; — Px;)) < 0. Observe that, by
the definition of I'; and by the fact that C; is a compact subset of F;, we can select a
subsequence {zy, ;} of {zn;} with the following properties:

(i) thl(:L‘l — PZ'{L‘@' N J(an’i — PlIL‘l)> == Fi;

(ii) {zn;i} converges strongly to a point z;.
Applying Step 3, we have z; € Fix(S;). From the fact that F; is smooth, we conclude

Ui =lim(z; — Pixi, J(2n,i — Pixi)) = (v; — Pivg, J(2i — Pixy)) < 0.
j

Since f; P;x; = x;, we have (f; — I)Piz; = x; — P;x;. From [17, page 99], we have, for each
n €N,

en(0i = 1) 2ns — P
> [enainn,i — PZLU@H + (1 = €n)ll2ni — szUzH]Q — |lzn,i — szl||2
> [Ean(Zn,i) — f(Pa)|| + (1 = e[| Ty, 200 — Pm'Hr — |lzni — Pii?
Z2<6n (f(zn,i) — f(Pz‘sz')>
+ (1 =€) (T, 1 2n,i — Pixi) — (2ni — Pixi) , J(2ni — Pz‘ﬂfi)>

= =26, ((f — I)Piwi, J(2ni — Pizi))
= —2en (i — Piwi, J(2n; — Pizi)).

Therefore,

2
120, — Piai||* < 1 (ri — Pixy, J(2n; — Pix;)). (7)

Step 5. {zn,;} strongly converges to Piz;.
(6), (7) and the fact that Pjz; € Fix(S;), imply that

lim sup ||z, — Piz;||* < lim sup(x; — Piz; , J(zn,i — Pix;)) < 0.
n

1—oy n
Hence, z,; — P;x;.
Step 6. {g,} converges to g in the product topology on EX.
As we know, the topology on E! is that of strongly pointwise convergence. Hence from
(1) and step 5, we conclude the desired results. O

4. Examples and Corollaries

In this section, we deal with some examples and corollaries.

Corollary 4.1. Let I be a nonempty set. Let C; be a nonempty compact convexr subset
of a real Hilbert space H for each i € I. Consider the product space H' with the product
topology generated by the strong topologies on H. Suppose that {T;}icr is a family of
nonezxpansive mappings from C; into itself such that Fix(T;) # 0 for each i € I. Suppose
that f; is an o;-contraction on C; for each i € I. Let €, be a sequence in (0,1) such
that li%n en = 0. Then there exists a unique sunny nonexpansive retraction P; of C; onto
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Fix(T;) and x; € C; for each i € I such that the sequence {g, : I — HY} in H' generated
by
gn (i) = 2n4, 1€l
{ zZni = €nfi(zng) + (1 — en)% D k=1 Tikzn,i (AS

converges to the function g : I — E defined by g(i) = P;x; in the product topology on E'.

Proof. Let S; = {TZJ :j € S} where S = {1,2,...}. For a function f = (z1,x2,...) € B(S),
define

pnf) =S (neN),
k=1

then {u,} is a left regular sequence of means on B(S) [17]. Hence, we have
1 n
Ty, T = - ZTZ-’% (n € N).
k=1

Then from Theorem 3.1, we get the results. ]

Corollary 4.2. Let I be a nonempty set. Let C; be a nonempty compact convex subset of a
real Hilbert space H for eachi € I. Consider the product space H' with the product topology
generated by the strong topologies on H. Suppose that S = RT ={t e R: 0 <t < +oo}
and S; = {Ty; : t € RT} be a representation of R as nonexpansive mapping from C;
into itself such that Fix(S;) # 0 for each i € I. Let X be a left invariant subspace of
C(R™) such that 1 € X. Suppose that f; is an a;-contraction on C; for each i € I. Let
{en} C (0,1) such that lign €n = 0 and {an} C (0,00) such that lign an = oo. Then there

exists a unique sunny nonexpansive retraction P; of C; onto Fix(T;) and z; € C; for each
i € I such that the sequence {g, : I — H} in H' generated by

gn(z) = Zn,i, 1€ Ia
an .
Zng = enfi(zn,i) + (1 - En)i fo Tt,z‘zn,i dt (TL € N)a i€l

converges to the function g : I — E defined by g(i) = P;x; in the product topology on E'.

Proof. For a function f € C(R™"), define

1o
(= [Tfoa wew,
an Jo
then {uy} is a left regular sequence of means on B(S) [17]. Hence, we have
1o
T, x=— [ Tuzdt (neN).
: an Jo
Then from Theorem 3.1, we get the results. O

5. CONCLUSION

In this paper, we introduced an algorithm in a product space that is new in the literature.
Then we proved, the proposed scheme is convergent with respect to the product topology.
Also, using a family of representations, a mean p and the mapping 7, as a nonexpansive
mapping, we constructed the algorithm.
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