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SOLUTION OF INVERSE SOURCE PROBLEM IN
THERMOACOUSTIC IMAGING

ABSTRACT

This study aims to investigate and explore accurate analytical inverse solutions of ther-
moacoustic wave equation involved in microwave induced thermoacoustic imaging of
breast. Using boundary conditions, we aimed to find more realistic solutions. For
cross-sectional two-dimensional thermoacoustic imaging of breast, we explored solu-
tion of the wave equation using layered tissue model consisting of concentric annular
layers on a cylindrical cross-section. To obtain the forward and inverse solutions of
the thermoacoustic wave equation, we derived the Green’s function involving Bessel
and Hankel functions by employing the geometrical and acoustic parameters (densi-
ties and velocities) of layered media together with temporal initial condition, radiation
conditions and continuity conditions on boundaries of layers. The image reconstruction
based on this approach involves the layers parameters as the a priori information which
can be estimated from the acquired thermoacoustic data. To test and compare our lay-
ered solution with conventional solution based on homogeneous medium assumption,
we performed simulations using numerical test phantoms consisting of sources dis-
tributed in the layered structure. After then, we derived more general integral solution
for thermoacoustic wave equation in frequency domain for an arbitrary convex domain

in R3.

Keywords: Inverse source problem, Thermoacoustic wave equation, Green’s func-

tions, Integral equations, Nonhomogeneous medium

il



TERMOAKUSTIK GORUNTULEMEDE TERS PROBLEM
COZUMU

OZET

Bu calisma, tibbi meme goriintiilemede kullanilan mikrodalga uyarimli termoakus- tik
goriintiileme sisteminin dayandigi termoakustik dalga denkleminin dogru ana-litik ters
cOziimlerini arastirmay1 ve kesfetmeyi amaclamaktadir. Calismada, sinir kosullarini
kullanarak daha gercekci ¢oziimler bulmak hedeflendi. Meme dokusunun kesitsel iki
boyutlu termoakustik goriintiilemesi i¢in, silindirik bir kesit iizerinde esmerkezli daire-
sel katmanlardan olusan katmanli doku modeli kullanarak dalga denkleminin ¢6ziimii
arastirild1 ve elde edildi. Termoakustik dalga denkleminin ileri ve ters ¢éziimlerini
elde etmek icin, katmanli ortamin geometrik ve akustik parametreleri (yogunluklari ve
hizlar) ile zamansal baslangic¢ kosulu, radyasyon kosullar1 ve siireklilik sinir kosullari
birlikte kullanilarak Bessel ve Hankel fonksiyonlarini iceren Green fonksiyonlart bu-
lundu. Bu yaklasima dayali goriintii olusturma, elde edilen termoakustik verilerden
tahmin edilebilen katman parametrelerini 6n bilgi olarak igerir. Katmanl ¢oziimiimiizii
homojen ortam varsayimina dayali geleneksel ¢oziimle test etmek ve karsilastirmak
icin katmanl yapida dagilmis kaynaklardan olusan sayisal test fantomlart kullanarak
simiilasyonlar gerceklestirildi. Daha sonra, R*’deki rastgele bir digbiikey bolge icin
termoakustik dalga denkleminin frekans uzayinda daha genel bir integral ¢6ziim elde

edildi.

Anahtar kelimeler: Ters kaynak problemi, Termoakustik dalga denklemi, Green fonksiy-

onlar1, Integral denklemler, Homojen olmayan ortam
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CHAPTER 1

1. INTRODUCTION

1.1 Thermoacoustic Tomography

Thermoacoustic tomography (TAT) is defined as cross-sectional or three dimen-
sional imaging of biological tissues based on the thermoacoustic effect (Lihong, Xu,
& Wang, 2006). In thermoacoustic imaging, non-ionizing radio frequency (RF) or mi-
crowave pulses are delivered into biological tissues. Some of the delivered energy is
absorbed and converted into heat, leading to transient thermoelastic expansion, which
in turn leads to ultrasonic emission. The generated ultrasonic waves are then detected
by ultrasonic transducers located on the boundary of the object to form images of ab-
sorbtion properties of object. It is known that absorption is closely associated with
physiological properties, such as hemoglobin concentration and oxygen saturation and
that cancerous cells absorb several times more energy than the healthy ones. (Baranski
& Czerski, 1976; Foster & Arkhipov, 1974; M. Xu & Wang, 2002; L. V. Wang, 2003).
As a result, the magnitude of the thermoacoustic signal, which is proportional to the
local energy deposition, reveals physiologically specific absorption contrast. This con-
trast provides determination of cancerous locations if the distribution of the absorption

function is known.



1.2 Breast Cancer and Breast Imaging Modalities

Breast cancer accounts for 22.9 % of all cancers in women and approximately
13.7 % of cancer deaths in women is caused by breast cancer. Risk of getting breast
cancer increases by age and the diagnosis ratio of breast cancer is almost 70 % (Boniol
et al., 2007; Boyle & Ferlay, 2005). Breast cancer is the most common cancer type
among women and is the second type of cancer with the highest mortality rate (Siegel,
Miller, Fuchs, & Jemal, 2021). Similar to all other cancer types early diagnosis has a
critical importance in dealing with breast cancer and to decrease the number of breast
cancer related deaths. Today, mammography and ultrasound are widely used medi-
cal imaging devices for breast cancer diagnosis and follow-up. Mammography is a
very cost-effective technique but the x-rays used for imaging have cancer-triggering
harmful side effects. Also there are some difficulties in diagnosing pathologies in the
glandular tissue with mammography. Computerized tomography which needs to be
performed using higher doses of x-ray when compared to mammography is not used
for diagnosis of breast cancer. Ultrasonic imaging is low-cost and has no harmful side-
effects. Point resolution of this technique is high but contrast resolution is poor, this
complicates early diagnosis of some cancers and distinguishing malignancy. In breast
imaging, magnetic resonance imaging (MRI), with contrast, is useful for the diagno-
sis, but this imaging technique is relatively expensive and has no standart application
protocols. RF and microwave breast tomography is a technique based on different
electrical properties of tissues, having potentially high contrast resolution and no ion-
1zing harmful side effect, but having poor point resolution (Lihong et al., 2006; Guy
& Fytche, 2005). In recent years, imaging based on photoacoustic/theormoacoustic ef-
fect is an attractive research topic. Since TAT is a hybrid biomedical imaging modality,
which employs electromagnetic energy in excitation and ultrasound waves in sensing,
it combines high contrast due to electromagnetic absorption and high point resolution

of ultrasound without harmful side effects.



1.3 Inverse Source Problem

Many imaging methods, for biological tissue, are based on the reconstruction of
source distribution from data collected by transducers over a surface enclosing the re-
gion to be imaged. In microwave induced thermoacoustic tomography, the biological
tissue is heated by microwaves for thermal expansion of a tissue. Then the tissue acts
as an acoustic wave source. This process is represented mathematically by the follow-

ing nonhomogeneous wave equation:

Vp(r,t) — 18%(r,1) _ Cﬁpw

2 o ot (1)
where p(r, t) is the acoustic pressure at position r and time ¢, c is the speed of sound,
(3 is the isobaric volume expansion coefficient, C,, is the specific heat and H (r,t) is
the heating function. The left hand side of this equation describes the acoustic wave
propagation and the right hand side represents the source term (Lihong et al., 2006;
Karabutov & Gusev, 1993; Olsen, 1982; Council, 1996).

1.3.1 Derivation of Thermoacoustic Wave Equation

The acoustic wave equation governs the propagation of acoustic waves through
a material medium. The equation describes the evolution of acoustic pressure p or
particle velocity of a fluid U=y i + u, J + u, k as a function of position r and

time ¢.

The motion of the fluid can be described with its compression or expansion, by
defining the relation between the particle velocity 7 and the instantaneous density p.
Consider a small rectangular parallelepiped volume element dV' = dx dy dz, which is

fixed in space and through fluid travels:



st N B
dy Pus + x

dx

Figure 1.1 A spatially fixed volume element

The net influx of mass in the x direction into this spatially fixed volume is given by

<pux - (puw + a<pu$)dm>) dydz = —8(puw)dv. (1.2)

Ox ox

The net influx of mass in the y and z directions can be expressed similarly and thus the

total influx through the parallelepiped is given by the equation

d(puz) | O(puy) | O(pu.) L
_( o+ 5 + =5, )dV_ V.(pug)dV. (1.3)

The net influx must be equal to the rate of temporal increase in the mass of the volume:

dp

—V.(pug)dV = oy

dv, (1.4)

which gives the following equation of continuity:

ap B
% + V.(pu,) = 0. (1.5)

P — Po

Po
po 1s the equilibrium density, which should be sufficiently weak function of time, and

Now, if we write p = po(1 + s) where s is condensation defined by s = (

) and

assume that s is very small, (1.5) becomes

0s

pos + V(po i) =0, (1.6)



which is the linear continuity equation of mass.

Now, consider the fluid element dV = dxdydz which moves with the fluid and
contains a mass dm of a fluid. Let P be instantaneous pressure and F be equilibrium
pressure at given position so as the acoustic pressure p = P — F. By Newton’s second

law, the net force d? = @ dm on the element will give rise to acceleration.

Under the assumption of no thermal confinement and kinematic viscosity, the net

force experienced by the element in the x direction is
oprP oP
dfp =P — | P+ —dx ) | dydz = ———dV. (1.7)
ox Ox

Again similar expressions can be written in both y and z directions and thus total force

can be written as

df, + df, + df, = —V PdV. (1.8)

On the other hand, on the infinitesimal element, gravitational force acts. Hence, the net

force on the element is
df = —VPdV + G pdV. (1.9)

The acceleration @ of the fluid element is the time derivative of the velocity function
o of it. Here, we must notice that 7 is a function of both space and time. So we can

calculate the acceleration by using the chain rule:

ou Ou, 0x  Ou, Oy  Ouy, 0z
- x z Y —rZd r-=
C = T amat oo o (40
duy  Ouyd0r  Ouydy  Ouy 0z
Yot Yor ot Ty T oz o (11D
N Ou, | Ou.0r  Ou,dy  Ou, 9z (1.12)

o Torot Toyor T oo

x 0 0z ) o . . S
%Y and &= mean time derivative of displacement of a fluid in the direction

o0 or " ot

x, y and z, respectively. The time derivative of displacement is equal to the velocity.

He



Hence, the acceleration is sum up to

., ou ou ou ou

p— . 1.1
C= " Tlagy Ty, T, (1.13)
Then can be written as
q = o +(Z.V). (1.14)
ot
Now, d? = ddm gives
0w
—VP+7p=p(E+(7 V)ﬁ). (1.15)

In the case of no acoustic excitation in the medium, 7/)0 = VF,, and hence VP =

Vp + 7/)0 so that substituting this in the above equation gives

1 o
——Vp+s=(1+5) <—+(7.V)7>. (1.16)
Po ot
If we make the assumptions that | ¢s| < ‘ | ,|s] < 1, and |( W VU | < ‘&Zt
then S
0
po s =~ V. (1.17)

This is so called linear Euler’s equation, valid for acoustic processes of small ampli-
tude. Now, taking the divergence of (1.17) and the time derivative of (1.6), we get the

following two equations, respectively:

ou )
V. (Po 5 ) —V-p, (1.18)
D%s o

Elimination of the divergence between these two equations gives

0%s
V2p = po— . 1.20
D= o By (1.20)



Condensation s can be expressed as s = QL where c is the thermodynamic speed of
€"Po
sound. So, (1.20) turns into the following acoustic wave equation

10%p
2p= ——=<. 1.21
v p 62 0t2 ( )

In thermoacoustic imaging, acoustic wave source inside the medium is caused by ther-
mal expansion. After heating the medium, the pressure on the fluid is increased by
acoustic pressure source, which in turn the total force change over the system. Hence,
by Newton’s second law, there would be an additional force in the equation (1.9) which

OH(r,t
leads to source term ﬁ (r,?) (Karabutov & Gusev, 1993; Kruger et al., 2000;

c, ot
Kuchment & Kunyansky, 2008) in the acoustic wave equation and it results in so called

thermoacoustic wave equation:

V2p(r,t) (1.22)

1 p(x,t) B OH(r,t)
2 o C, ot



CHAPTER 2

2. LITERATURE SURVEY

Thermoacoustic imaging is an attractive research topic in recent years. Ther-
moacoustic effect generating acoustic sound by absorbed wave energy was discovered
by Alexander Bell (Bell, 1880). Many studies developed mathematical methods for
inverse solution of thermoaocustic wave equation representing thermoacoustic effect.
Most of the research studies reported in the literature were based on homogeneous
medium assumption (M. Xu & Wang, 2002; Y. Xu, Xu, & Wang, 2002b, 2002a; M. Xu
& Wang, 2005; Idemen & Alkumru, 2012). These researchs includes analytic solutions
using method of Green’s functions, surface integrals and series expansions. But there
are studies taking acoustic heterogeneties into account and using numerical methods,
iterative approachs and operator theory (Agranovsky & Kuchment, 2007; Hristova,
Kuchment, & Nyugen, 2008; Stefanov & Uhlman, 2009; Qian, Stefanov, Uhlman,
& Zhao, 2011; Anastasio, Zhang, & Pan, 2005). The boundary conditions for ther-
moacoustic imaging have been investigated by Wang and Yang (L. V. Wang & Yang,
2007). In a more recent study, Schoonover and Anastasio (Schoonover & Anastasio,
2011) have presented an inverse solution based on piecewise homogeneous planar lay-
ers structure consisting source distribution only in one certain layer. Also, there are
other studies combining conventional methods and acoustic speed distribution as apri-
ori information so that reducing effect of inhomogeneity and improving image quality
(Y. Xu & Wang, 2003; J. Wang et al., 2015; B. Wang, Zhao, Liu, Nie, & Liu, 2017;
Liu, Lu, Zhu, & Jin, 2017).



CHAPTER 3

3. APPROACH

3.1 Problem Statement
In this study, our purpose is to find an inverse solution of thermoacoustic wave
equation in layered medium with taking boundary conditions into account.

The thermoacoustic wave propagation is governed by the nonhomogeneous wave

equation

1 0°p(r,t) :
V2p(r,t) — 2 2 —po(r).0'(t) (3.1
with boundary conditions
p(r, )]s = p(r, )] o (3.2)
and
L apéra t) — 1 apmgl (I‘, t) (33)
plr) on | . pr) N

on each boundary S appearing in the space. Here, p(r,t) and p(r) are the acoustic

wave and the density functions at position r, respectively. —po(r).0’(¢) is the source

OH (r,t
term corresponding the term ﬁ ﬁ

c, ot



The outgoing wave function must satisfy the radiation condition

P
a——z'k:P:O as I — o0 (3.4)
Olr|

and the incoming wave function must satisfy the radiation condition
‘ oP

— 4+ 4kP|=0 as r— oc. 3.5)
Olr|

Also, as a nature of the problem, nonhomogeneous thermoacoustic wave equation must

satisfy the following initial conditions

p(r,07) = (r)po(r) (3.6)

p(r,t) =0 if t<0 (3.7)
op(r,0)

5 = 0. (3.8)

Inverse solution of thermoacoustic wave equation is determining source distrbu-
tion function (ratio of emision of microwave) inside medium from a known acoustic
pressure by a transducer. Inverse source problem in thermoacoustic imaging has been
studied for homogeneous medium by Xu and Wang (M. Xu & Wang, 2005) for spe-
cific measurement geometries: two parallel planes, an infinitely long circular cylinder
and a sphere, and this solution was extended to the arbitrary measurement geometry by
Idemen and Alkumru (Idemen & Alkumru, 2012). In these studies, in frequency do-
main, the source distribution inside the medium is determined by the following integral
equation:

dG, (r,r

1 o S5
po(r) = @/ /SP(rs,w)Tw) dS dw, (3.9)

where S is a measurement surface, P(rs, w) is the acoustic pressure measured on the
surface S and (G}, is a free space Green’s function. In our study, for the purpose of
thermoacoustic imaging of breast, we worked with cylidrically N-layered medium.

We extended the conventional solution and proved that the source distribution in each

10



layer of this medium can be determined as

T e (r) (rs) Ong

" p(r)/ / 1 06" (r’rS’w)dew, r € Layeri (3.10)
SN

for 1 < i < N, where P(rg,w) is the acoustic pressure measured on the surface
Sy (located at outmost layer N*" layer), (i is the corresponding Green’s function of

N-layered medium and p(r) is a density function such that
p(r) =p;, r € Layeri (3.11)

for 1 < ¢ < N. After that we derived more general integral solution to the inverse

problem of thermoacoustic wave equation in arbitrary convex medium as

1

27Tc2

po(r') =

1 P(r,w)G™(r,r',w) — P(r, w)LVGm(r, r',w) | .ndS, dw,
p(r p(r)

(3.12)

where P(r, w) is a pressure function known on the measurement surface S and G (r, r’, w)

is the Green’s function corresponding to nonhomogeneous media.

11



CHAPTER 4

4. FORWARD SOLUTION AND INITIAL CONDITION

The Fourier transform is a useful tool to solve differential equations. We denote

the Fourier transform of a function f(¢) with upper case of the letter f, that is
Flw) = / F(t)eivtdt.

By taking Fourier transform of thermoacoustic wave equation

_ 1p(r,t)

2
t - ' 7

= —po(r).8'(t), (4.1)
we obtain following nonhomogeneous Helmholtz equation

V2P(r,w) + k*P(r,w) = iwpo(r) (4.2)
where k& = w)/c is the wave number, P(r,w) is the temporal Fourier Transform of

p(r, ).

In our derivations, we considered that w > 0 and P(r,w) is corresponding to
outgoing wave. After then, for the completeness in frequency domain, we defined
P(r,—w) = P(r,w)* forw < 0 as complex conjugate of pressure function for positive
frequency. The outgoing and incoming waves were represented by superscripts “out’

and ’in’ for pressure function and we used the fact that P (r, w) = (P°“(r,w))".

12



4.1 Integral Representation of Forward Solution of Nonhomogeneous Wave Equa-

tion

In this study, we made use of Green’s function to solve nonhomogeneous wave
equation. Green’s function is the unit impulse response of a medium. When a point

source is located at r = r’, Green’s function is the solution of the equation
V2P(r,w) + k*P(r,w) = d(r — ') (4.3)
where §(.) is the Dirac delta function. The wave equation P(r, w) satisfies
V2P(r,w) + k*P(r,w) = iwpy(r) (4.4)
and Green’s function G satisfies
V2G(r,r) + K*G(r,v') = 6(r — 1'). 4.5)

If we multiply the first equation by G and the second one by P(r, w) and subtract side

by side, we get
GV?P — PV*G = iwpo(r)G — P(r,w)d(r —r'). (4.6)

If we integrate of the above equation in a very large disk of radius R, which involves

the source support V', we write
/ GV?P — PV*Gdr = iw/ po(r)G dr — P(r', w). 4.7
r|<R 14
Now, we apply Green’s Theorem to the first integral:

oP  0G . ,
/MRGE — PW dS = ZUJ/“/po(I')GdI' — P(r ,w>' (48)

If we add and subtract the term :k£G P in the left integral and take the limit as R goes to

infinity, we easily see that the left integral goes to zero by radiation conditions (5.11).

13



Hence, the solution of forward problem is obtained as follows:

P(r',w) = iw/ po(r)G(r, 1) dr. 4.9)
v

4.2 Result of Initial Condition

We know that the forward solution of the wave equation is given by

P(r,w) = iw/ po(r’) G(r',r,w) dop.
R3

When we take the inverse Fourier transform of both sides of the above equation, we

obtain

p(r,t) = % /R2 po(r) (/ wG (v r,w) e dw) dvy.

[e.9]

Now, by discontinuity at ¢ = 0, we get the equality

% (p(r,07) + p(r,07)) = % /R polt') ( /_ WG, w) dw) dvy.

oo

On the other hand, the left hand side of the above equation must be equal to source
function po(r) by the initial conditions of the thermoacoustic wave equation (6.4) and
(6.5), therefore

1

po(r) = — /R3 po(r’) (/00 wG(r',r,w) dw) dvy (4.10)

2
me o

must be satisfied. po(r) in the equation (4.10) is an arbitrary source function, hence

this equation gives

! /00 wG(r',r,w)dw = 6(r' —r) 4.11)

for any r’ and r.

We use the result (4.11) in the proof of inverse solution.

14



CHAPTER 5

S. INVERSE SOLUTION IN TWO DIMENSIONAL
CIRCULARLY LAYERED MEDIUM

At the beginning of our study, we took nonhomogeneous region as circularly two
layered medium in two dimensional space to understand the problem in a simpler lay-
ered media. In this aspect, we characterized two layered media, stated inverse problem
and derived a solution of thermoacoustic wave equation on this layered medium as rep-

resented in this chapter:

Figure 5.1 Configuration of two layered medium

Consider two regions in R? with different acoustic properties as depicted in Figure 5.1.
The interface of regions is the circle with center (0,0) and radius » = a, denoted by
S1. We call the inside and the outside of the circle S; as the Region 1 and Region
2, respectively. Suppose there is a circular transducer, called S, in Region 2 enclosing

Region 1 as in the Figure 5.1. We call the area covered by S; as V; and the area between
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Sy and S5 as V5. We want to determine the source distribution in the region covered by

the transducer.

The acoustic waves are measured by the transducer for a sufficiently long time in-
terval so that the waves emitted from every source location reach the transducer. When
the two regions are different, there will be reflections and transmissions at the boundary
S1. The thermoacoustic wave propagation is governed by the nonhomogeneous wave

equation

1 %*p(r,t ,

V2p(r,t)
with boundary conditions
p1 (I‘, t) = P2(r> t) ’1‘651

and
i apl (I', t) _ i apQ(r7 t)

p1 On p2  On

res;

on the boundary S;. Here, p; and p, are the acoustic waves and p; and p, are the
densities for Region 1 and Region 2, respectively. In an inverse source problem, py(r)
is to be reconstructed given that acoustic field is measured by the transducer and known
on the surface S;. We know that (5.1) corresponds to following nonhomogeneous

Helmholtz equation in frequency domain:

V2P(r,w) + k*P(r,w) = iwpy(r) (5.2)

where £k = w/c is the wave number, P(r,w) is the temporal Fourier Transform of

p(r,t).

5.1 Green’s Function of Medium

Green’s function is the solution of homogeneous wave equation except the point

r’ where the point source located:

16



V2G(r,w) + K*G(r,w) = §(r — ) (5.3)
where 4(.) is the Dirac delta function.

Because of the circular symmetry of the configuration of regions and transducer,
we prefer to work in polar coordinates. The Helmholtz wave equation given in (3.4) is

expressed in polar coordinates (7, ¢) as,

0’G 190G 1 0°G 5 1
=l +7’(‘3r+ 28¢2+kG—T(r—T)(¢ d'). (5.4)

To solve above nonhomogeneous equation in layered medium we need to solve homo-

geneous one in homogeneous medium firstly:

Consider the two regions are identical that is the medium is homogeneous. Now,
suppose that there is a point source at (r’,¢'). Green’s function is the solution of
homogeneous wave equation except the point where the source located. We apply

separation of variables method to solve the following homogeneous equation

0*G 100G 1 0°G

+ k2 .
or? +T’8T+ 8¢ G=0 (5:3)

Let I(r, ¢) be a solution of (5.5) and suppose

I(r,¢) = R(r)®(¢).
Substituting / in (5.5) yields
1 1 / 1 " 2
R <I>+;9ﬁiqb+r—29%<1> + kRO =0

which implies that
m// %/ @/
g s k,2 2 - )
" 747 A + > (5.6)

17



where primes refer to ordinary differentiation with respect to the independent variable,
r or ¢. Since each side of (5.6) depends on different variable, they must be equal to

same constant, say Al

" / o’
9%73 + r% R = - = (5.7)

Hence, we obtain two ordinary differential equation from (5.7):

Q" + AP =0 (5.8)

and

R’ +rR + (K°r* = \)R = 0. (5.9)

By periodicity of the function @, the fundamental solutions of first equation (5.8) are

e™™? and e~"?, where n is an integer and A = n>.

Second equation (5.9) is known as Bessel differential equation. For the sake of
completeness, we rederived the solution of Bessel equation and state the derivation in
Appendix. Two independent solutions of Bessel equation are the first kind of Bessel
function J,,(kr) and the second kind of Bessel function Y,,(kr). Alternatively, linear
combination of these two functions, Hankel functions of first kind H'(kr) = J,,(kr) +
iY,,(kr) and of second kind H?(kr) = J,(kr) — iY, (kr) can be used as fundamental

solutions. As a result, the homogeneous solution of (5.5) has the form

o0

I(r,¢) = > (AnJu(kar) + B Yo (kir)) €.

n=—oo

Now, we can define the Green’s function for homogeneous medium as follows:

18



i (A, Jn(kr) + B, Y, (kr)) e, ifr <1/
Gr,gir',¢') = ¢ "=~ , (5.10)
S (C H(kr) + D, H?(kr))em®, ifr’ <.

n=—oo

Since Green’s functions must be defined for all 7 in the domain, and Y, has singularity
at r = 0, B,, must be identically zero. G must also satisfy Sommerfeld’s radiation
condition, that is

lim rdz‘l(a2 —ik)G(r)| = 0. (5.11)

T—00 T

Since H} (kr) diverges when r goes to infinity, C,, must be zero. So,

S A (kr)e™e, it <o
G(r,d;r",¢") = ¢ "™ (5.12)
S DoH?(kr)e™?, ifr’ <.

n=—oo

By continuity of Green’s function at r = 17,

> Apd (ke = 3" Dy H2(kr')e™?. (5.13)

n=—oo n=—oo

Here, {e™?} are orthogonal functions which satisfy

e 0, ifm=n
/ eMPe Mgy = (5.14)
0 2m, ifm #n

on the interval [0, 27]. If we take inner product of both sides of above equation (5.13)

by e7"™?, we get

2w

00 27 0
/ ( Z Aan(/W/)eind)) " d¢ Z/ ( Z DnHz(kr’)emd’) e dep
0

n=—00 n=—00
0

19



which gives

2T o
Z /Aan(k;r')emd’eimd’dqﬁ = Z /DnHZ(kT')ei"¢eim¢d¢
n=—00 n=-00

implying
21 Ay Ji (k) = 27Dy Hy, (k) (5.15)

by orthogonality of exponential functions. Since m is arbitrary in (5.15), we conclude
that
ApJy(kr)e™ = D, H2(kr)e™ forall n. (5.16)

Now, let us call
Apdy(kr), ifr <o’
a, = (5.17)

D, HZ2(kr), ifr>1r'
so we can write (G as in the series form

[e.9]

= Z a,em?.

n=—oo

Substituting the G in the polar Helmholtz equation (5.4) results in

P e 10 S
or? = T ror = n i)
1 o ) oo
+ﬁ Z —nla,(r)e™ + k? Z an(r)em‘z’
1 / /
= ;5(7‘—7”)(5(¢—¢). (5.18)

Again taking inner product by e~ the above partial differential equation turns into

ordinary differential equation:
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d’a, 1lda, 9 n? 1 e imd’
e
dr r dr 72 r 2

(5.19)

Now, by multiplying the equation (5.19) by r and integrating both sides with respect

tor from r’ — € to v’ + ¢, we obtain
r'4e r'+e

/ (rdzg;)f ) 4 da;y) + (k;2 - ’;—z) an(r)> dr = / (5(r — r')eg:d) dr

r'—e r'—e

which implies that

"+e r'+e r'+e

+ +
d*a,(r) day,(r) , n? B e~ine
/r @)’ dr + / 7dr+ / (k _r_2> an(r)dr = 5 (5.20)

/

r—e r’'—e r—

We apply integration by parts to the first integral in (5.20) and obtain

da, ) ) ) (e e
an(r an(r an(r n e
= — " d " d k- — dr =
" e / dr TJF/ dr T / ( TQ)an(r) " 27
which gives

da, () b)) e -ind

, an(T , an (T 9 N e "
—(r'— k* — — ) ap(r)dr = . (5.21

(r'+e) | (r'—e) o r’—a+/ ( r2> an(r)dr 5 (5.21)

Now, when we take the limit of both sides of equation (5.21) as € goes to zero, the

integral on the left goes to zero due to the continuity of a,, at r’. Hence, it yields that

day,(r)

) - day(r e~inéd
r lim ——~ — 7' lim n(r) = )
r—r/t dr r—r/— dr 2T

(5.22)

This condition is called jump discontinuity condition of Green’s functions. By defini-

tion of a,, (5.17), jump discontinuity gives

d (Dan(k’l”)) d(A,J,(kr)) e~ine
dr , dr , 27!
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which implies

—ing
2wk

D H? (kr') — A, J (ki) forall n. (5.23)

Now, if we multiply the equation (5.16) by H?'(kr’) and the equation (5.23) by H2 (k')
and add the equations side by side, we obtain
, e—ind)
Ay (uer V2 (k') = T (k'Y HE (') ) = S H2(Rr). (524)

C omkr! M

The Wronskian of J,, and H? can be computed as follows [1]

W(J, H? =——. 5.25
(Jalr), HE(r) =~ (525)
Hence, we obtain the coefficient A,, from (5.24) as
1 2 N, —ing
A, = ZHn(kr )e . (5.26)
1

Subsituting A,, in (5.16), we get the coefficient D,, as

1 )
D, = —ZJn(kr’)e”"‘z’. (5.27)
{)

Hence, the Green’s function representing the unit impulse response of the homoge-

neous medium 1is

LS HE (k') (kr)e™@=9D i r <y
G(r,g;r', ¢') = i 2
(r, ¢;7", ¢") o - T / (5.28)
5 2 Jalkr’)Hi(kr)e , ifr >

n=—oo

5.1.1 Green’s Function of Two Layered Medium

Suppose that two regions have different densities, respectively p;, p, and there is a
point source at (1, ¢') inside Region 1. There will be reflections and transmissions on

the interface circle. Hence, Green’s function must satisfy the boundary conditions. We

22



can define Green’s function for layered medium as follows:

( o0
So (Andn(krr) + B, Y, (kir)) e, it r<ir
G(r,¢;7',¢)) = Z (Cpdn(kir) + DY, (kyr)) e, if ' <r<a
So (EnH(kor) + F,H2(kor)) e?, if r>a.
(| n=—c0

(5.29)

Since Green’s functions must be defined for all r in the domain, and Y/, has singularity

atr = 0, B,, must be identically zero.

G must also satisfy Sommerfeld’s radiation condition (5.11). Hence, F,, = 0 due to

the divergence of H! at infinity. Thus,

( [eS)
S Andn(kyr)e?, if r <1/
G(r,¢;7",¢") = Z (Cpdp(krr) + DY, (kyr)) e, if ' <r<a (5.30)
S° FLH2(kyr)e™?, if r>a.
(| n=—c0

The Green’s function G must be continuous at r = 7’, this gives

> Andullr’) = Y Cudu(kar') + DpYo(kar'). (5.31)

If we take the inner product of (5.31), we obtain the following equation by similar

calculations in homogeneous case:
A,y (krr') = Cpdn(kar’) + DY, (kyr'). (5.32)

Secondly, the jump discontinuity condition (5.22) at r = 7’ yields that

, , —ing
d (Crdn(kir") + Dn Y, (kir')) _ M _ ¢ forall n
d’l" , dT ’ 277'7"/

rT=r r=r
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which implies

e—in(b
2kr!

Crdy (kyr') 4+ DY, (k') — ApJn(kyr') = forall n. (5.33)

Now, we apply the boundary conditions to Green’s function G. The continuity of acous-

tic pressure at the boundary r = a, that is

lim G = lim G,

r—a— r—at

provides

Z Chdn(kra) + DY, (kia) = Z F,H? (kya).

n=—oo n=—oo

If we take inner product of (5.1.1) by €%, it results in
CpJn(kia) + D, Yy, (kia) = F,H?(kya) forall n (5.34)

by orthogonality of exponential functions, again. The normal derivative of the function
G at the boundary circle D corresponds to the derivative of G with respect to r since

the circle D is centered at the origin. Hence, the second boundary condition

gives

E Z (Coky J' (kya) 4+ Dyky Y, (kya)) Z FLokyH? (kya)

n=—oo n=—oo

which in turn leads to

k k
2L(CyJ (k) + DY (kia)) = 2 F,H> (ksa) forall n (5.35)
P1 P2

by applying inner product operation, again. Now, we have four equations (5.32), (5.33),
(5.34) and (5.35) to obtain the coefficients of the Green’s function of nonhomogeneous

medium. If we multiply (5.32) by J/ (k17’') and (5.33) by J,,(k17’') and adding side by
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side, we get

—ing’
Do (Ju(lkeyt)Y! (kyt!) — T (ki)Y (kir')) = ——— Jo(kur').  (5.36)
271']{17“/
The Wronskian of J,, and Y,, can be derived as
2
W(Ju(r), Ya(r)) = Ja(r)Y,(r) = Jo(r)Ya(r) = — (5.37)
e
which yields
—ing’
D, = ¢ k). (5.38)

If we multiply (5.32) by Y,/ (k;7’) and (5.33) by Y,,(k;7”’) and add side by side and using
the Wronskian (5.37), we get

A, —C, = Y, (kur'). (5.39)

Now, we multiply the equation (5.33) by (1/p;)J} (ki1a) and the equation (5.34) by
J! (k1a) and subtract side by side. Then subsituting D,, in the derived equation and

using the Wronskian (5.37), we obtain

2 T (kyr") e~

F, =
7010\ (2.0, (ki) B (k) = 27, (k@) B3 (koa)) |4

When we substitute D,, in (5.33) and (5.34) and multiply the equations by (ks /ps) H>' (koa)

and H fl(kga), respectively, and subtract side by side, we obtain C), as

(5¥, 0612 (1) — 5V H202)) T’ oo
Cn = |
(%Jn(ma)H,%’(kga) - %J,;(ma)ﬂg(m)) 4

Finally, when we substitute C,, in (5.39), we obtain

(%Yn(kla)ﬂi/(m) — ’;—;Y;(ma)Hg(kZa)) Ty k! p—ind
An = Y, (k) .
(’f—;Jn(ma)Hg'(kQa) - %J,’l(kla)H,%(kga))

p
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Thus, the Green’s function representing the unit impulse response of nonhomogeneous

medium is
( [e'e) '
> Apdu(kir)e™?, if r < 1/
G(r,¢;7",¢') = ST (Cpdp(kir) + DY, (kyr)) e, if ¢/ <r<a (5.40)
> FuH(kar)e™, if r>a
\ n=—00
in which
(’;—;Yn(kla)Hi'(kza) - %Y,;(kla)Hg(kQa)> Tk’ ing
An = + Y, (kr")

(f,—iJn%la)H%’(kza) - %Jg(klamg(m)) 4

(E2Va(k10) B2 (k) = BYI(R1) B2 (ks0) ) Jukyr'\ ging

C, = |
(’;—;Jn(k:la)Hg/(k?a) — %Jé(kla)Hﬁ(kgaD 4
_Dn - Jn—(klr/) e—in¢7
4
py— 2 Jullar) —~

i b - )

The Green’s function denoted by (i1, representing the unit impulse response of the

layered medium when the source (/, ¢') located in Region 1, is given by

( 0
Z Apdy(kyr)e?, itr <o
Gi(r', ¢';r, ) = ; (Cpdp (k1) + DYy (kir)) e®, if v/ <r <a
ST E H2(kyr)e™?, if r>a
(| n=—0c0

(5.41)
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in which

Yo(kia) HE (kaa) — Y (k1a) H2(30) ) Ju(Far) v )
+ Yp(R1r

A, =
To(kva) HZ (ksa) — li;L(kla)Hg(kQaU

(=
(¢

( (]{ZQCL) %Yé(km)Hﬁ(kw)) Jn<k317"/) efindﬂ
fa g kla)Hg’(kza) ~ B (ka) H2 (kz0)) 47
) —ing’
Dy, = Jp(kyr') 1
2 I (kyr) e~in¢'

Tp1 (%Jn(kla)Hﬁf(kQa) — %Jé(k‘la)Hﬁ(kgaD 4

The Green’s function denoted by G5 representing the unit impulse response of the

layered medium when the source (7', ¢') located in Region 2, is given by

(

_Z A Jn(kyr)e™ ifr<a
Go(r', ¢'sr, ¢) = ST (Cpdu(kir) + DYy (kyr)) e, if  a<r <7’
ST B H2(kor)e™?, it >
( n=—o0

(5.42)
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in which

4 2 H2(kor') e~ ine’
" mpaa (’;—;Jn(kla)Hg'(kga)—%J;L(kla)Hﬁ(kga)> 4

o kla (k?g(l) JA(kla)Yn(k?Q(l)) Hﬁ(kgr’) efinzi)’
t (L2 (k) HZ (k) — 5277 (kv HE (ko) ) 4
. kla W (ka0) = BT (k) Ty (ko) ) H2(Rar') ) ine
VHZ (kya) — .7, (ky0) H2 () 4
. Tnlkn)Yy (kaa) = B2 (k10) Vo (ka) ) T (Rar”)
' Tl ) HE (kya) = 52,71 (ky ) H2 (kza)
(L2 T (k1) 1 (k) = 5T (1) T (k20) ) Yoot} ) ine
n P2 p1

(’;—gjn(klamg/(/@a) - %J;L(kla)ﬂg(kw)) 4

In each case, we obtain the coefficient A,,, C,,, D,, and F,, using the boundary condi-

tions on S through the following equations, respectively:

Can(l{fl’f’/) + DnYn(le/> — Aan(k’lT',) =

efimj)
CnJ;(]{Z17’/> + DnYTZ(l{?ﬂ”) A J (k‘lT) 27‘(‘]{77”
F,HZ:(kya) — CpJp(kra) + D, Y, (kya) =0

k k
2L(CoJ (kva) + DY (kia)) = =

2F,H? (kya) forall n
P1 P2
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FnHZ(k'QT/) - CanU{ZQT/) — DnYn(kQ’l”/> =0

E H? (kor') — (CoJ! (kor') + D, Y, (kor')) =

e—in(;S

N 27Tl€2?"’

Crdn(koa) + DY, (koa) — ApJy(kia) =0

ky
P1

ks
P2

— A, J) (kia) = —=(CnJ),(kea) + D,Y, (kea)) forall

These equations can be expressed in the following matrix forms:

and

[Tt Ju(kr)  Ya(kar!)
T (k') T (k) Y ()
0 In(k1a) Y, (kia)
0 b
_Ju(kia)  Ju(kia)  Yi(kia)
(k) J(ka) Y (kua)
0 To(kr’) Yo (k')
0

M (k) BYI (k') R2EHY (k') || Fy

—Hr%(kza) Dn

(kia) BY(ka) 2F,HY (ksa)| | Fy

—HTQL(]{JQT/) Dn

n.

671n¢>

| 27k1a ]

The determinants of these coefficent matrices are identical, depends on n and equal to

e

ks

P2

Jo(kia)H? (kya) —

ki

P1

J;(kla)Hg(kza)) .

(5.43)

After that, we call the parts of G} as G'1; and G15 with respect to location of observation

point:
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( i ( ’;—;Yn(kla)H,%’(kw)—%Y,g(kla)Hg(kga)

n=—oo

Jn(klr’)Jn(k’lr)

n

—l—Yn(klr’)Jn(k,‘lT)) e™@=9)  when r <1’/

Gn =
5 (Zm%m%ngﬁﬂ%wﬁ%”%ww%%%w)
+hwWﬂumm)ﬂw¢% when 1/ <r
\
o0 2 1 . !
Gy = = T (e H2 (g ) (6=
" n:zoo TP1A Pn ( 1T) "( 2T>e

Similarly, we call the parts of G5 as (G15 and Go5 with respect to location of observation

point:
— 2 1 (o
Gu= ) — H?(kyr") I,y (kyr)e™@=¢)
21 n:,oowmaﬁ" o (Kar”) T (Ka)
(X 52 Jn(k1a)Yn! (kea)— 2L 7!, (k1a)Yn (kaa
) (—” (e )y D ) T ()
k / k1 1
+5hww%“WXJ%W”*%“Hﬁ@WWM@m)amwwh
when r <7’
Gy =

S 5 T (kor")H? (Kor)

n=—oo

o0 ( %2 1 (k1a)Yn! (kza)— 5L, (k1a) Yo (koa)

52 Jn(k1a) Jn' (kza)— 5L J? (kya)Jn (k2a . ,
422 (kra)Jn” (k2 )Bnl’l (k1a)Jn (ks )Yn(k2rl>HT2L(k2T)) (99"

when 7' <.
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We notice that each G1(r’, r) and G5(r’, r) can be represented in the form
o

Z gu(r’, r)ein(¢—¢’).

n=-—oo
Sometimes, for simplicity in notation, we write
oo
Gi(r'r)= > Gi(r',r)em@?)
n=—oo

and

Gy(r',r) = Z Gyo(r',7)em@=¢)

n=—oo

keeping n dependence of G'1(r’, ) and Go(r’, r) in mind.

5.2 Inverse Solution

Now, we examine our claim

(

%/ iw/ P(rs,w) (1 0Gp(r,Ts) dSdw, re R
—00 So P

wc3(r rs) ong
po(r) = (5.44)
p(r) /°° . / 1 OGa(r, )
w P(rg,w dSdw, r € Rs.
| mem) )T e om :

Let us write our claim as independent of index set and call the integral expression as

q(r):

[ 1 9G"(r,ry)
q(r) = /OO iw /52 P(rs,w)p(rs) on. ds dw. (5.45)

The acoustic pressure measured on the surface S is given by forward solution of the

wave equation (4.9):

P(rs,w) = iw/ po(r)G™ (v 1g)dVi
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where V' = V] U V,. We substitute the forward solution in ¢(7):

1 8(}""(1‘ I's) S duw

= [
[
[l (o

rS? S ans
P(rs, w)TVGm (r,rs).ngdS dw
)G (', 1) dVy ) vV—G"
1% ( ) p(rs)

G (r,rs).ngdS dw

_ //po(r/) (/OO iw/SQ (Gom(r’,rs)@VGm(r, rs)> 1, dew) AV,

Let us call the term in outer integrals as follows:

P(r,r") / zw/ G™( >VGm(r, rs).n dS dw.
Sa I's

(5.46)

We know that Green’s function is continuous on whole space. Also, the normal deriva-

tive of Green’s function with a scaling factor density function is also continuous.

Hence, the expression in the above integral is continuous which makes possible to

apply the divergence theorem as follows:

P(r,r") / zw/ G™( )V G "(r,15).n, dS dw
So S

= w —VS Gom v, 1) V.G (r,15) ) dVi dw
I /Vv iy Ve (67 () V.6 (e )

= w
/—oo /V1UV2 p(?n )

V G T VLG (1, 1)

+ G"“‘(r’,rs)viG‘"(r,rs)) v, dw.

The solutions G" and G™ satisfy the Helmholtz equation:
V2G" (r, 15, w) + K2G" (1,15, w) = 6(r — 1),

V3G () rg, w) + K2GT (r rg, w) = 8(x' — 1)

(5.47)

(5.48)

(5.49)

in which ks = w/cs and ¢, is the acoustic speed in the region where 7, in. If we

multiply (5.48) by G™ (', rs, w) and (5.49) by G™" (r, rs, w) and subtract each other,
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we get

i

—6(r' — )G (5.50)

out ] ! out out

GG =GTVIGT 4 5(r —1y)G

By adding the term G™'V2G™" + 2V,G™V,G"" to both sides of (5.50), we obtain

2 (G"“tvgcf" + VSG““VSGm)

out i out out out in

GG +2V,G"VG + GVAG™ 4 6(r — 1) G = 6(r — )G

out

Vo (7Y ) + V. (VGG 00— r) 6 =0 - )G

out in

—V.. <GOMVSGM + VSGi”GO“t> Fo(r— )G — 3 — )G

in

—0(r —1y)G . (5.51)

out out

=V, V(G"G™") +0(r — rs)G

When we substitute the last equality (5.51) instead of the integrand seen in the

integral (5.47), P(r,r’) can be written as

N 1 & . 1 out / in
P(r,r) = 2/_00 iw /VIUVQ Ve (VS(G (', 14)G (r,rs))> dV,dw  (5.52)

1 /OO . / 1 out / 1 / in
+— w or —rg)G (r',rg) — o(r' —rg)G (r,rg) dVy dw.
2 —00 ViuVy p(rs) ( ) ( ) p(rs) ( ) ( )

(5.53)

We first deal with second term (5.53) of above expression. The Dirac delta function

has the following property:

/ F@)5(z —a) = { fa) rael (5.54)
14 0, ifagV
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Therefore, we obtain

/ iw /V e 3 = 1) G (1) = (0’ = 1) ) dV,
. 1w,
:/_Oozw (WG (r,r)—mG (r,r)) dw
1 [> 1 e, :

. 5(r — ') (5.55)

by using the result (4.11) obtained from the initial conditions. Now, to explore the first
term of P(r,r’), we substitute the Green’s functions in the expression for all location
combinations of r, r’ and rg in V4 U V5. Through calculations, we realize that the
conditions r¢ > r and ry > 7’ make it easier to deal with the given integral. To satisfy

these conditions, we again turn back to surface integral for the first part of P(r,r’).

[ s
V1UV2
/ nu/ V(G (r,1r5)G" (v, 14)) ng dS dw
52 TS

Gom(r r)G"(r, rs)> ds dw

vS(G"“(r', r,)G"(r, rs))) v, dw

— W
pg S, 87"5

2 a oul in
—— zw/ 87"5 (r',rs)G (r, rs)> rs dog dw

27 oo
0“‘ —m (¢'—os)
81"3 ( / w / ( Z G ,Ts) )

n=—oo

(r'
X ( Z Gin(r, rs)eim(d)_‘i’s)) dos dw)

m=—0oQ

8rs</ zw/2ﬂ<i iGomr rs)G (7“7"3)

% ezqu —ing z¢ m— n)) d¢ dUJ)
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since the normal derivative on circle is equal to the derivative with respect to the vari-
able 7 in polar coordinates. By the orthogonality of the exponential functions {em‘f’},

we obtain

TS a o . 2 > > out / in
P2 Or (/ lw/o (Z Z G (r',rs)G (r,rs)

n=—oo Mm—=—0o0

x eim¢’—in¢€i¢s(m—n)> d¢s dUJ)

re O o > t in ; /
= _S 2 ) o ! m(¢ _¢)
2 O, ( 7r/ zw( E G (r',rs)G (r,rs)e ) dw)

= 27?%828 <nzzoo ein¢'=e) /OO WG ()G (1) dw> . (5.56)

Earlier, we examined some properties of the integral in (5.56). We know that Green’s
function depends on frequency variable w. For simplicity, we eliminated this variable
in representation of Green’s function. Now, we use w dependence of Green’s function.
Let

out in

H(w)=G (r',ry)G (r,rs).

Then,

/ wG™ (1 )G (r,ry) dw :/ iwH (w) dw

o —00

:/0 sz(w)dw+/Oooin(w)dw

:/:z'—w' (—w') — dw’+/oooin(w) dw
_ /0 " iwH (—w)dw + /0 " wH (w) dw

_ /0 T iwH(w) dw + /0 " iwH (w) duw

— [ ) = () do

_ /0 " w2im(H (w)) (557)

0
by substituting w = —w’ in the integral / iwH (w) dw and using the definition of

—00
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negative frequency for wave functions. This result shows that the real part of the inte-
grand has no contribution to the integral. Now, we substitute the radial part of Green’s
function in (5.56). On Ss, the second variable rs in G™ and G" is an element of Region
2. But r and r’ are free to be in any region. Thus, we have four cases for the combina-
tion of product terms depending on locations of points r and ' G’y (r', 15)G (1, Ts),
G (1, 1) G (1, 15), Gho(r 1) Gay (1, 15), and Goy(r',15)Gay(r, 15). We show that

the products are purely real functions:

out

G12(7" TS)GTQ(T Ts)

2 Jn(kyr' ) H7 (ko)
010 (52, (kya) B (o) — 7, (k) H2(ha)
. 2 Jn(kyr)H} (kors)
TpLa (sz (kra)HY (ksa) — p—IJg(kla)H}L(kz@)
9 Ju(kyr") T (k) || HE (Rars) |

mpa || 227, (kia) Hy (kya) — 32T, (kva) Hy (kea) ||
P2 P1

out

Gho(r,7s)

Go(r,
kla (kga) (
2 k:la)HZ'(kga) - ﬁJ;L

@)Yy (ko) Jn (Kor’)
(k:la)HQ(k:Qa)

L _2 kla) "(kga) — k:1 L5 (kra) Jn(kea) Yy, (kor') 2 (kyr)
52 ] (ki a)Hg’(kQa) b g1 (kva) H2 (kaa) 2
" 2 Jo(kyr)HY (kory)

10 (52,7, (k) HY (Kza) — 527, (ki) H (ka) )
B < %Jn(kla)Yn’(kga) kl J’ (k1a) o (kaa) g, (Kar”)
I %Jn(kla)H%’(kza) b 71 (ka)H2(kza) |
];_;Jn(klﬁ)bfn,(kﬂ) - %Jg(/ﬁa) (koa) Y, (Kor)
| ’;—jJn(kla)H,%’(kza) — %Jé(kla) H2(kqa) ||

) Ju(kar) || Hy (kar) |,
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out /

G12<7’ 7T8)G;2<r7 7’5)
2 Jn(l{d?”/)HEL(kﬁg?”s)
Tpia (’;_;Jn(kla)Hg’(kza) — B 71 (kya) H2(ksa ))
k2 1. (k1a)Y,) (kea) — 50 (kya)Y,, (kea) J, (kor
P2 p1
%Jn(kla)H}l'(k;ga) & 7 (kya)HY (kya)

pr N

2 Ju(k1a) gy (kaa) — 2107 (ki) T (kaa) Ya(kor) \
T B (na) HY (kya) — 7 (ka) i (ka) >Hn(k2r"’>
B <_ 52 Ju(k1a) Yy (kaa) — 207 (k1) Y, (Kaa) Ty (Kar)
B | 22 T (k1a) HZ (ksa) — 2 J1 (kia) H2 (kza) ||

2 Ju(k1a) gy (kaa) — 2207 (Kia) Ty (ko) Yo (Kor) / )
B () (o) — 7 () H2 ) | >J () e
and

Om( Goo(r,75)
B k‘2J (k10)Y (kaa) — 2177 (k1a) Yo (ko) Jo (Kor”)
N b2 ] (kia) HY (koa) — ELJ1 (kya) H2(ya)

52 Ju(kia) gy (kea) — 2 (/ﬁa) n(k2a)Yn(kar')\
R (o) B (haa) — B ) 2 )H"““?“)
« ( ) (kga) kl J/ (k:la)Yn(kga) Jn(l{?QT’)

@J (K a)Hl’(kga) Ty (kia) Hj (kaa)
J(kla)J (k:ga)—ﬁ(]’(kla) ' (k2a) Y, (kor) )

e B ] (ki) H} (ksa) — &, (kya) H (kza) )H"(k2r8>
_ Jnlkra)Y (k) - kl‘]’@(k”)y"(k?a))zj(k ') Jn(lar)
L '@J (o) HZ (kaa) — -7, (kya) 2 (kpa) [0 770

('W (ko) — J{L(kla)Jn(kQa)) / 2
+ Y (ko) Yy (o) | || H2(kors) || -

| 227, (k H2’ (koa) — %J;L(kla)ﬂg(@a) I

Bessel functions J,,’s, Y;,’s and the modulus of any complex valued functions are real
valued functions which implies that all the above products are real. Therefore, the

integral (5.56) is equal to zero.
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Consequently, we obtained the function P(r,r’) as follows

P(r, ') :/ iw/ G (r' 1) V,G" (r,rs) ng dS dw
—00 Sa
1 & . out / in
:—/ zw/ Vs <G (r',rs)G (r,rs)> 1ngdS dw
2 —00 So

+ ! / iw/ 5(r — r)G™ (r' rs) — 6(r' — r5)G (v, 15) dV; dw
2 —00 ViuVs
@ )pl) +

o)
=3 o)

r—r).

Hence,

B T EE)PE) +E@p) o
B /v Polr) 2 p(r)p(r’) o )4V
iy

where p(r) is a density function. Therefore,

_ p(r) < 1 aGin(rarS)
po(r) = (1) /Oo iw /S2 P(r, w)p(rs> on. ds dw. (5.58)
that is
( in
p(ry) [ 1 0Gy(r, 1)
() /OO iw /S2 P(rs,w)p(rs) o dSdw, reR
po(r) =

—00 1 in
plra) / z'w/ P(rs,w) 0Gy(r,Ts) dSdw, r € R,.
— Sa2 p(rs) ans
(5.59)
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CHAPTER 6

6. INVERSE SOLUTION IN THREE DIMENSIONAL
CYLINDRICALLY N-LAYERED MEDIUM

In this chapter, after examining and solving thermoacoustic equation in circularly
two layered medium in two dimension, we state and solve the thermoacoustic wave

equation in there dimensional space for cylindrically /V-layered medium:

<
~
Acoustic Detection
Surface

Figure 6.1 Z-Cross Section of N-Layered Medium

Consider a region having /N-concentric annular cylindrical layers with different
acoustic properties in space R® whose z-cross-section is as depicted in Figure 6.1. The
interface of consecutive m'™ and (m + 1) layers is a cylinder with center (0, 0) and
radius r = r,,, denoted by S,,,. We call the volume between S,,,_; and 5,, as Region

m. Suppose there is a cylindrical transducer, called Sy in Region N enclosing the
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other regions as in the Figure 6.1. We call the volume covered by transducer Sy as V.

We want to determine the source distribution of the region covered by transducer.

The acoustic waves are measured by the transducer for a sufficiently long time
interval so that the waves emitted from every source location reach to the transducer.
When the regions are different, there will be reflections and transmissions at the bound-
aries 5, for 1 < m < N. Thermoacoustic wave propagation in this layered medium

is governed by the nonhomogeneous wave equation

1 %p(r,t)
2 ’ o /
Vp(r,t) — R —po(r).0'(t) (6.1)
with 2(N-1) boundary conditions
Pm(r, 1) = Pt (r, ) ’reSm (6.2)

and
i apm(r7 t) o 1 apm-i—l (ra t)
Pm on B Pm—+1 on

(6.3)

I'GSm
on each boundary S,, for 1 < m < N. Here, p,, and p,, 1 are the acoustic waves and
Pm and p,,. 1 are the densities for Region m and Region (m + 1), respectively. Also, as
a nature of the problem, nonhomogeneous thermoacoustic wave equation must satisfy

the following initial condition as we stated earlier

dp(r,0™)

plr,0) = Ewple) and L

=0 (6.4)

p(r,t) =0 if t<O0. (6.5)

In an inverse source problem, py(r) is to be reconstructed given that acoustic field is
measured by the transducer and is known on the surface Sy. We know that the equation

(6.1) in frequency domain correspondes to the nonhomogenous Helmholtz equation

V2P(r,w) + k*P(r,w) = —iwpo(r), (6.6)
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where P(r,w) is the temporal Fourier Transform of p(r,t). In derivations as we did
in two dimensions for two layered medium, we again consider that w > 0 and P(r, w)
was corresponding to outgoing wave. After that, for the completeness in frequency
domain, we define P(r, —w) = P(r,w)* for w < 0 as complex conjugate of pressure
function for positive frequency. The outgoing and incoming waves were represented by
superscripts "out’ and ’in’ for pressure function and we used the fact that P™(r,w) =

(P°“(r,w))". We again make use of Green’s functions:

6.1 Green’s Function of Medium

The Green’s function is the solution of homogeneous wave equation except the

point r’ where the point source located:
VG (v v, w) + K2G (x v, w) = —6(r — 1) (6.7)

where §(.) is the Dirac delta function. It is convenient to study using cylindrical coordi-
nates for the N-layered cylindrical configuration. Before transforming the Helmholtz
equation (6.7) to cylindrical system, we take the spatial Fourier transform in z-direction
to derive forward solution. We represent the spatial transform with a tilde symbol above

of a function name, that is

o0

fk.) = / f(z)e *=*dz, (6.8)

and from equation (6.7), we obtain two dimensional Helmholtz equation
VG 1k, w) + (K2 — kDG, ko w) = 0(r — 1')e k= (6.9)

where k = w/c is the wave number, k. is the spatial frequency. The wave equation

given in (6.9) is expressed in cylindrical coordinates (r, ¢, z) as

92G 190G 1 0°G

i - —_ - - 2 _ 2~_1 o AP T
57 + T + 2 952 + (k* = k)G = r(S(T )6(¢p — ¢ )e . (6.10)



We previously showed that the homogeneous solution of above equation has a
series form consisting of Bessel’s functions and exponential functions. When the term
\/m is a real number, two independent solutions are the first kind of Bessel
function J,,(y/(k% — k2)r) and the second kind of Bessel function Yy, (1/(k — k2)r).
Alternatively, linear combination of these two functions, Hankel functions of first
kind H,} (v/(k2 — k2)r) = Jo(v/ (k% — k2)r) + i¥,,(1/ (k% — k2)r) and of second kind
H2(kr) = J,(kr) — iY,(kr) can be used as fundamental solutions. On the other
hand, when \/(k:Tk:g) is not a real number, the two independent solutions are called
first and second kind modified Bessel functions and denoted by 7,,(kr) and K, (kr),

respectively.

As a result, the homogeneous solution of (5.5) has the form

( 00

nzzm (Aan( (k% — k2)r) + BnYn(\/mr)> ¢ind.

I(r,¢) =4 o it | k=] E
P <Cnfn( (k2 —k2)r) + DM@(M@) ¢ind.

it | k<[l £ |

(6.11)
The Bessel functions J,,(7), Y, (r), 1,(r) and M, (r) are real valued functions for pos-
itive real arguments. Hence all the terms except unknown coefficients in (6.11) are
all real. When || k£ ||>]| k. ||, we apply Sommerfeld radiation condition and when
| & ||<|| k. ||, we choose evanescent waves for outer most layer, so that the waves
will not grow to infinity. In light of these, the derivations made for the argument
MT are the same as the derivations made for the argument \/Wr in
inverse solution proof. Therefore, we suppose || & ||>]| k. || and progress under this
assumption. For simplicity in expressions, we represent \/m as k, keeping in

mind &, dependence of k.

When the point source r’ locates in Layer m, we denote Green’s function as G,

(1 < m < N). Each Green’s function (G, represents the unit impulse response of the
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layered medium and is partially defined with respect to observation point r:

(

S e / =) (A, T, (ki) + B Yo(k;r)) dk.,

n=—oo

if 7 < r'andr in layer j

Gn(r' v, w) = (6.12)

n=—oo

Z €in¢ / eikz(z—z’) (Onjjn(kjr) + Dann(k]T» dkz,

\ if 7" < andrin layerj.

We call the parts of G, with respect to location of observation points as G,; for

1 < j < N. In derivations of inverse problem, the observation points are on the

transducer, so we need to calculate only the last parts G,y of Green’s function G,,

wherever the source location m is.

The coefficients in each Green’s function G,, are obtained by (2N + 2) equali-

ties coming from the boundary conditions, Green’s function’s conditions and radiation

conditions:

The given boundary conditions (6.2) and (6.3) state that acoustic pressure func-

tion is continuous and its normal derivative is continuous with a scaling factor on the

layer boundaries r = 7;:

An(i+1)Jn(kz’+17’1) + Bn(i+1)Yn(kz‘+1Tz‘) - An(i)Jn(kiTi) - Bn(i)Yn(kiri) =0,
Kii1

i (An(i—&-l)Jq/@(ki—l-lri) + Bn(z‘+1)Y7{(ki+1T¢))

k;

— = (A 3 (kirs) + By Yo (kiri)) = 0 (6.13)

7

forl1 <:<m—1,
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Cn(i+1)<]n(ki+17“i) + Dn(i+1)Yn(ki+17“i) - Cn(i)Jn(kz’Tz') - Dn(i)Yn(kiri) =0,

k;

= (Cn(iJrl)Jy/L(ki-i-lri) + Dn(i+1)Yri(ki+1ri)>
Pi+1

k;
- — (On(i) J,’L(km) + Dn(i)Yé(kiTz’)) =0

Pi

(6.14)

form <i< N —1.

On the other hand, Green’s function is continuous and its normal derivative has
jump discontinuity on a cylinder r

r’ where the point source locates (Stakgold,
1979). Hence, these conditions give us
On(m)Jn(ka/) + Dn(m)Yn(ka,) — An(m) Jn(ka/) — Bn(m)Yn(ka/) =0,

.y —ing’
ka, ((On(m) — An(m))J;l(kmr') + (Dn(m) — Bn(m))Yé(km’r’/)) = e_mzz 67
(6.15)

Additionally, second kind of Bessel function Y, is undefined when r = 0. There-

fore in Layer 1, Green’s function cannot include Y,, implying

B, =0. (6.16)

Lastly, the pressure function must satisfy Sommerfeld radiation condition

0
lim | =— — ik | P(r,w) =0 6.17
|00 (8|r| > (r,w) ( )
which leads to

D,n —1Cypy = 0. (6.18)
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This system of equations is represented in a matrix form as follows

the terms seen in the boundary conditions (6.13) and (6.14)

_Jn(kmrm) = Am1, _Yn(kmrm) = Am2,
Jn(km—‘rlrm) = Qm3, Yn(km-‘rlrm) = Um4,
_l;_::t]y/l(kmrm) = bm17 _lp(_:er;(kam) = bm?a

L J (K y17n) = bz, S2LY) (Kpn17m) = b

Pmt1 T pm+1 T
and in Green’s function’s conditions (6.15)
Jn (k') = Ky, Y, (k') = ko,

k' J (k') =11, k'Y (k') = 1o

as given above, and if we let

a a a a
ml m2 m3 m4
Ly = and Ly, = ’

ml m2 m3 m4

we can write the system of equations in the matrix form as follows:

T T o ]
B
B.. Bumy) | _
Coatom) 0
Di(om) ik
: 0
_DnN . L .
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in which By, is the coefficient matrix of the system of equations is found as follows:

(01 00

2] |24
o[22
0

— k1 — ko ky ko
-l =1l Ll

[ [

. (6.20)

We apply elementary row-column operations to coefficient matrix B,, to obtain its

determinant §,,. If we add (2m + 1)th column to (2m — 1)th column and (2m + 2)th

column to (2m)th column, we obtain

(01 00

2] |2
Lo 22
0
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We firstly choose the row containing ky, ks to calculate determinant B,, as:

01 00

2] |24
2 22
0

(—1)2m-1H2mt g 00 U
], ]
01 00
1] [o]
|Lon [ L2o]
0 :
F(—1)2mlema2, 00 [
][]

Then we use the rows containing /; and [, and obtain
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[L(N—l)l} [L(N—I)Q}
O 0 =z -1
(6.22)




(—1)2m_1+2m_1]€1l2

_(_1)2m—1+2m—1k2ll

01 00

2] |24
22 22
0

][22

0] [1]
([0

0

[L(N—l)l] [L(N—l)Q]
0O 0 ¢+ -1

for derivation, respectively, hence we write the determinant as below:

Bn = (kily — kaly).

0100
Lyy Lo

L21 LZQ
0

Lml Lm2

0
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(6.24)

0

1 Lv=1)2

0: —1




Here, we notice that the terms seen in the determinant brackets are coming from bound-
ary conditions, only the product term (k1ly — kol;) includes information about source

location (the region m). Now, we examine this term:

kilo — koly =J0 (Kt k'Y (Kt ) — Yo (Kt )kt I (Kt
=k,,,7" (Jo (k7)Y (ki) — Yy (K" ) J) (Kit'))

2
_km /
" k1’
B 2
T

using the Wronskian properties of Bessel functions. Therefore the examined term is
independent of the source location. Hence, the determinant [, is the same for all n

(index set for Bessel functions’ order) and for all m (location of source point r’).

In the derivation of inverse solution, we need the last part of Green’s function
G,,. So, now, we obtain the coefficients of G,,y, that is C),; and D, n: Firstly, we
know that C,,y = —iD,, by radiation condition (6.18). To calculate the coefficient

D,y we apply Kramer’s rule:

Doy = % (6.25)
in which
01 00 0
Lu] |Lu]
(Lot [L20]
O )
= ~ k= ke bk (6.26)

[L(N—l)l] [L(N—I)Z]
0 O 1 0
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) . ,efmd)l ..
with T' = e == —or We choose the row containing the term I' to calculate the
T

determinant «,, and obtain

Y
2m+242N+2  —ik, 2’ e” "¢
a, = (—1) e e —,

01 00

2] [2e]

L] |24

0 0

0 0 1

(6.27)
We call the determinant factor as R;'. The most important property of )" used in
inverse problem derivation is that all the terms contained in R]"' are real, hence the

determinant R is itself is real. At the end, the coefficent D,,y is written in the form

) /e—imz)’ R™
D,y =e k1 6.28
N € o Bn ( )
Hence,
) /efindﬂ R™
(O 1 N ——_ 6.29
N e o B, (6.29)
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which implies that

Gmn (T 1, k:)
ey /e—zmb Rm
/ eth=? 2 (—ze R or B, —= (', r) Ju(kyr) (6.30)
; /e_znd) Rm )
fe k== (Yo (kyr) | € dk, (6.31)
o B,
o0 m 7in¢/ . /
:/_Oo ek=z =ik n_Z:OO };n v ) (—ida (k) + Yo (kyr)) = - e dk,
oo N e R™ (¢—¢')
_ /_ i ezkzuz)n;wﬁ_:(r 1) (—iH} (knr)) dk.. (6.32)

6.2 Inverse Solution

In two dimensional space for circularly two layered medium, we proved that

inverse solution of thermoacoustic wave equation, thermoacoustic source distribution,

is given by
plr) [* 1 9Gi(r )
P dsd
Fm |, Py e aS e, x €
po(r) = (6.33)
> 1 0G,(r,rs
p(r) / / P(rs, w) 2("Ts) o v e Ry
2w ) s, p(r)  on,
where P(rs,w) is the acoustic pressure measured on the surface Sy, G1, G5 are the

corresponding Green’s function of the medium and p(r) is a density function

P1, rc Rl

p(r) =

P2, rec R?-

Now, we prove our solution (6.33) can be extended for three dimensional N-layered

configuration as

1 [e.e]
:—/ / P(rs,w
T J - SN

1 G (r,xy)
p(rs) ong

dS dw,

51

rc R,

(6.34)



where P(rg,w) is the acoustic pressure measured on the surface Sy, G,y is the corre-

sponding Green’s function for 1 < i < N and p(r) is a density function such that

p(r) =p;, rE€R, (6.35)

for 1 < ¢ < N. Let us write (6.34) as independent of index set and call the integral

expression as ¢(r):

Y 1 8G"(r,rs)
q(r) = /_OO /SN P(rs,w)p<rs) . dS dw. (6.36)

The acoustic pressure measured on the surface Sy is given by forward solution of the

wave equation (4.9):

!/

P(rs,w) = iw/ po(r)G™ (r', rs)dVi.

We substitute the forward solution in ¢(7):

> 1 8G"(r,rs)
r) = P(rs,w dS dw
o) = [ Pl S

rs)

> ]_ in
= P(rg, w VG (r,rg).ngdS dw
/oo /SN ( )p(rs> ( )

o 1 in
= / iw/ (/ po(r’)G’O“t(r’,rS)d%/> \Y G (r,rg).ngdS dw
—o0 Sy \Jv’ p(rs)

_ /V e ( /_ Z iw /S i (Gm(r’,rs)@VG’m(r,rs)) n, dew) v

Let us call the term in outer integrals as follows:

V.G (r,rs,w)ngdSdw.  (6.37)

e out 1
P(r,r' :/ iw G (v, rg,w)——
( ) —00 SN ( )p(rs)

We know that the Green’s function is continuous on whole space. Also the normal
derivative of Green’s function with a scaling factor (the density function) is continuous,

too. Hence, the expression in the above integral is continuous which makes possible to
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apply the Divergence theorem as follows:

* out 1 in
P(r,r") :/ iw/ G (v, rs,w) V.G (r,rs,w).ngdS dw
—0o0 SN p<rs)

:/ z'w/ Vs (Gm(r’,rs,w)vs L Gi"(r,rs,w)> dVydw.  (6.38)
—00 1% p(r5>

Since each layer is homogeneous in itself, the density function p(rs) is constant on

each volume V; for 1 < ¢ < N. Therefore

0 1 out in
P(r,r’ :/ iw/ —— (V.G (r',rs,w)V,G (r,rs,w (6.39)
() = [ v | s (G0 0 ) 9.6 )

+G™(r, rs,w)VgGm(r, rs,w)> dVy dw. (6.40)
The solutions G and G™" satisfy the Helmholtz equation:
V?Gm(r, rs, W) + ka”‘(r, rg,w) = —(r — rg), (6.41)

V3G () rg,w) + K2GT (2 s, w) = —6(r — 1) (6.42)

in which k;, = w/c, and ¢, is the acoustic speed in the region where r, in. If we
multiply (6.41) by G™ (r', rs, w) and (6.42) by G (r, rs, w) and subtract each other,
we get

n

VG = GVAGT — 0 — )G 6 — )G (6.43)
By adding the term G™V2G™" + 2V,G""'V,G"" to both sides of (6.43), we obtain

2 (G“”viG” + VSGOMVSG"")

out out in in out out in

—G"'V2G" +2V,G" VG + GVAE 4 6(r — 1) G = 6(r — )G
V.. (67V,ET) 4V, (V.67G) 6 - )G - 8 - 1) G

—V.. (GOMVSGM + VsGi"Gm‘t) Lo — )G — o — )G
=V, V. (G"C") +0(r — )G = 6(r' — )G (6.44)
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When we substitute the last equality (6.44) instead of the integrand seen in the integral

(6.40), P(r,r’) can be written as

]. o0 ]. out in
Py ==> [ iw /| —V.V / V. 4
(r,r') 5 /_oo zw/v AN (G (r',rs,w)G (r,rs,w)> dV, dw (6.45)

]_ /OO . / ]. out / / in
+ = w or—rg)G (r',rg,w) — o(r' —rg)G (r,rg,w)dV; dw.
2/ ka)( )G ( ) Mm)( )G ( )
(6.46)

We first deal with second term (6.46) of above expression. The Dirac delta function

has the following property:

fla),ifa eV

: (6.47)
0, ifag¢V

/V [(@)3(x - a) =

Therefore, we obtain

/_Z iw/v p(is>5(r — )G (r 1) — p(l >(5(r' —1)G"(r,ry) dV,dw  (6.48)

w 1w,
= /oo iw <EG (r',r) — p(r’)G (r,r )) dw (6.49)
= L/ wG™ (v, 1) dw + ! (/ iwG™ (r, 1) dw) (6.50)

p(r) J o p(r’) o0
! 2(r)o(r — v/ ! 7 (r)o(r —r
—REWW)& >+Mﬁ (x')o( ) (6.51)
_ A(r')p(r) + (r)p(r') S(r— 1) (6.52)

by using the result (4.11) obtained by the initial condition. Now, to explore the first

term of P(r,r’), we substitute the Green’s functions in the expression for all location
n

combinations of r, ¥’ and rg in V = U V;. Through calculations, we realize that the

7
conditions rs > r and ry > r’ make it easier to deal with the given integral. To satisfy

these conditions, we again turn back to surface integral for the first part of P(r,r’). We
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use again the argument that is the density function is constant on each layer and derive

& 1 out in
/ iw/ —vs. VS(G (', 1) G (r,rs))> dV, dw
|4 P I‘s
/ zw/ (G (1, 15)G" (r,15)) .05 dS dw
SN rs

- iw /SN o Gom(r r )G (r, rs)) dS dw

PN

2 a ()ut in
N zw/ / (97"8 (r',rs)G (r, rs)> rsdos dzg dw

—ikz(z’—zs) out .y —in(¢' —ps)
pNars [/ zw/ / (/ ZG (r',rs, ke dk)

n=—oo

X (/ elk (z—2s) Z G'"(r Ts, k’z)elm (p—os) dk*) d¢8 dzs dw]
pN 87” [/ ZU)/ / ( Z / —Zkz —2s) Om(’l"/77‘s, kz) dk‘ze_in(d)/_¢8)>
( 2 / TG, rs”“’i)d@eimw—%)) dos dz, dw]

T 8 o0 0 0 27 o '

== Tw lm‘b —ing Z¢s(m—n) d s)
IRl ;
/ / —zkz (2'—zs) OuL(T T, k ) ik:(z— zs)G (7" Ts,/{*) dw} :

since the normal derivative on a cylinder is equal to the derivative with respect to the
variable r, in cylindrical coordinates and the partial derivative operator is independent

of integral variable w. By the orthogonality of exponential functions {ei”¢} on the
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interval [0, 27, we obtain

/ V.G (v, 15)G" (r, rs) dw
—0o0 Sa

re 0 = . ou &

s in(¢'—o) ;
— 27rpN 37“5 n_z:ooe /OO 7w

— o5 in(¢'— ¢)/ ;
PN 87”5 Z — "

/ / _ZkzZ zk*zG"“‘(T Ts, k‘z)G (T Ts, k*)/ eiZS(kz_k:) dk‘zé dk’z dk’: dw

in(¢'—¢) ;
pNars Z /— "

== in(¢'—¢)
WPN&"S Z

/ iw / e~k k=2 G (s k)G (ry s, k) die, dw

=9 in(¢'—¢)
PN 87”3 Z

x/ e_ikZ(Zl_Z)/ leom(T’ rs,kz)Gin(Tﬂ”mkz)dekz- (6.53)

o0 o0

We know that Green’s function depends on frequency variable w. For simplicity, we
eliminate this variable in representation of Green’s function. Now, we use w depen-

dence of Green’s function. Let

out / in

Hw) =G (r',rg, k)G (r,1s, k),
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then

o0

z‘wGom(r', Ts, k:z)Gm(r, re, k) dw

—

—0o0

= /oo iwH (w) dw (6.54)
0 00
:/ iwH (w) dw +/ iwH (w) dw
—00 0
0 00
:/ i—wH(—w') — dw’+/ iwH (w) dw
0

o0

_ /0 " L iwH(—w) dw + /0 " iwH (w) duw
= /OOO —iwH (w)* dw + /Ooo iwH (w) dw
_ /0 i (H(w) — H(w)") dw

_ /O " iw2m(H(w)) 6.55)

by the substitution w = —w’ in the integral / : iwH (w) dw and using the definition

of negative frequency for wave functions. Th_igoresult shows that the real part of the

integrand has no contribution to the integral. Now, we substitute radial part of Green’s

function in (6.53). On Sy, the second variable r, in G™ and G" is an element of Region

N. Butr and r’ are free to be in any region. Thus, we have N? cases for the combina-
out

tion of product terms depending on locations of points r and r': G, (7, TS)G?N (ryrs),

for 1 <1,5 < N. We show that the products are purely real functions:

o , B Ri(r',rs) (—iH}(knrs)) RI(r,rs) (—iH2(knTs
R R e
_ 2 R )R || Hy (k) |
TpLa | Ba | '

In the derivation of Green’s function, we proved that the functions R’ (r,r,) and
Ri(r,rs) for any 1 < 4,5 < N are real and the modulus of any complex valued
functions are real valued functions, which implies that all above products are real.

Therefore, the integral (6.53) is equal to zero by (6.55).
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Consequently, we obtain the function P(r,r’) as follows

P(r,r’) :/ iw/ Gom(r’,rS)VSGm(r,rS).nS dS dw
—00 SN

:1/ iw/ Vs <G°m(r’,rs)Gm(r,rs)) ngdS dw
2 —0o0 SN

2
w3 (r

2 p(r)p(r')

)olr') 5

r—r').

Hence,

where p(r) is a density function.

At the beginning, we suppose

%0 1 0GN" (r,rs)
r) = P(rs, w dS dw,
a(r) /oo /sN ( )p( Ong

rs)

and therefore the source distribution py(r) is given by

p(r) /OO / 1 9G"(r,rs)
= P .
po(r) s (rs,w) o on. dS dw

wc2(r) rs)
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+ 1 /_Oo iw/v5(r - s)GOUt(I", ry) — o(r' — rs)Gin(I‘, r.) dVi duw
(r)p(r) + A(r

(6.56)

(6.57)



CHAPTER 7

7. GENERAL INTEGRAL REPRESENTATION OF INVERSE
SOLUTION OF THERMOACOUSTIC WAVE EQUATION FOR
ANY NONHOMOGENEOUS MEDIUM

If p(r) is a density and (r) is a compressibilty function of the medium to be im-
aged respectively, then thermoacoustic imaging process is represented mathematically

by the following nonhomogeneous wave equation:
V. (g Vpen) - sl ()50 .
-\ Vb, -k a2 = T o Poll). ’
p(r) ’

called thermoacoustic wave equation (Kuchment & Kunyansky, 2008; M. Xu & Wang,
2005; Ammari, 2008; L. V. Wang & Wu, 2007), Here, p(r, t) is the acoustic pressure

at position r and time ¢ and —py(r).0’(¢) is the source term.

Suppose there is a nonhomogeneous medium M in R containing thermoacoustic
sources and acoustic waves are known on an arbitrary smooth the surface S covering
M. Our aim is to determine source distribuiton in the medium from the information
known on surface S. Let P(r,w) be pressure function’s Fourier transform. Then the

thermoacoustic wave equation can be expressed in a frequency domain as given below

L 2 = z'wL r
V. <mvp(r,w)> + wk(r)P(r,w) = p(r)po( ), (7.2)
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for any nonhomogeneous medium with continuity conditions

P(l‘, w)|reD— = P(l‘, w)|reD+ (7.3)

1 0P(r,w) 1 0P(r,w)
L R L 7.4
o) On lepe 0 0N e 74

on each boundary D appearing in the space.

Radiation conditions must hold for a pressure function P(r, w):

P(r,w) =0 (%) as |r| — oo (7.5)
oP 1
o] ikP = QO (W) as |r| — oo. (7.6)

In addition, because of the nature of the problem, the pressure function p(r,t)

must satisfy the following initial conditions

p(r,07) = (r)po(r) (7.7)

p(r,t)=0 if t<0 (7.8)
op(r,0)

5 =0. (7.9)

7.1 Forward Solution of Thermoacoustic Wave Equation for Nonhomogeneous

Media

Previously, we stated the forward solution of thermoacoustic wave equation.
Here, we again give the proof of forward solution since it has a key role for an inverse
solution. Suppose G°“(r,r’, w) is the outgoing Green’s function in frequency domain
describing existing nonhomogeneous smooth medium. Here, r and r’ are locations of

observation point and source point, respectively. The pressure function P(r,w) and
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the Green’s function G°“(r, ', w) satisfy the following equations, respectively:

! 2k(r)P(r,w) = iwL o(T
V. (mVP(r,wO + wk(r)P(r,w) p(r)p (r), (7.10)
V. (%VGOM(I‘, r’,w)) + w?k(r)G® (r,w) = —6(r — r') (7.11)

where §(.) is the Dirac delta function.

If we multiply the first equation by G°*(r,r’,w) and the second equation by

P(r,w) and subtract each other, we obtain

L out(p v w) — 1 out(p v w r,w
v. (vau,w))a (r,1', w) — V. (p(r)va (v 1, )) P(r,w)
_ iwﬁpo(r)G"”t(r, Y, w) + 6(r — ¥') P(r, w). (7.12)

Now, we take the volume integral of both sides over the unit ball B(r) with radius r

big enough, so as it contains all possible sources in space:

1 out / o L out /
/B(r) V. <va(r,w)> G (r,r",w) — V. (p(r) VG (r,r ,w)) P(r,w)dV
= /B(r) iwﬁpo(r)(}“’“t(r, v, w)+6(r—r')P(r,w)dV
which implies
L out / _ L out /
/B(r) V. (p(r)VP(r,w)> G (r,r",w) — V. (p(r)VG (r,r ,w)) P(r,w)dV
= P(r',w) +/B(r) iwﬁpo(r)Gm‘t(r,r'?w) av. (7.13)
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1
By adding and subtracting the term WVP(L“, w)VG (r,r’, w) in left hand side of
p

above equation, we obtain

/B v (%vp(r,w)) Gt (e v w) — V. (%mm(r? r’,w)) o

1 outrr/w L w outrr/w
_/B(r)V. (mvp(r,w))G (r,r', )—i—p(r)vp(ry VG (r, 1, w)

_vp(r, w)%VGm‘t(r, Y,w) = V. (%VGO“t(r, v, w)) Pr,w)dV

The integrand appearing in the last expression is continuous since the pressure
function and Green’s function must satisfy continuity boundary conditions (7.3) and

(7.4). Hence by using Green’s Theorem and the equality (7.19), we get

! out(p ) — rwL r,r’,w)).n
/S(r) <mvp(r,w)G (r,w) — P(r, )p(r>VG(, , )) dS

1
= P(r',w —|—z’w/ ——po(r)G(r,x’, w) dV
W vin [ @6

where S(r) is the surface of unit ball.

1
Now, if we add and substract the term mi/{;P (r,w)G(r,r’,w) in left hand
p

side of above expression and let the radius of unit ball goes to infinity, the left hand

side goes to zero by radiation condition (7.5). Thus, we obtain the forward solution

P, w) = —iw/V%po(r)GO“t(r,r’,w) dv (7.14)

in which V' is the support of source function.
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7.2 Inverse Solution of Thermoacoustic Wave Equation for Nonhomogeneous

Media

In an inverse problem, the source function py () is to be determined by pressure
function P(r,w) known on a measurement surface S. Now, we suppose that P(r, w)
is known on an arbitrary smooth surface S and G is the incoming Green’s function

satisfying the Helmholtz equation (7.2) and the radiation condition (7.6).

To obtain the inverse solution, we follow the the similar steps used in deriving
the forward solution: The pressure function and incoming Green’s function satisfies

the following equations, respectively:

! 2 = iw—l r
1 in / 2 r in r I_I w) = —8(r — I_/

If we multiply first equation by G™(r, r’, w) and the second equation by P(r, w)

and subtract each other, we obtain

L nr v w) — 1 nper w r,w
V. <TI.)VP(I',UJ)) G"(r,r",w) — V. <p(r)VG (r,r, )) P(r,w)  (7.17)
= iw%po(r)Gm(r, ' w)+0(r—r')P(r,w). (7.18)

Now, rather than an arbitrary unit ball used in deriving forward solution, we take the
integral of both sides over the volume V' covered by measurement surface S for inverse

solution:

V. (e vPEw) ) G, w) — V. (VG (e x, w) ) P, w) dV
v \n(r) p(r)
_ /V iwﬁpo(r)(}m(r, w) + 6(r — 1) P, w) dV
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which implies

/V V. (%VP(I‘,@U)) G (r, 1, w) — V. (%VGi”(r,r’,w)) P(r,w)dV

:P(r',w)+iw/‘/$po(r)Gm(r,r’,w) dv. (7.19)

1 .
By adding and subtracting the term ﬂVP(r, w)VG" (r,r',w) in left hand side of
p(r
above equation, we obtain

/Vv. (%vp@,@) G (r,w) — V. <$VGi”(r,r’,w)) P(r,w)dV
:/VV. (%VP(r,w)) G (r, v’ w) + %VP(r,w)VGm(r,r’,w)

— VP(r, w)%VGm(r, r',w) — V. (%V@”(r, ', w)) P(r,w)dV
:/VV (%vp(r, w)Gm(r,r',w)) -V (P(r,w)V%Gm(r,r’,wO dv.

The integrand appearing in the last expression is continuous, since the pressure
function and Green’s function must satisfy continuity boundary conditions (7.3) and

(7.4). Hence by using Green’s theorem and the equality (7.19), we get

L nre v w) — rwL (e, w) | .n
[ (G vPn 6 @) - P V6 w) ) nas
:P(r’,w)—i-iw/v%r)po(r)Gm(r,r’,w) av

where S is the measurement surface. The main difference in solution of forward and
inverse solution starts at this step. Now, we know that incoming Green’s function is

a complex conjugate of outgoing Green’s function, that is G = (G°“)" and also
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P(r,r',—w) = P*(r,r’,w) for any frequency value w. Therefore, we obtain the fol-

lowing equalities

/S <$VP(r,w)G0ut(r,r’,w) — P(']"jw)LVG’m(r,rljw)) ndS

p(r)
= P(r',w) + iw/ po(r)G™ (v, v’ w)dV

1
p(r)
1

v
= P(r',w)+ (—iw o)

po(r)Go (r, v, w) dV)

= P(r',w) + P(r',w)*

by expression of forward solution. Now, we multiply both sides by e~** and take the

integral of both sides with respcet to variable w:

/ / ( P, w) G (r, ', w) = P w)- o )VGZ"(r r w)> e~ ndS dw
- /_ﬂf o

:/ P(I‘I, —iwt dw / P >(< iwt d'LU

:/ P(r',w)e” ™" dw + P(r', w)e™" dw

—twt d’LU +/ P —twt dw

o0

R

by using the substitution w = —w in the integral including P(r’, w)*. If we evaluate

t = 0 at both sides, we obtain

/// <pr r’w}m (r, ', w) = P(r, w)p( )VG”‘(r r’ w)) ndsS dw
= [ P w)dw+ [ P(r
22/_OOP(r,w)dw

=27 (p(r,07) + p(r,07))
= 21 (r)po(r')
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by inverse Fourier transform properties and discontinuity at ¢ = 0. Thus, we derive an

inverse solution as

(') = 27rc12 (r)
/ / < P(r,w)G" (r,v',w) — P(r, w)p< )VG’”(r r’ w)) ndS, dw

(7.20)

where P(r,w) is a pressure function known on the measurement surface S, p(r) is a
density function and G™(r,r’, w) is the Green’s function corresponding to nonhomo-

geneous media.

66



CHAPTER 8

8. RESULTS AND DISCUSSION

8.1 Numerical Simulations

We test and compare our layered solution with conventional solution based on ho-
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Figure 8.1 Simulation Diagram

mogeneous medium assumption by performing simulations using numerical test phan-

toms. We firstly study on two dimensional two layered phantoms and after that we
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study on a cross section of three layered cylindrical region phantoms as an example of
N-layered structure in three dimensions. In the simulations, we generate synthetic data
by using layered medium Green’s function in forward solution (4.9) of thermoacoustic
wave equation. For this purpose, we choose 3 MHz temporal frequency band between
1.5 MHz and 4.5 MHz, and collect data by the 512 element transducer located on a
circle r = 7.5mm in outmost layer. Then we reconstruct the thermoacoustic source
distribution from this data using the existing homogeneous inverse solution (3.9) in-
cluding free space Green’s functions and our layered inverse solution (3.10) including
layered medium Green’s functions. Here we firstly present an illustrative test results for
a cross section of three layered cylindrical region in Figure 8.2 and Figure 8.3, where
the numerical phantom and the reconstructed inverse source distributions (thermoa-
coustic images of point targets) are displayed. Three layered phantoms are depicted
at first panels of figures. In Figure 8.2, first layer is the region Omm < r < 2.5mm,
second layer is the region 2.5mm < r < 5mm and third layer is the region r > Smm.
Densities and acoustic speeds for layers are choosen as 1.06 g/m?, 0.95 g/m?, 1 g/m?
and 1000 m/s, 1500 m/s, 2000 m/s from inner to outer. This phantom consists of
thermoacoustic point sources at each layer, their polar coordinates are (1,25 mm, 0),
(3,75 mm, 57/4) and (6,25 mm, 27 /3). In Figure 8.3, we model breast as three main
layers: Glandular tissue is the region Omm < r < 6.75mm, fat tissue is the region
6.75mm < r < 7.35mm and skin is the region 7.35mm < r < 7.5mm considering
ratios of actual thicknesses of these breast layers. Densities and acoustic speeds for
breast layers are taken as 1 g/m3, 0.95 g/m?3, 1.15 g/m? and 1480 m/s, 1450 m/s,
1730 m/ s respectively. This phantom consists of thermoacoustic point sources at glan-
dular tissue layer, their polar coordinates are (3,4 mm, 0) and (5,4 mm, 0). The middle
panel shows us that reflections and refractions on layer boundaries cause smearing and
morphological deformation of image because of homogeneous assumption in inversion
algorithm. Hence, the test results ensure us that the homogeneous medium assumption,
as expected, produces incorrect source locations and poor point-spread-functions with
severe side-lobes associated with the original point sources. Our layered solution pro-
duces source locations correctly and point-spread-functions with relatively narrower

main-lobe and lower side-lobes.
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Numerical Test Phantom Homogeneous Inverse Solution (linear) Layered Inverse Solution (linear)

;;Layera x =

- b A
density = 1.000g/n7 ’_..-'t?‘?‘ &
T, velociy=1500mjs 7 & G

(a) (b) ()

Figure 8.2 (a) Test phantom (b) Numerical simulation obtained under homogeneous
medium assumption (c) Numerical simulation obtained for layered medium, showing
correct source locations

Numerical Breast Phantom Homogeneous Inverse Solution (linear) Layered Inverse Solution (linear)

(b) ()

Figure 8.3 (a) Breast phantom (b) Numerical simulation obtained under
homogeneous medium assumption (c¢) Numerical simulation obtained for layered
medium, showing correct source locations

(a)

We also test our inverse solution for the capability in measuring the strength of
sources by using same layer properties, frequency band and sampling rates with above
simulation. We locate two point sources at coordinates (1,25 mm, 0) and (1,25 mm, 7)
with amplitude values 1 and 10, respectively. In the simulations, again, we gener-
ate synthetic data by using layered medium Green’s function in forward solution (4.9)
of thermoacoustic wave equation and reconstruct the thermoacoustic source distribu-
tion from this data using layered inverse solution (6.34) including layered medium

Green’s functions. The test phantom and numerical simulation results are depicted in
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Figure 8.4. Simulation results

show the inverse solution is accurate in distinguishing
different source strengths.
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Figure 8.4 (a) Test phantom (b) Numerical simulation obtained by layered medium
inverse solution (c) Numerical simulation showing source strengths

Now, we mention about two layered phantoms test results comparing with three
layered phantoms. In simulations, we first get an inconsistency in radiation pattern of

point spread function for two layer and three layer mediums seen in Figure 8.5 and
Figure 8.6:

Numerical Test Phantom Layered Inverse Solution (Linear) Layered Inverse Solution {40 dB)
,.—"‘" e S
> .,
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3 A Density = 1,065 g,r‘:m] ) ."
. {  Velocity = 1575 m/s '..

E :
Il & 3.75mm . g E
' 4 , / i
LS AN ] i ’
s 5, 4 ;
b > ;
k . SN ) d oA
Y » ;
v e - o, &
;&
e S
ks
Point Source ,."‘?é” &
."‘

Figure 8.5 Radiation Pattern in Two Layer Media with fixed N value

In two layer’s simulation, point spread function seems to like arcly radiated, but in
three layer’s simulation, it seems to like circularly radiated. Green’s function in polar
and cylindrical coordinates consists of infinite sum of Bessel functions. The main

differences between two programs simulating two and three layered mediums are the
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Figure 8.6 Radiation Pattern in Three Layer Media

limit NV of sum of Bessel functions used in Matlab program. In two layer, the number
N is fixed. But in three layer, N is determined with respect to the frequency value.
In simulations, we realize that the fixed number used in two layered medium is not
enough to get a good approximation of an infinite sum. At this point, in our layered
solution in Matlab program we take all parameters equal for each layer so that obtaining
homogeneous medium solution and look for a finite number N which satisfies a good
approximation to Bessel’s addition theorem. Then we run our two layer programs with
new N numbers and conclude that point spread function radiated circularly. Some

simulation results are given in Figure 8.7:
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Figure 8.7 Radiation Pattern in Two Layer Media with adapted N value
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Also, we simulate the phantoms containing volume sources. The numerical test
results in Figure 8.8 show that the layered solution enable reconstruction of both low
and high contrast cyst-like structures with more accurate features compared to the ho-

mogenous solution.

Numerical Test Phantom Homogeneous Inverse Solution (40 dB) Layered Inverse Solution (40 dB)

&
&

& &
2
R*@sf?b

Figure 8.8 Volume Sources Simulations

The limitation of the proposed inverse solution for thermoacoustic imaging is
need of tissue properties and structures as apriori information. But, these informations
can be obtained from acquired thermoacoustic data or additional transmission ultra-
sound scan. The error in apriori information of tissue structures will reduce the image

quality but this effect can be minimized by some iterative methods.
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CHAPTER 9

9. CONCLUSION

In this study, we have considered the inverse source problem for thermoacoustic
wave equation in layered circular and cylindrical models. We have derived an exact
analytic inverse solution in frequency domain under boundary conditions. Also, the
derived solution was tested in a three-layer numerical tissue models. The solution
presented here is a suitable approach for cross-sectional imaging of cylindrical and
spherical structures (such as breast) to get better image quality. The general integral
solution may not ease the application of tomography, since more complex media means
more complex Green’s function. But it represents an exact inverse solution to the

thermoacoustic wave equation.

73



REFERENCES

Agranovsky, M., & Kuchment, P. (2007). Uniqueness of reconstruction and an
inversion procedure for thermoacoustic and photoacoustic tomography with

variable sound speed. Inverse Problems, 23(5), 2089-2102.

Ammari, H. (2008). An introduction to mathematics of emerging biomedical imaging.

Berlin: Springer.

Anastasio, M. A., Zhang, J., & Pan, X. (2005). Image reconstruction in thermoacoustic
tomography with compensation for acoustic heterogeneities. Proceedings of the

SPIE, 5750, 298-304.

Baranski, S., & Czerski, P. (1976). Interaction of microwaves with living systems.

biologic material-microwave properties. Warsaw: Wiley.

Bell, A. G. (1880). On the production and reproduction of sound by light. Am. J. Sci.,
20(3), 305-324.

Boniol, P., Ferlay, J., Autier, P., Heanue, M., Colombet, M., & Boyle, P. (2007).
Estimates of the cancer incidence and mortality in europe in 2006. Annals of

Oncology, 18, 581-592.

Boyle, P., & Ferlay, J. (2005). Cancer incidence and mortality in europe 2004. Annals
of Oncology, 18, 481-488.

74



Council, N. R. (1996). Mathematics and physics of emerging biomedical imaging.

Washington: The National Academies Press.

Foster, K. R., & Arkhipov, N. (1974). Microwave hearing: evidence for thermoa-

coustic auditory stimulation by pulsed microwaves. Science, 185(147), 256-258.

Guy, C., & Fytche, D. (2005). An introduction to the principles of medical imaging.

London: Imperial College Press.

Hristova, Y., Kuchment, P., & Nyugen, L. (2008). Reconstruction and time reversal
in thermoacoustic tomograhy in acoustically homogeneous and inhomogeneous

media. Inverse Problems, 24(5), 055006.

Idemen, M., & Alkumru, A. (2012). On an inverse source problem connected
with photo-acoustic and thermo-acoustic tomographies. Wave Motion, 49(6),

595-604.

Karabutov, A. A., & Gusev, V. E. (1993). Laser optoacoustics. Newyork: Amer. Inst.
Phys.

Kruger, R. A., Kiser, W. L., Miller, K. D., Reynolds, H. E., Reinecke, D. R., Kruger,
G. A., & Hofacker, P. J. (2000). Thermoacoustic CT: Imaging principles. In

Proc. spie 3916, biomedical optoacoustics. SPIE.

Kuchment, P., & Kunyansky, L. (2008). Mathematics of thermoacoustic tomography.
European J. of Appl. Math, 19, 191-224.

Lihong, V., Xu, M., & Wang, L. V. (2006). Photoacoustic imaging in biomedicine.
Rewiev of Scientific Instruments, 77(4), 041101-1-041101-22.

75



Liu, S., Lu, Y., Zhu, X., & Jin, H. (2017). Measurement matrix uncertainty model-
based microwave induced thermoacoustic sparse reconstruction in acoustically

heterogeneous media. Applied Physics Letters, 119(26), 263701.

Olsen, R. G. (1982). Generation of acoustic images from the absorption of pulsed

microwave energy. Newyork: Plenum Publishing.

Qian, J., Stefanov, P., Uhlman, G., & Zhao, H. (2011). A new numerical algorithn
for thermoacoustic and photoacoustic tomography with variable sound speed.

Comput. Appl. Math, 10-81.

Schoonover, R. W., & Anastasio, M. A. (2011). Image reconstruction in photoacoustic
tomography involving layered acoustic media. J. Opt. Soc. Am. A Opt Image Sci
Vis., 28(6), 1114-1120.

Siegel, R. L., Miller, K. D., Fuchs, H. E., & Jemal, A. (2021). Cancer statistics, 2021.
Cancer J. Clin., 71, 7-33.

Stakgold, I. (1979). Green’s function and boundary value problems. New York: Wiley.

Stefanov, P., & Uhlman, G. (2009). Thermoacustis tomography with variable sound
speed. Inverse Problems, 25(7), 075011.

Wang, B., Zhao, Z., Liu, S., Nie, Z., & Liu, Q. (2017). Mitigating acoustic hetero-
geneous effects in microwave-induced breast thermoacoustic tomography using

multi-physical k-means clustering. Applied Physics Letters, 111(22), 223701.
Wang, J., Zhao, Z., Song, J., Chen, G., Nie, Z., & Liu, Q.-H. (2015). Reducing the

effects of acoustic heterogeneity with an iterative reconstruction method from

experimental data in microwave induced thermoacoustic tomography. Medical

76



Physics, 42(5), 2103-2112.

Wang, L. V. (2003). Ultrasound-mediated biophotonic imaging: A review of
acousto-optical tomography and photo-acoustic tomography. IOS Press, 19,
123-138.

Wang, L. V., & Wu, H. (2007). Biomedical optics principles and imaging. USA:
Wiley.

Wang, L. V., & Yang, X. (2007). Boundary conditions in photoacoustic tomography
and image reconstruction. Journal of Biomedical Optics, 12(1), 014027-1-
014027-10.

Xu, M., & Wang, L. V. (2002). Time domain reconstruction for thermoacoustic
tomography in spherical geometry. [EEE Transactions on Medical Imaging,

21(7), 814-822.

Xu, M., & Wang, L. V. (2005). Universal back-projection algorithm for photoacoustic
computed tomography. Physical Review E, 71(1), 016706-1-016706-7.

Xu, Y., & Wang, L. V. (2003). Effects of acoustic heterogeneity in breast thermoa-

coustic tomography. [EEE Transactions on Ultrasonics, Ferroelectrics, and

Frequency Control, 50(9), 1134-1146.

Xu, Y., Xu, M., & Wang, L. V. (2002a). Exact frequency-domain reconstruction for
thermoacoustic tomography-1I: Cylindrical geometry. [EEE Transactions on

Medical Imaging, 21(7), 829-833.

Xu, Y., Xu, M., & Wang, L. V. (2002b). Exact frequency-domain reconstruction for
thermoacoustic tomography-1: Planar geometry. IEEE Transactions on Medical

Imaging, 21(7), 823-828.

77



RESUME

78

* "6689 Sayill Kisisel Verilerin Korunmasi Kanunu Hiikiimlerine Gore Cevrimigi Yayin Dosyasinda Bulunan Kisisel Veriler Ve Islak imzalar Silinmistir.”



	ABSTRACT
	ÖZET
	ACKNOWLEDGEMENTS
	1 1. INTRODUCTION
	1.1 Thermoacoustic Tomography
	1.2 Breast Cancer and Breast Imaging Modalities
	1.3 Inverse Source Problem
	1.3.1 Derivation of Thermoacoustic Wave Equation


	2 2. LITERATURE SURVEY
	3 3. APPROACH
	3.1 Problem Statement

	4 4. FORWARD SOLUTION AND INITIAL CONDITION
	4.1 Integral Representation of Forward Solution of Nonhomogeneous Wave Equation
	4.2 Result of Initial Condition

	5 5. INVERSE SOLUTION IN TWO DIMENSIONAL CIRCULARLY LAYERED MEDIUM
	5.1 Green's Function of Medium
	5.1.1 Green's Function of Two Layered Medium

	5.2 Inverse Solution

	6 6. INVERSE SOLUTION IN THREE DIMENSIONAL CYLINDRICALLY N-LAYERED MEDIUM
	6.1 Green's Function of Medium
	6.2 Inverse Solution

	7 7. GENERAL INTEGRAL REPRESENTATION OF INVERSE SOLUTION OF THERMOACOUSTIC WAVE EQUATION FOR ANY NONHOMOGENEOUS MEDIUM
	7.1 Forward Solution of Thermoacoustic Wave Equation for Nonhomogeneous Media
	7.2 Inverse Solution of Thermoacoustic Wave Equation for Nonhomogeneous Media

	8 8. RESULTS AND DISCUSSION
	8.1 Numerical Simulations

	9 9. CONCLUSION
	REFERENCES



