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SOME RESULTS ON k-HYPERGEOMETRIC FUNCTION

E. MITTAL*, S. JOSHI?, D. L. SUTHAR?*, §

ABSTRACT. In this paper, we establish integral representation and differentiation formu-
las for k-Gauss hypergeometric function 2 F1 x(a, b; ¢; z) and develops a relationship with
k-Confluent hypergeometric function 1 Fi (a, b; ¢; z), which are based properties defined
by Rao and Shukla. Our study is to identify the integral as well differential representa-
tion of 2 F k(a, b;c; z) and also find the inverse Laplace transform on it.

Keywords: k-Gauss hypergeometric function; k-Beta function; k-Gamma Function; Laplace
transform.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

The hypergeometric function plays an important role in mathematical analysis and its
application. Apart from hypergeometric function, Many generalization and expansions of
the various k-parameter of special function and k-fractional derivatives was considered by
many researchers (see; [14, 16, 17, 19, 20]). Several identities for gamma functions, beta
functions and Pochhammer symbols have been systematically investigated using the k-
parameter. The integral representation of k-gamma function, k-beta function, respectively,
is based on literature (see [4]) as:

1En 5 _
Ii(2) = lim nlk™(nk)*x —1
n—oo (Z)n,k

, k>0,2€C\kZ", (1)

where (), for (z € C,k € R,n € NT), is denoted as under
(2 =2(z+ k) (z+2k)--- (2 + (n—1)k).
For R(z) > 0, then I'y(z) define as integral

[e'S) Lk .
Fk(z):/o tleTdt = ki'T (%) 2)
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It is obvious that I'y(z) — I'(z) for & — 1, where I'(z) is the known Gamma function.
k-Gamma function satisfies the following properties:

Fk(z + k) = I‘k(z)‘
() = I'k(z + nk)
n,k — Fk(z) (3)
Ti(k)=1["
D=k = 2) = s
Fk<(2n+1)§> — ”%, k>0,n¢N, (4)

Ty (2n) = \/?2(22” Ty(n)T (n+ S) : (5)

In the same paper [4], the k-Beta function B (x,y) is given as:

De(@)lh(y) _ 1 1 e )
Tix+y) k/o tet (1=t tdt,  R(x) > 0,R(y) > 0. (6)

Kokologiannaki [1], Mansour [3], Mubeen et al. [9], Krasniqi [11], Gahlot and Nisar [12]

and Rahman et al. [21, 22] develop number of properties for the k-gamma and k-beta
functions. The k-Gauss hypergeometric function [6, 7] defined as:

= (a)n,k(b)n,k 2*

QFLk(aaba (X Z) ?;) (C)n’k k'

It converts into the known Gauss hypergeometric function as k — 1. A detail account

of hypergeometric function, the reader may be referred to the earlier extensive works
[5, 8, 10, 13, 15, 18, 23, 24, 25, 26|

%k(xa y) =
- 2F1 ((aa k)v (b7 k); (Cv k); Z) : (7>

2. MaIN RESULT

The aim of this research article to present the different type of integral and differential
properties for the k-Gauss hypergeometric function.

Theorem 2.1. Ifa,b,c,¢ € C; R(a) > 0,R(b) > 0,R(c) > 0,R(¢) >0,] (nz) |<1, k>0,
then

Pk(0+ ¢) /Z ] b _1 cté
S = Fi(a, b ¢ t)dt = Fro(ab et dins).
Ti(c)Tx(0) J th (2 —t)r o g(a, by mt)dt = kz 8 " oF) g (a, by ¢+ ¢;nz) (8)

Proof. Taking left hand side of equation (8) denoted by I; and using equation (7) and
then the changing order of summation and integration, we have

I = Z (a)n,krk(b + ’I’Lk‘)Fk(C + ¢) ZTT / t%Jrnfl(Z - t)%ildt. (9)
0

= Tilc+ )li(0)k(e)

By taking ¢t = zu and dt = zdu in equation (9), we get

1
o (@ kTr (b +nk)Di(c+ ¢) ( =  l Ty
b= T et BTN O/ —urd
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B nka (b+nk)L'r(c+ @) (nz)" zc:qb_
Z (c+ &)k (0)Tk () n!

Now, using equatlon (6), we obtain desired result. O

Theorem 2.2. Ifa,b,c,e C; R(a) > 0,R(b) > 0,R(c) >0,k >0,| z |< 1, then

YeBy.(c + nk, ¢)-

z z
[ 2 c
c/tk_1 2 F1 i (a,b; c; t) <1—|—k(z—t)> dt—/tk 2 F1 i(a, byc+ ks t)dt

0 0
= kzt oy g(a, by e+ ks 2) (10)

Proof. To prove the above theorem, we consider the integral

/2F1(a b c+k:‘t)(1+ 1(“k( 8>tidt

a)n kIk (0 + nk)Ly(c+ k) (z=1)\ e
/ Lp(c+nk + E)L'(b) <1+Fk(2k)> e dt (11)

Changing order of summation and integration in equation (11), we have

nkl“k b+nk)Fk(c+k) /z e 1 /Z e
= teTdt teT"(z —t)dt
2:: Fk c+nk+ k)I‘k(b) n' 0 * + Fk(Qk) 0 * (Z ) ’

Taking t = zu and dt = zdu in second integral part of above equation, we get

Z nk]_“k b+nk:)1‘k(c+ k‘)
- Fk C + nk + k:)Fk(b) n'

(et 1 (ctnk+2k)
z ctn
k Tk k k+ k,2k
x( c+nk:+k:+1“k(2k) Bi(c+nk+ ))
Using equation (6) in above and simplifying, we get
ke k €42
= 9 Fi(a, by e + 2k; 2k 25 Fi(a, b; ¢ + 3k; 12
(C—i—k‘)Zk 2 1(&, ;¢ + ’Z)+(C+k)(c+2k)2k 2 1((1, ;Cc+ 7Z)a ( )
If we take ¢ = 2k, =1 in (8) then the first term of the equation (12) becomes
T k)z%“ 2P k(a,byc+ 2k; 2) = ;/0 ti 1z —t) o Py k(a, by c; t)dt- (13)

Similarly if ¢ = 3k,n = 1 in the equation (8), then the second term of equation (12)
becomes

k
(c+k)(c+ 2k)

Now, combining eqns. (11) and (12) by using eqns.(13) and (14), we have

Z N SR CEAN
O/QFl(a,b,c+k‘,t)(1+Fk(2k) trdt

z C 1 Z C
( | - naRabandcs [ m—1<z—t>22F1,k<a,b;c;t>dt). (15)
0 0

S, w(a, b+ 3k 2) = kZ/ Lz — 1) 0Py g(a, by cs )t (14)

¢
k
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Finally, differentiating both sides of (15) with respect to z by Lebnitz rule, we have

c 1 z c
2k oF p(a,bc+ k; 2) + k/ tk oF p(a,b;c+ k;t)dt
0

- 2 (% .
— g [/ trt oIy i (a, b; c; t)dt + k / ﬁil(z ~efilabic t)dt} ’
0 0

which is also written as

C 1 z c
2k oF k(a,b,c+ ks 2) + k:/ th oF k(a,b;c+ k;t)dt
0

z 20z —
ko k 7

After simple simplification, we get desired result.

Theorem 2.3. If a,b,c,€ C; R(a) > 0,R(b) > 0,R(c) >0,k >0,| z |< 1, then

dm < . . o 1 Fk(c) £—m . .
- |:Zk QFL]C((I’ b,c+ k,z)i| = kimmzk QFLk(a,b, C (m 1)]{:, Z). (16)

dz™m
Proof. The equation (16) can be proved by the principle of mathematical induction. First
we prove the theorem for m = 1, we have

d c
= [zE o Fy k(a, by c + k; z)]
- d Ti(e+ (n+ DE)TR(b) n!

I\

n=0

_ Z a)n ki, Lk (b+nk)Cp(c+ k) (¢ + nk) 12£+n—1_

Ti(c+ (n+ 1)k)Tx(b) nl k (17)

Using k-Gamma property in eq.(17), we get

dr e .
2 [zﬁ 2 Fy i(a,b;c+ k; 2)} = %zrl 2 F1 i(a, b;c; 2)

Hence the theorem is true for m = 1. Again suppose that the theorem is true for m = s
(a fixed positive integer) that is

S

1 I‘k(c)

[zi o Fy i(a,b;c + k; z)} = 2k % oF) p(a,byc — (s — 1)k; 2) (18)

dz* k5 T(c — sk) '
Now differentiating of equation (18) again with respect to z, we get
d5+1 c 1 Fk(c)
L[ty Fipabiet k2| = — =Y
dzstl [Zkz Le(a,bie+ ki z) ks Tk (c — sk)
y Z sk Dk (b + nk)Ti(c — (s — 1K) (¢ + (n — s)k) zktn=s71 (19)
Ii(c— (s — 1)k + nk)T'k(b) k n!
On solving equatlon (19) by using equation (3), we get
sl .
W |:ZE 2F17k((l, b, c+ k‘, Z):|

o

_ ! Ti(c) (s (@)n 1Dk (b + nk)Tx(c — sk) 2"
1)k) (Z Y m)

k6D Tg(e— (s + — Tilc—sk+nk)k(b)
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1 'k(c)

© EStITi(c— (s + 1)k)
As the eqn (16) is true for m = s + 1, so by mathematical induction the theorem is true
for every m € N. O

Theorem 2.4. Ifa,b,c,e C; R(a) > 0,R(b) > 0,R(c) >0,k >0,| (2) |< 1, then

/OOO exp (;kl (f)k oy ((a, k), (b, k); (¢, 2k); z%)) 27 Ldz

_[m Ti(e) e (c+E) 4
—\/;Pk((c_gk))” oI i, <a>b7 9 st ). (20)

Proof. Using the eqn (7), in the left hand side of equation (20), we have
00 -1 2\ k r > n Tu(b+k 2kn+c—1
[ e ( ) £(6) 5 (@nalilb + k) P
0 ak Ip(b) < Ti(c+ 2kn) n!
interchanging order of summation and integration, putting z? = A% tu in (21) and simplify,
we get
(c io: a)mkl“k (b+kn) 1 1
b Ik(c+2kn) n!

0
2kn+c—1 _
ea:p( ;O) \/tu> 2%_1t%u71du,

(2’%7(8“) 21 k(a, b; c — sk; Z)) :

after simplification, we get

Fk(C) i (a)n k Fk(b + kn) 1 ct+2kn 4 c+2kn> <C + 2kn>
- : ) : (22)
( 5 n! 2

Tr(b) Ty(c + 2kn)

using k-Gamma property given in eqn. (5) by substituting x = (#), we obtain

c+2kn
Ly (7( 2 )> 1 1 (23)
Tp(c+2kn) | V& o2 p p (et 2hntk)

Using eqn. (22) in eqn. (23), we get

- Fk(C) i <a)n,krk(b - kn)Q(CJr’zkn)_lt(CJrikn)_l E (C+2]I;n) ;f k
Ty (b) n! ko2 (et 2knih)

0

T o [ Th(c) = (@)n Tk (b+kn) ;. 1
i (R S ) ()

o e Fk(C) c . (C+l€) k
= \/;Fk((c—gk)) t2 2F1,k (aaba B st

which is desired result. O

Theorem 2.5. If a,b,c, A € C; R(2b) > R(A) > R(b) > R(k) > 0,R(c) > R(b) > 0,k >
0,R(a) > 0,| z|< 1, then

Iy (c)
Fk()\ —b+ k:)l“k(Qb — )\)Fk(c — b)

21 k(a,b;c;2) =
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1 -
X / U o k(a,b;2b — \; zz) o F (k:, (k—c+0b);(A—b+k); %) dx. (24)
0
Proof. The integral representation of k-Gauss hypergeometric function [6], is defined as
Fk(C) ! b_q @,1 —a
F b;c; z) = 1— 1—k dzx. 25
2 1,k(a7 y Gy Z) ka(b)Fk(C— b)\/[) Tk ( l') k ( fI?Z) kdx ( )

Now express x%_l(l — kxz)F as in following form

9 b
b —a (a)n,kz ank—i-n 1
or 1 = kaz)® = Z . (26)
n=0
and using the derivative formula
d" m! _ I(m+1) _
dzn” (m —n)! F(m—n—l—l)x (27)
by replacing n by (b;)‘) and m by W in above expression, we have
b-a (2b—\+nk)
d _ $(2b—>\-;nk—k) _ F% by
dr * Fi(bJrknk)
Since
I ((2b=Atnk)
k) 1 Tw(2b—A+nk)
T ((bJrknk)) o ki(bzk) Fk(b + nk‘)
Therefore,
b—A
dF (2b—Afnk—k) 1 Tk(2b—AX+nk) b,
ﬂ<$ * ): =) T e L (28)
dx % k% Lk (b +nk)

putting the value of 2871 from eqn. (27) in eqn. (26), we obtain

=) b—X
b_q —a d % (@) 2"k * Dp(b+nk) @v-rtnk—k)
1-— c = 2 —
ve= (1 - kz2) Py T;) A Te@b— A +nk)  ©

(5-2)
B I'(b) d & b—A  2b—A—k ‘ .
T TR(b— A) g B (% "5 aRa b - xza) @9

Finally, substituting the value of x%_l(l — kxz)® from eqn. (28), in the eqn. (25), we
get

1N
o F1 i (a,bsc;2) = ()

(b=X)

1 c=b ' (b) d % b=A  2b—A—k
1—z) % ! kv Fi(a,b;2b — \;
X/o( N oTSS Y ("5 Re b xz) (@0

Fractional integration by parts [2], which is as follows: If 0 < a < 1 then

b b
/ (Dgyaqr) (t)ga(t)dt = / a1(t) (Dyg2) (A)dt + q1(b) (I %q2) (b) — (I %q1) g2(a) (31)



1486 TWMS J. APP. AND ENG. MATH. V.12, N.4, 2022

where ¢; and g2 possessing fractional Riemann-Liouville derivative. Using eqn. (30) in
eqn. (29), we get

BTk
- Trlec—b)TR(20 — \)
L b d% (c=b) 4
></0 x & 9oFy(a,b;20 — \; zx) F(l —x) * dx (32)
Tk
KT Th(e)

RS b:2b — \
_Fk(c—b)Fk(Qb—)\)/O v 2Pk (a, 2)

(diiu b)), x”)dx

dz' v = k n!

X

b=\
k% Ty(c) /1 @A)
= F 2
Thlc— b Th(20— N Jy x o F'y i (@, b;2b — A; zx)

00 _ (e=b)
% z;) <1 n!k >" (n_%)'x@_w) e
n= L .

Using the gamma property given by eqn. (2) and pochhammer symbol property eqn. (3)
in the above expression, we have

b—A
kv Ti(c) /1 (b-2)
- Fig(a,b:2b — X;

Tolc—b)Th2—N) Jy & © 2 1,k (@, b; ; 2)

0 F(W> X

=T <(nk—(bk—k)+k)) T ((k—(]:—b)))

Again using k-Gamma function second part of above expression , we have

X

z"dx (33)

_ (k—]:+b) _ (nk—(bk—)\)+k)71
~ (Tg(b—c)+nk+k) k 1k (34)
o pleetnkihb) Cr(k —c+b)Te((A—b) + nk + k)
Finally, using eqn.(33) in eqn.(32), we obtain
I'x(c) /1 (b-k)
= x & oF1(a,b;2b— X zx
G NTE D 2 )
E—c+b)nk 1 'n+1) ,
XZ Db+ R)a e b4 R L
T'x(c) /1 (k)
= & oF1(a,b;2b— X zx
<2b—A>Fk< =) Jo 2 )
kE—c+b)nk 1 Tr(nk+ k) rz\n
X -] d
Z (A=b+k)pk De(A = b+ k) (n!)(Ti(k)) (k‘> )
Iy (c)

T TR(2b— N Th(c— b)Th(A— b+ k)

1 -
></ 2 2Bk (@, 020 — Ny zw) oF g (K, (K —c+D); (A —b+k) — Asa/k)da
0
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Which is required result. ]
Theorem 2.6. Ifa,b,c € C; R(c) > R(b) > 0,R(a) >0,k >0,| 2z [< 1, then

oFy k(a,b;c;2) = A./ m%_l(l — x)_TC oF1 <a,c; c; z < x >> dx (35)
’ 0 ’ .ZU—|—1

Ty (c)

where A = 415 O C=IR

Proof. Taking right hand side of eqn. (35) and substituting ﬁ = u, then dr = ﬁ,

we have
- (eb) g
= A/ uk” (1 —w) ® " 2F i (a,cc2u) du
0
1 > n
(c=b)
= A/ u%_l(l —u) & ! Z(a)n k (zu) du (36)
0 ’ n!
n=0
Changing the order of integration and summation in the eqn. (35) and applying the k-beta
property and substituting the value of A, we obtain the required result. ]

Theorem 2.7. If a,b,c € C; R(c) > 0,R(b) > 0,R(a) >0,k >0,| z |< 1, then
1

1T —a z o
Lt [3 2 F i, (a,c; b; ;)} =t 1@ 1F1 g (¢ b; 2t) (37)

Proof. The definition of k-Gauss hypergeometric function by eqn. (7) in the left hand side
of eqn. (36), we have

L1 [s*a 2F1 (a, ¢ b; z)] — ?}:Eg ni; (a);:(l;kic;;)kn) (';)'n L' (Sain)

Applying the Inverse Laplace transform with further simplification, we get the right hand
side of eqn. (2.29). O

3. SPECIAL CASES

If we take k& — 1 in the k-Gauss hypergeometric function defined in equation (7), the
function convert into the classical Gauss hypergeometric function. So the above results
are also true for the classical Gauss hypergeometric function. If a,b,¢,¢ € C; R(a) >
0,R(b) > 0,R(c) > 0,R(¢) >0,k >0,|nz|< 1, then

z

Ir(c+9) / (c~1)(. _ p\(é—1 - _ (o)1 . :
WEIE) (@0 te (2 — )Y s Fy (a, b; e;mt)dt = 2 o1 (a, b; e + @5 nz).
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