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INTERVAL-VALUED INTUITIONISTIC FUZZY SOFT GRAPH

A. A. TALEBI', H. RASHMANLOU'*, S. H. SADATT, §

ABSTRACT. One of the theories designed to deal with uncertainty is the soft set the-
ory. These collections were used due to a lack of membership functions in the fields
of decision-making, systems analysis, classification, data mining, medical diagnosis, etc.
Fuzzy graphs based on soft sets were developed alongside fuzzy graphs. Studying these
graphs, examining the properties and operators on it, give special flexibility in dealing
with indeterminate problems. In particular, most of the issues around us are mixed
and operations are conveniently used in many combinatorial applications. Therefore,
the study of operations have a significant effect on solving problems based on decision-
making, medical, etc. In this paper, we introduce the notion of interval-valued intuition-
istic fuzzy soft graphs, by combine concepts of interval-valued intuitionistic fuzzy graphs
and fuzzy soft graphs. We also present several different types of operations including
cartesian product, strong product and composition on interval-valued intuitionistic fuzzy
soft graphs and investigate some properties of them.

Keywords: Interval valued intuitionistic fuzzy graph, Fuzzy soft set, Fuzzy soft graph,
Interval valued intuitionistic fuzzy soft graph.

AMS Subject Classification: 056C99, 05C76.

1. INTRODUCTION

Graphs are one of the mathematical tools that express the connection between different
subjects in a tangible way. Examining different topics is not always accompanied by cer-
tainty. This problem was partially solved by the introduction of fuzzy sets (FS) by Zadeh
[49]. Rosenfeld’s definition of fuzzy graphs provided a unique opportunity for researchers
to enter the world of indeterminate subjects [35]. The researchers studied different types
of fuzzy graphs. Talebi [42] had a study on Kayley fuzzy graph. Al-Masarwah and Ah-
mad [10, 11, 12, 13] studied BCK/BCI- algebras. Borzooei et al. [17, 18, 19, 20, 21, 33]
had many studies on vague graphs. Atanassov [14] introduced the concept of intuition-
istic fuzzy set (IFS) as a generalization of FS. Since the first public statement of this
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notion was made in 1983, IFS has become a popular topic of investigation in the FS
community [22]. Later, Turksen [46] introduced the concept of IVFS and Atanassov and
Gargov [15] introduced the concept of IVIFS, which is a generalization of the IFS. The
fundamental characteristic of the IVFS and IVIFS is that the values of its membership
and non-membership function are intervals rather than exact values. Mishra and Pal [29]
introduced the product of IVIFGs. Akram and Davvaz [3] introduced strong intuition-
istic fuzzy graphs (SIFG) and later, Mohamed Ismail and Mohamed Ali [24] studied the
strong interval-valued intuitionistic fuzzy graphs. Real-world problems are embedded with
uncertainties.

Molodtsov [30] initiated the theory of soft sets which proposes to handle uncertainty
more effectively because of the adequacy of the tool of parameterization. Sun et al. [40)]
examined soft models. Fuzzy soft groups introduced by Aygunoglu [16]. Although the
soft set theory is a method of dealing with uncertainties, it has been used in a variety of
contexts due to the lack of membership adjustment problems. Maji [26, 27, 28] elaborated
on the theory of soft sets, fuzzy soft sets, and intuitionistic fuzzy soft sets and highlighted
some of their applications. Some concepts and types of fuzzy soft graph were analyzed
by Al-Masarwah and Abu Qamar [8, 9]. Feng et al. [23] had a study on soft semi rings.
It was later pointed out that classical soft sets are not appropriate to deal with imprecise
and fuzzy parameters, on the basis of this assertion, interval-valued fuzzy soft sets and
interval valued intuitionistic fuzzy soft sets were proposed by Yang et al. [47, 48] and
Jiang et al. [25], respectively. Thumbakara and George [45] discussed the concept of soft
graphs in the specific way. Akram and Nawaz [5] have induced the concepts of soft graphs
and vertex-induced soft graphs in a broad spectrum. Measurement theory, game theory,
and areas such as decision-making, medical diagnosis, forecasting, and data analysis are
some of the applications of this theory. Akram and Shahzadi [7, 38, 39] had studies on
intuitionistic fuzzy soft graphs. Abu Qamar and Hassan [1, 2] studied Q-neutrosophic soft
set. Sarala and Deepa [36, 37] introduced regular and strong interval-valued intuitionistic
fuzzy soft graph.

Moderson and Nair [31] introduced the concept of operations on fuzzy graphs, later this
concept was extended by Sunitha and Vijayakumar [41]. Dudek [4] generalized some oper-
ations to interval-valued fuzzy graphs. Parvathi et al. defined operations on intuitionistic
fuzzy graphs in [32]. Talebi et al. [43, 44] introduced operations on level graphs of bipolar
fuzzy graphs and interval-valued intuitionistic fuzzy competition graphs. Product vague
graphs was investigated by Rashmanlou [34].

In this paper, we introduce the notions of an interval-valued intuitionistic fuzzy soft
graph with some related examples. We also present several different types of operations
including cartesian product, strong product, and composition on interval-valued intuition-
istic fuzzy soft graphs and investigate some properties of them.

2. PRELIMINARIES

Throught this section, U = {x1,--- ,zp}, P(U) and A = {ey1,- - , e, } denote the initial
universe, collection of all subsets of U and the set of parameters, respectively.

Definition 2.1. [30] If F is a set-valued mapping on E taking values in P(U), then a
pair (F, A) is called a soft set over U, i.e. F is a mapping given by F : A — P(U).

Definition 2.2. [26] If P(U) be a collection of all fuzzy subsets of U, then (F, A) is called
fuzzy soft set, where F': A — P(U) is a mapping, called fuzzy approzimate function of the
fuzzy soft set (F, A).

Definition 2.3. [5] A fuzzy soft graph G = (G*, F, K, A) is a 4-tuple such that
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G* = (V,E) is a simple graph,
A is a non-empty set of parameters,
(F,A) is a fuzzy soft set over V,
) (K, A) is a fuzzy soft set over E,
F(a),K(a)) is a fuzzy (sub)graph of G* for all a € A.
That is, K(a)(zy) < min{F(a)(z), F(a)(y)} for alla € A and x,y € V. The fuzzy graph
(F(a),K(a)) is denoted by H(a) for convenience.

Definition 2.4. [15] An interval valued intuitionistic fuzzy set A over an universe set U
is defined as the object of the form A = {(z, pa(z),va(z))|z € U}, where ua : U — D[0, 1]
and va : U — DI0,1] are functions such that the condition: Yz € U, 0 < sup pa(z) +
supva(x) <1 is satisfied, where D[0,1] denotes the set of all closed sub intervals of [0, 1].

The calss of all interval valued intuitionistic fuzzy sets on U is denoted by IVIFS(U).

Definition 2.5. [38] An intuitionistic fuzzy soft graph on the set V is given by ordered
4-tuple G = (G*, F, K, A) such that

a. A is non-empty set of parameters.

b. (F,A) is an intuitionistic fuzzy soft set over V.

c. (K, A) is an intuitionistic fuzzy soft set over E.

d. (F(e),K(e)) is an intuitionistic fuzzy graph, for all e € A. That is

i (e)(zy) < min{ppe) (), tre)(y) }
Vic(e)(7y) < max{vp () (v), Vre)(y)}, for all vy € E

such that pig ) (vy) + vi(e)(zy) <1, Ve € A. 2,y € V.

Definition 2.6. [25] A pair (F, A) is called an interval valued intuitionistic fuzzy soft set
(IVIFSS) over U, where F is a mapping given by F : A — IVIFS(U). For any parameter
a € A, F(a) can be written as

F(a) = {{=, i@, 10 @)] . [ @) @] ) 1o €U}

3. INTERVAL-VALUED INTUITIONISTIC FUZZY SOFT GRAPHS (IVIFSG)

Definition 3.1. An interval-valued intuitionistic fuzzy soft graph over the set V is given
by ordered 4-tuple G = (G*, F, K, A) such that

. A is non-empty set of parameters.

(F, A) is an interval-valued intuitionistic fuzzy soft set over V.

(K, A) is an interval-valued intuitionistic fuzzy soft set over E.

(F(e), K(e)) is an interval-valued intuitionistic fuzzy graph for all e € A. That is

QL0 oo

o) < mm{u%(e) 2). ik

(
I/F(e (y)}, for all zy € E.

Throughout this paper, we denote G* = (V,E) a crisp graph, H(e) = (F(e),K(e)) an
interval-valued intuitionistic fuzzy graph and G = (G*,F, K, A) an interval-valued intu-
itionistic fuzzy soft graph.
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Example 3.1. Consider a crisp graph G* = (V, E) such that V = {z,y,z,t} and E =
{zy,yz,xz,xt,yt, zt}. Let A = {e1,ea,e3} be a parameter set and (F, A) be an interval-
valued intuitionistic fuzzy soft set over V with interval-valued intuitionistic fuzzy approz-
imation function F: A — P(V) defined by
F(e1) = {(«,]0.4,0.6],[0.1,0.3]), (y, [0.5,0.6],[0.3,0.4]), (z,[0.2,0.4], [0.1,0.2]),
(t,[0.4,0.5].[0.1,0.2])}
F(e2) = {(x,]0.5,0.6],[0.3,0.4]), (y,[0.6,0.7],[0.1,0.2]), (z,[0.5,0.7], [0.1,0.3]),
(t,[0.4,0.5].[0.3, 0.4])}
F(e3) = {(«,]0.3,0.4],]0.5,0.6]), (y, [0.3,0.5],[0.1,0.2]), (z,[0.2,0.3], [0.5,0.6]),
(t,10.4,0.5].[0.1,0.2])}
Let (K, A) be an interval-valued intuitionistic fuzzy soft set over E with interval-valued
intuitionistic fuzzy approximation function K : A — P(FE) defined by
K(e1) = {(zy,]0.3,0.5],[0.2,0.3]), (yz,[0.2,0.4], [0.3,0.4]), (zt, [0.3,0.5],[0.1,0.3]),
(yt,[0.2,0.4].[0.3,0.4])}
K(es) = {(2y,[0.4,0.5],]0.3,0.4]), (xz, [0.3,0.4], [0.3,0.4]), (xt, [0.3,0.5], [0.2,0.3]),
(2t,[0.3,0.4].[0.4,0.5]) }
K(e3) = {(zy,]0.2,0.3],]0.5,0.6]), (xz,[0.1,0.3], [0.5,0.6]), (xt,[0.2,0.3], [0.4, 0.5]),
(yt,[0.3,0.5].]0.1,0.2]) }
Thus interval-valued intuitionistic fuzzy graphs H(e1) = (F(e1), K(e1)), H(e2) = (F(e2), K(e2))
and H(e3) = (F(es3), K(e3)) of G corresponding to the parameters e1, e2 and es3, respec-
tively as shown in Figure 1.

Definition 3.2. Let G1 = (G*, F1, K1, A) and Gy = (G*, F3, Ko, B) be two interval-valued
intuitionistic fuzzy soft graphs of G*. Then Gy is called interval-valued intuitionistic fuzzy
soft subgraph of Go if

i. ACB

it. Hi(e) = (Fi(e),Ki(e)) is an interval-valued intuitionistic fuzzy soft subgraph of
Hy(e) = (Fa(e), Ka(e)) for all e € A.

Example 3.2. Consider the interval-valued intuitionistic fuzzy soft graph G = (G*, F, K, A)
as taken in Example 3.1. Let B = {e1, ez, e3} be a set of parameters, (F', B) and (K', B)
be two interval-valued intuitionistic fuzzy soft sets over V- and E, respectively, defined by

F'(e1) = {(,[0.1,0.3],[0.2,0.3]), (y,[0.2,0.4], [0.4,0.6]), (z,[0.3,0.4], [0.4, 0.5]),
(t,[0.2,0.3],[0.3,0.4])}

F'(e2) = {(2,[0.4,0.5],]0.2,0.3]), (z,[0.2,0.3], [0.5,0.6]), (¢, [0.3,0.4], [0.1,0.2])}

F'(e3) = {(,[0.2,0.4],0.1,0.2]), (y, [0.4,0.6],0.2,0.3]), (,[0.3,0.5], [0.2, 0.4]),
(t,[0.2,0.5],[0.1,0.3])}

K'(e1) = {(zy,[0.1,0.3],[0.4,0.6]), (y=

K'(e3) = {(22,[0.1,0.2],[0.5,0.6]), (at, [0.2,0.3],[0.2,0.3]),

K'(e3) = {(22,[0.1,0.3],[0.2,0.3]), (yt, [0.1,0.4],[0.2,0.3]) }
It is clearly seen that H'(e1) = (F'(e1), K'(e1)), H'(e2) = (F'(e2), K'(e2)) and H'(e3) =
(F'(e3), K'(e3)) are interval-valued intuitionistic fuzzy graphs corresponding to the param-
eters ey, eo and eg, respectively.

,[0.1,0.3],[0.4, 0.6)), (¢, [0.1,0.2], [0.3, 0.4])}
(t,]0.2,0.3],0.5,0.6])}
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< [0.4,0.6],[0.1,03] = < [0.5,06] [03,04] > <[050.6][03,04] = = [0.6,07],[0.1,02] >
\| x }J
@ = [0.3,0.51,[0.2,0.3] = Y < [0.4,051,[0.3,04] =
A A A
v v %
= [0.3,04],[0.4,05] >
(- OO
< [0.4,0.5],[0.1,0.2] = =<[0.204],[0.1,02] > < [0.4,05][0.3,0.4] > < [05,0.7],[0.1,03] =

H(e, Jcorresponding to the parametere; H(e,)corresponding to the parametere,

< [0.3,04),[05,0.6] = <[0.3,05], [0.1,0.2] >

< [0.2,03],[0.5,0.6] =

< [0.4,05],[0.1,0.2] = < [0.2,0.3],[0.5,0.6] =

H(e;)corresponding to the parametere;

FIGURE 1. Interval-valued intuitionistic fuzzy soft graph G = {H (e1), H(e2), H(e3)}

Also G' = (G*, F',K', B) is an interval-valued intuitionistic fuzzy soft graph as shown
in Figure 2. Hence G’ is an interval-valued intuitionistic fuzzy soft subgraph of G.

Definition 3.3. An interval-valued intuitionistic fuzzy soft graph G = (G*,F, K, A) is
called complete interval-valued intuitionistic fuzzy soft graph if

o) (@y) = min{pie) (), 1o (9} ey (wy) = min{uf o (2), phe) (v)}
V1L<(e) (zy) = maX{V}g(e)(‘T% V}Lv(e) (W)} ’/;Ug(e) (zy) = maX{Vg(e)(ﬂU% vg@ ()}
foralle € A and xy € f.

Example 3.3. Consider a graph G* = (V,E) such that V. = {z,y,2,t} and E =
{zy,yz,xz,xt,yt}. Let A = {e1,ea} be a set of parameters, (F,A) and (K, A) be two
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= [01,0.3],[0.2,03] = < [0.204] [0.406] > <[0.405],[0.203] >

= [0.1,0.3]. [0.4.0.6] =

< [0.203],[0.2,03] >

< lorozllnanal >
< [0.L03Ll0406] =

Q < [0.2031.[05.08 =
[
Y

= [0.2,03],[03,04] = <[03,04],[04,05] > <«[0.3,04],[01,02] > < [0.2,0.3],[0.5,0.6] =

H'(e,) H'(e,)

<[0.2,0.4],[0.1,02] > < [0.4,06],[0.2,0.3] >

< [0.2,05] [0.1,03] > < [0.3,05],[02,04] >

H'(eg)

FIGURE 2. Interval-valued intuitionistic fuzzy soft graph G’

interval-valued intuitionistic fuzzy soft sets over V- and E, respectively, defined by

F(e1) = {(x,]0.2,0.3],]0.4,0.5]), (,[0.1,0.3], [0.5,0.6]), (2, [0.3,0.5],[0.1,0.2]) }

F(es) = {(x,]0.3,0.5],[0.2,0.3]), (y,[0.2,0.4], [0.1,0.2]), (2, [0.3,0.4], [0.2, 0.3]),
(t,[0.4,0.5],[0.2,0.3])}

K(e1) = {{xy,[0.1,0.3],[0.5,0.6]), (yz, [0.1,0.3], [0.5,0.6]), (22, [0.2,0.3],[0.4, 0.5])}

K(es) = {< 2y,[0.2,0.4],0.2,0.3]), (yz,[0.2,0.4],[0.2,0.3]), (22, [0.3,0.4],[0.2,0.3]),
(xt,]0.3,0.5],[0.2,0.3)), (yt,[0.2,0.4],[0.2,0.3])}

It is clearly seen that G is complete IVIFSG of G* as shown in Figure 3.

Definition 3.4. Let G = (G}, F1,K1,A) and G2 = (G5, Fa, Ko, B) be two interval-
valued intuitionistic fuzzy soft graphs of simple graphs G5 = (V1, E1) and G5 = (Va, Ea),
respectively. The cartesian product of G1 and Gy is denoted by G1xGo = (G*, F, K, AXB),
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< [0.2,0.3],[0.4,05] > <[0.1,03],[0506] > <[0305][0203]> < [0.2,04],[0.1,02] >

= [0.1,03],[05,0.6] =

< [0z,04][0.2,03] =

< (0103 [0506] =

<[0.3,05],[0.1,02] > <[0.4,05],[0.2,03] > <[0.3,04],[0.203] >

H(e,) H(e;)
FiGure 3. Complete IVIFSG G

where G* = (Vi x Vo, E1 X Es), and is defined by
i (Mszl(el) X MJLwQ(eg)) (ur, ug) = min{pg, o,y (1), iy ey (U2)}
(M%(el) X M%(@) (ur, ug) = min{pg, ) (1), 17y 0y (u2)}
(Vﬁl(el) X Vz%(ez)) (w1, ug) = max{Vg, (o) (U1), V(o) (u2) }

(Vgl(el) X quz(@)) (w1, uz) = max{vi, (o) (u1)Viy (o, (u2) },
for all (ur,uz) € Vi x Va.

it. (1“#(1(61) X M%{z(ez)) ((wruz)(urv)) = min{pup, o,y (W), (i, (o) (u2v2) }
(s ey X ey ) (nta)(wrv2)) = minf ] (1), 18 o (202) }
(VIL(l(el) X VIL(2(62)> ((wrug)(urv)) = max{vg, .,y (w1), Vi (o, (u202) }

(V%l(el) X V%2(62)> ((uruz)(u1v2)) = max{vi, o,y (1), Vi, o (u202)},

for all u; € V1 and usvy € Es.

4. (qu(el) x Mf@(ez)) ((wrug)(vius)) = min g, o) (W101), 15y (o) (u2)}
(s o) uffg(e?)) ((wruz) (vruz)) = min{pl, ., (wror), 1) (u2)}

(Vflél(el) X Vi (o) ) ((wruz)(viug)) = max{vi, .,y (W1v1), V5, (o) (u2)}

(

(o) X Wty ) (mrta) (or2)) = masc{v, ) (uron), vy o (12)}
for all us € Vo and ujvy € Ej.
for alle; € A and es € B.
Example 3.4. Let G} = (V1, E1) and G5 = (Va, Eg) be two graph such that
Vi={z1,y1,21, 01}, Bv={zyp, st}
Vo ={z2,y2, 22,12}, Ea = {w2y2, 2ot}
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Let A = {e1} be a set of parameters, and let (F1,A) and (K1, A) be two IVIFSS over Vi
and E-, respectively, defined by

Fi(e1) = {(x1,[0.4,0.5],[0.1,0.2]), (y1, [0.6,0.7],[0.2,0.3]), (21, [0.3,0.4], [0.2,0.4]),
(t1,[0.5,0.6], [01,0.3])
Kl(el) = {<:):1y1, [0.3, 0.4], [0.1, 0.2]>, <Z1t1, [0.2, 0.3], [0.1, 0.4]>}

Now B = {ea} be a set of parameters, and let (Fa, B) and (K2, B) be two IVIFSS over Vs
and Fs, respectively, defined by

Fy(es) = {{x2,[0.2,0.3],[0.2,0.3]), (42, [0.3,0.4],[0.2,0.3]), (22, [0.5, 0.6], [0.1, 0.2]),
(t2,[0.4,0.5],[02,0.3])
Kz(eg) = {<x2y2, [0.1, 0.2], [0.2, 03]>, <22t2, [0.4, 0.5], [0.1, 03]>}

Clearly, H(e1) = (Fi(e1),Ki(e1)) and H(e2) = (Fa(e2), Ka(e2)) are IVIFGs. Hence,
G1 = (G}, F1,K1,A) and G2 = (G3, F5, Ko, A) are IVIFSGs of G and G5, respectively,

as shown in Figure 4.

< [0.405], [0.1,0.2] > <[0607],[0203] > <[0203][0203]> <[0.3,04],[0203] >
Y2
@ < [0.3,0.4],[0.1,0.2] = n < [0.1,02].[0.2,03] >
< [0.5,0.6],[0.1,03] = <[0.3,04],[0204] > <[0.405],[0.203] > < [0.5,0.6],[0.1,0.2] :
( t? : { i: :l
< [0.2,03].[0.1.04] = e < [0.4,05].[0.1,0.3] =
H(e,) H(es)

FIGURE 4. IVIFSGs G and Gy

The cartesian product of G1 and Gy is as shown in Figure 5.

Theorem 3.1. If G1 and G2 are two interval-valued intuitionistic fuzzy soft graphs, then

So is G1 X GQ.

Proof. Let G1 = (G7, F1, K1, A) and Gy = (G35, Fa, Ko, B) be two interval-valued intuition-
istic fuzzy soft graphs of simple graphs G = (V1, E1) and G5 = (Va, E2) , respectively.
From definition 3.4, for all e; € A and ey € B, there is three cases.
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<[0.2,03][0.2,03] = < [03,04],[0203] = =< [0.4,05],[0.1,02] = < [0.405],[0.2,03] =

< [0.1,02],[0.2,03] > < [04.05].[0.103] >

< [0.304],[02,03] >
=< [0z04]0.0,02] =

<ln203ll0.203] =
<[0304][0.203] =

< [0.1,02],[0.2.03] = < [0:4051,[02,03] >

= [0203],[0.2,03] > <[0.3,04],[0203] > < [0506][0.203] > <[0405],[0203] =

< [02,03],[0.2,04] = <[0304],[0204] > <[0304][0203]> <[03,04],[02,04] >

< [0.1,0.2],[0.2,04] = < [0.3.04],[0.2,04] =

<lnz03ll0z04l >
< [nznallozna =
<[0.203)[0.1,04] >

< [0.203][0.204] =

< [0.4,0.2],[02,03] = < [0.4.05].[0.1,03] >

<[0.2,03] [0.203] = <[0304][0203]1> <[0506],[0103]> <[04,05][0.2,03] >

FIGURE 5. Cartesian product of G; and Go

Case (i) If uy € V1 and ug € Vi, then
(val(el) X Merg(ez)) (w1, ug) = min{pg, o,y (1), iy ey (U2)}
< min { (Mlel(el) X MJLrZ(eQ)> (u1), (val(el) x Mﬁ(ez)) (uz)}
(M%(el) X u%m)) (u1,u2) = min{ﬂ%(el)(’ul%Mz%(@)(uz)}
< min { (M%(el) X M%(@)) (u1), (:ugl(q) x M%(@) (Uz)}
(V}L7'1(el) X Vﬁ(eg)) (w1, u) = max{vg, (o) (U1), Vi (o) (u2) }
S max{(uﬁl(el) X Vz%(eg)) (u1), (Vé'l(el) X Vﬁ%@)) (UZ)}
(Vgl(el) X ng(ez)) (w1, ug) = max{vg, o) (u1), Vizy (o) (u2)}

U U U U
S max{(”pl(el) x VF2(62)> (u1), (VFl(el) x VF2(52)) (U2)}
Case (i1) If u; € V1 and ugvy € Es, then

(qu(el) X Mfg(eg)) ((wrug), (u1v2)) = min{ug, o) (U1), L5y ey (U202) }
{'l'll%l(el)(ul)7min {M§2(€2)(u2),#%‘2(62)(02) }
= min {min { ik o) (00), iy oy (2) o min { s ) (), 18 oy (02)

MFl(el) X /lL%Z(eQ)) (U]_,’LLQ), (’Ulgl(el) X M§2(32)> (’LL]_,’UQ)}
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Similarly, (,u[U{l(el) X ,LLIUQ(EZ)) ((uqug), (u1v2)) <
min{(p%(el) X Mg2(62)> (u1,u2), <M%(el) X Hg2(62)> (uhUZ)} )
(VIL(l(el) X VILQ(@Q)) ((urug), (wrv2)) = maX{Vz%(el)(Ul)vVII%2(82)(U2U2)}
< max {Vﬁl(el) (u1), max {Vz%(ez,) (u2), V}]?Q(GQ) (v2) }}
_ L L L L
= max {max {VFl(el)(ul)v I/F2(62)(U2)} , max {I/Fl(el)(ul), VF2(62)(112)}}
= max{(uﬁl(el) X V£2(62)> (u1,u2), (1/}[51(61) X VI%(QQ)) (ul,vg)}
Similarly, we can show that,

(Vlcél(el) x VIU(Q(eQ)) ((uru2), (u1v2)) <

max{(ugl(el) X Vg2(62)) (u1,u2), (I/gl(el) X 1/%2(82)) (ul,vg)}.

Case (iii) If uy € Vo and ujv; € Ey, than

(MKl(el x M%(Q( )) ((urug), (viug)) = min{#?ﬁ(el)(ulvl),M§2(62)(U2)}

< min { min

)

{ { HEy (e1) MFQ(@)(UI)} vHJng(eQ)(W)}

in {mln {M ,LLFQ(GQ)(@@)} ,min {M%rl(el)(vl)a M%‘z(ez)(uz)}}
{

min (M Fi(er) X MF2(32)> (u1, uz), (MLwl(el) X /Mva(eQ)) (U17U2)}

E

Similarly,
(M%l(el) X M?@(eg)) ((w1uz), (viug)) <

min { <Mg1(el) x M}U72(62)> (u1,uz), (u%(el) x M}U72(62)> (Ul,UQ)}

(VILQ(el) X Vflég(ez)) ((wrug), (v1u2)) = max{vg, o) (u101), Vi, (o) (u2)}
< max {maX {Vgl(el)(u1)7 Vl%(eZ)(Ul)} : Vﬁz(@)(uz)}
= max {max {Vﬁl(el) (1), VEy(ey) (uz)} , max {Vﬁl(el) (V1), VEy ey (12) }}
= max{(yﬁl(el) X VIEQ(eQ)) (uy,us), (Vﬁl(el) X Vf%(ez)) (vl,u2)}
in like manner,
(VB o) X Vi ) (urz), (v11s)) <
max{(ygl(el) X y}%(@)) (u1,u9), (l/gl(el) X 1/%2(62)) (vl,ug)}
O

Definition 3.5. Let Gi = (G7,F1,K1,A) and G2 = (G5, F», Ko, B) be two interval-
valued intuitionistic fuzzy soft graphs of simple graphs G7 = (Vi, E1) and G5 = (Va, E3)
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respectively. The strong product of G1 and Go is defined by G1 @ Go = (G*, F, K, A X B)
and is defined by

i (Mﬁ(el) ® Herg(ez)) (u1,u2) = min {Merl(el)(U ) MLFQ(eQ)(Uz)}
(M%(el) ® #gz(@)) (u1, u2) = min {M%(el)( s WPy (es) }
(Vﬁl(el) ® 1/1%(62)) (u1,u2) = max {Vlgl(q)(ul I/F2 (e) }
(ugl(el) ® 1/%(62)) (u1,us) = max {ugl(el)(ul I/F2 (e2) }
for all (ui,ug) € Vi x Va.

i - <Mf<1(el) ®Mf<2(82)> ((u1u2)(u1v2)) = min {Mpl(el)(uﬂ M%(Q(eg)(wm)}
U

{ )
L L
<VK1 () ®V Kz 62> uug)(uiva)) = max{VFl(el)(ul),I/KQ(eQ)(uQvg)}
<VK1 (1) ®V K2 62> ((urug)(uive)) = max{l/Fl(el)(ul),1/%2(62)(112112)}

for all uy € V1 and usve € Es.

@i - (//’%{1(61) ® #f@(@)) ((uruz)(viug)) = {iuKl(el)(ulvl) MLPQ(eQ)(Uz)}

U
K1

{u
(v
(4

<MIU(1(61) ® MIU(2(€2)> ((U1U2)<’U1UQ)) = o (U1U1 7///}(2(62)(11,2)}
<VII€1(€1) ® VIL(2(62)) ((U1U2)(01U2))
(V%l(el) ® V%2(€2)> ((uquz)(viug)) =

for all ug € Vo and uiv1 € Eq

min (e1) )
= Max | Vg, () (W101), VJ%(@)(W)}
max e 1)(u1v1),Vg2(62)(“2)}

(CE ('“%(1(61) ® M%(Q(QQ)) ((u1uz)(v1ve)) = min {M[Lq(el)(ulvl)vN%(Q(eQ)(Uﬂ&)}
(NKl(el) ®,UK2(62)) uiug)(v1v2)) = min {NKl (e1) (Ulvl) N}Q 52)(U2U2)}
(I/Kl(el) ®VK2(62 ) (ugug)(vive)) = max{VK1 (e1) (ulvl) I/K2 62)(u2v2)}

(

(VK1(61)®VK2(62)) uiug)(viva)) = max{uKl(el uivy), Z/K2 62)(u2v2)}

for all uyvy € By and ugvy € Fo
for alle; € A and es € B.

Example 3.5. Consider G, = (G7, F1,K1,A) and Gy = (G5, Fy, K2, B) as taken in
Ezxample 3.4. The strong product of G1 and G2 is as shown in Figure 6.

Theorem 3.2. If G and G2 are two intervaal-valued intuitionistic fuzzy soft gaphs, then
s0 is G1 ® Ga.

Proof. By using Definition 3.5, it can be shown in a similar way to proof of Theorem
3.1. ]

Definition 3.6. Let Gi = (G, F1, K1, A) and Gy = (G35, F3, Ko, B) be two IVIFSGs of
simple graphs G7 = (V1, E1) and G5 = (Va, E2) , respectively. The composition of G1 and
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=[0.2,03],[0.2,03] = <[0.304][0.203] > <I[0405][0102] = <[0.4,05],[02,03] =

X123 e
<l04051001081 > \_

A A o A
W ™ - =
= ] 3 3
= 2 = =
= ] =z z
o = o o
= = 2 e
v v v 4
< [01.02],[0.2.03] > \ < [0.4.05],10.2,03] =
¥ Y1z Yits
X
= [0.2,0.3],[0.2,0.3] = <[03,04],[0203] > <[050.6][0203] = < [04,05], [0.2,03] =
<[0.2,0.3] [0.2,04] > <[0.3,04],[0204] > <[0304][0203]> <[03,04] [0204] >
2o zity
= [0.3.04].[0.204] = \/
A A i R
= = i =
= b = 3
5 o 2 o
= = = 2
5 ™ o =
= = = =
v v v v
< [0.1.0.21.[0.2.03] = \ = [0.4,05].[01.0.3] =
bz, tt
< [0.2,03], [0.2,03] = <[0.3,04][0203] > <[0.5,086][0.103] = < [04,05],[0.2,03] >

FIGURE 6. Strong product GG; and Gs

Gs is defined by G o Gy and is defined by

for all (uy,ug) € Vi x Va.

i - (qu(el) o Mf@(@)) ((u1u2)(u1v2)) = min {lu’%?l(el)(ul)7M%(Q(eg)(UQUQ)}
(MIUﬁ(el HK2 62)) ((uqug)(uive)) = min{,uF1 (e1) (ul) ,uK2 (e2) (uzvg)}

(y[L(l(el) I/K2 (e) ) uug)(uiva)) = max{yF1 (e1) (ul) I/K2 (e) (ugvg)}
( ) ( 1

((ugug)(uive)) = max{ypl (e1) u1), I/K2 (e) (uzvg)}
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for all uy € V1 and usvs € Es.
i - (M%(l(el) ° PJ%{Q(EZ)) ((uruz)(viug)) = min {H%{l(el)(ulvl)v M}LrQ(EQ)(U2)}
(M Tr(er) © P 62)) ((u1uz)(viuz)) = min {M;Uq@l)(mvﬂ,M?{Q(@)(w)}
(Vo) © Vhis(eny ) ((tr2) (wruz)) = max { v oy (100 v o (u2) }
(v

V(o) © Viateny) () (vruz)) = max {f] ) (urvn), v g (02) }

for all ug € Vo and uivi € By

i - (Mﬁl(el)ou%(egﬂ ((uuz)(v1v2)) = min {Mﬂ( (wvr), Mfﬁ(ez)(ww)}
(NKl (e1) © MKQ e2)> ((urug)(viv2)) { 1U< (e1) y(u1v1) M;U(2(62)(U202)}
(I/Kl (e1) oyK2 62)> uiug)(v1v2)) { IL< u1v1 VIL(2(€2)(u2v2)}
(VK1 (e1) OVK2 62)) ((uruz2)(viv2)) { IU( (e1) u1v1 l/%2(62)(u2v2)}

for all uivy € E1 and usvg € Fo
v (Mf{l(el) ° M%@(@) ((u1u2)(v1ve)) = min {N%l(el)(u2)7:U’%'Z(eg)(UZ)vN%{l(el)(ulvl)}
(b er) © Hlfaen) ) (Curz) (v102)) = min {1 ) (02), 18 g (02), 18y ey (2101 }
(Vﬁl(el) o VIL@(@)) ((urug)(vive)) = max {Vlgl(el)(UQ)? VEy (09 (V2); Vﬁl(el)(ulvl)}

(V%l(el) © V%Q(@)) ((uru2)(vive)) = max {ugl(el)(z@), V%(ez)(v% V}%(el)(ulvl)}

for all uyvy € E1 and ugvy € Fo such that ug # vo
for alle; € A and es € B.

Example 3.6. Consider G, = (G%,F1,K1,A) and Gy = (G5, Fa, Ko, B) as taken in
Ezample 3.4. The composition of G1 and G is as shown in Figure 7.

Theorem 3.3. If G1 and G2 are two interval-valued intuitionistic fuzzy soft graphs, then
so is G1 o Gs.

Proof. By using Definition 3.6, it can shown in a similar way to proof of Theorem 3.1. [

4. CONCLUSION

Soft set theory has been regarded as an effective mathematical tool to deal with uncer-
tainty. However, it is difficult to be used to represent the fuzziness of problem parameters.
In order to handle these types of problem parameters, some fuzzy extensions of soft set
theory are presented, yielding fuzzy soft set theory. We applied the concept of interval-
valued intuitionistic fuzzy soft sets to graph structures and describe the method of their
construction. We also defined Cartesian product, strong product, and composition on
interval-valued intuitionistic fuzzy soft graphs and give some of their properties. Subse-
quent research of such operators could focus on concepts such as lexicographic product,
cross product, union, join, and self-complementary.
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FIGURE 7. Composition of G1 and Go
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