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UNIFORM STABILIZATION OF THE PETROVSKY-WAVE
NONLINEAR COUPLED SYSTEM WITH STRONG DAMPING

AKRAM BEN AISSA!, §

ABSTRACT. This paper concerns the well-posedness and uniform stabilization of the
Petrovsky-Wave Nonlinear coupled system with strong damping. Existence of global
weak solutions for this problem is established by using the Galerkin method. Meanwhile,
under a clever use of the multiplier method, we estimate the total energy decay rate.

Keywords: Coupled systems, strong damping, Well-posedness, Faedo-Galerkin method.

AMS Subject Classification: 35D30, 93D15, 74J30.

For simplicity reasons, we omit the space variable x of u(x,t),u;(x,t) and we denote
uw(z,t) = u,ur(z,t) = v and uy(z,t) = v”. In addition, when no confusion arises, the
functions considered are all real valued.

Our main interest lies in the following system of the coupled Petrovsky-wave system of

the type

uf + A%uy — a(x)Aug — g1 (Au)) =0, xeNt>0
uhy — Aug — a(x)Auy — go2(Aub) =0 reQt>0 )
Auy = up = ug =0, rel,t>0
ui(2,0) = ud(z), ui(x,0)=u;(z), xeQ, i=12.

Here 2 is a bounded domain of R™ with regular boundary T.

When a(z) = 0, the Petrovsky equation was treated by Komornik [8], where he used the semigroup
approach for setting the well-possedness, then he studied the strong stability of such system by
introducing a multiplier method combined with a nonlinear integral inequalities. Recently, Bahlil
et al. [6], studied the system

uf + a(x)ug + A%uy — g1 (uf(x,t)) = fi(ur,u), in QxR
uf + a(x)uy — Aug — go(uh(z, 1)) = fo(ur,uz), in QxR (2)
Our =ur =v=us =0 on I'x Ry,

for g; (i = 1,2) do not necessarily having a polynomial growth near the origin, by using Faedo-
Galerkin method to prove the existence and uniqueness of solution and established energy decay
results depending on g;. Guesmia [7] consider the problem (2) without source Terms f; and fs.
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He deals with global existence and uniform decay of solutions.

In this paper, we prove the global existence of weak solutions of the problem (1) by using
the Galerkin method (see Lions [12]) we use some technique from [6] to establish an explicit and
general decay result, depending on g;. The proof is based on a powerful tool which is the multiplier
method [13, 9] and makes use of some properties of convex functions, and general Jensen and
Young’s inequalities. These convexity arguments were introduced and developed by Lasiecka and
co-workers ([11],[10]) and exploited later on, with appropriate modifications, by Liu and Zuazua
[14], Alabau-Boussouira [4] and others.

The paper is organized as follows. In section 2 we introduce our functional framework and state
the main results. Section 3 is devoted to prove the existence and uniqueness of a global solution.
In the last section we prove the energy estimates.

1. FUNCTIONAL SETTING AND STATEMENT OF MAIN RESULTS
Let us introduce for brevity the following Hilbert spaces
H=L*Q) x L*(Q)
W = HY(Q) x H)(Q)
H3(Q) = {v e H¥ (@)= Av=0onT}, [l q = /Q IV Av2dz

V = HX(Q) N H*(Q) x H*(Q)
V = (H'(Q) N HA(Q) x (HA(Q) N H ().
Identifying H with its dual, we obtain the diagram
VCVCWCH=H cW cV' cV'.
We impose the following assumptions on a and g;
» The function a : Q — R is nonnegative and bounded such that

a(x) € Whe(Q).

oy < min{ .1}
where ¢/ > 0 (depending only on the geometry of ) is the constant
|Av|| < d||VAY|, Yve HX(Q).
Vol < cl|Av|, Yv e HZ(R).
» g :R — R be non decreasing convex function of class C! such that there exists € (sufficiently
small), ¢;, 7, > 0, (i = 1,2), and G : Ry — R, is convex, increasing and of class C}(Ry) N

C2(]0, +oc) satisfying
G(0) =0 and G is linear on [0, ¢] or

G'(0) =0 and G” > 0 on |0, €] such that
erls| < [gi(s)] < cals] it |s| > e (4)
s?+ g7 (s) < G (sgis)) i |s| <€,
3, 2 >0, 71 < gi(s) <72, VseR.
We are now in a position to state our main results.

Theorem 1.1. Let (u0,ud) € V and (ul,ul) € V arbitrarily. Assume that (3) and (4) hold. Then,
system (1) has a unique weak solution satisfying

(u17 u2) € LOO(R-H V)a (ullru/Q) € LOO(R-H V)

and
(u/llv u/2/) € LOO(RJM W)
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Theorem 1.2. Let (u?,ud) € V and (ul,ul) € V. Assume that (3) and (4) hold. The energy of
the unique solution of system (1), given by (6) decays as

B(t) < o (h(t) + w(E(0))), ¥t =0 (5)

1
where (t) :/t ﬁ(s)ds fort >0, h(t)=0 for0<t< % and
~(t+ 9 (E(0)))

iy Y
h=(t) =t+ et +¢(E(0)))"  ~ »(E(0))

) = t if G is linear on [0, €]
PTG o) if GN0) =0 and G7 > 0 on 10, €],

where w and g are positive constants.

Lemma 1.1. The energy functional associated to the solution of the problem (1) given by the
following formula

1
E(t) = 3 /Q V) |2 + |Vuh |2 + VAU |? 4 |Aus|? do +/Qa(;v)Au1Au2dx7 (6)

18 nonnegative.

Proof. Multiplying the first equation in (1) by —Aw} and the second equation by —Auj, integrating
(by parts) over £, we obtain

1d

2 dt [/ (Vi |* + [Vuy|? + [VAu|* + [Aus |* da + 2/ a(r)Aui Aug dx
tLJ)qg o

N _/ Auygy(Auh) + Aubgs(Aus) da,
Q

Using Holder’s inequality, Sobolev embedding and the condition (3), we get

1 ﬁ/
a(x)Aui Augdr > ——=|la|| () ——= Aug Aus| dx
/Q()1272H||L(Q)\/EQ|12‘

Y

1 1
_§|‘a||L°°(Q)/Qg|AU1|2+C/|Au2|2dx

Y

1 c/2 ) )
—§Ha||Loo(Q)/ —|VAu|? + ¢ |Auy|* dx
Q0 C
c/
> —§||a||Loo(Q)/ |V Au|? + |Auz|? dz
Q
then

1
E(t) = 5/ IV, 2+ [Vug|* + (1 = ¢llall 1< () (VA |* + [Auz ) dz
Q
> 0.

Hence, E is a nonnegative function and its derivative is

E'(t)=— /Q Aul g1 (Au)) + Aubga(Auly) da. (7)

The following result is due to Nakao [15] and will be needed later.
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Lemma 1.2. Let E: Ry — R, be a non-increasing differentiable function, A € Ry and ¢ : Ry —
Ry a convexr and increasing function such that p(0) = 0. Assume that

/m P(E(t))dt < B(s), Vs>0

E'(t) < AE(t)

Then E satisfies the following estimate:

where

E(t) < eToNg—1 (e,\(t—h(t))<p<w_

1
w(t>:/t ﬁ

dt) =9 (" e(s)
/=

Pt + U(E(0)))

1 (h(t) n w(E(O))>>7 vt >0 (8)

ds, Vt>0
if A=0

ds if A>0

K~YD(t)), vt > Tp
0

vt € [0, To)

K(t) = D(t) +

PPt + ¢ (£(0))))

M VE>0

t
D(t):/ eMds Vt>0
0

7, - 0 E(0) ) TO:{O vt > Ty

p(E(0))

To Vi€ [0,Ty

2. PrROOF OF THEOREM 1.1

We will use the Faedo-Galerkin method [12] to prove the existence of a global solutions. Let
T > 0 be fixed and denote by V* the space generated by {w?, w2, ..., wF}, where the set {wF, k € N}
is a basis of V.

We construct approximate solution u¥, k= 1,2,3,

where ¢/* (j=1,2,...

..... in the form

k
ub(e,t) = Y- (bl @)

, k) are determined by the following ordinary differential equations

(@} + A%uf — a(z)Auf — g1 (Adf),w]) = 0 V) € Vv
(5 — Aug — a(x)Auf — g2(Adg), w)) = 0 Vw? € Vv 9)

up(0) = ui®, Wf(0) = i,

T 7

with initial conditions

k
uf (0) = uf® = (uf, wi)wi = uf,
j=1
k . .
ub(0) = ug* =) (u, whw) — u3,
j=1
k

ulf(o) = u%k = Z<u%7w{>w{ - ui

j=1

zeQ, i=12

in H4(Q) N HX(Q) as k — +oo, (10)
in HX(Q) N H?*(Q) as k — +oo, (11)
in HX(Q) N H*(Q) as k — +oo0. (12)
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k
W5(0) = upt = (up, wiw) — ub, in H*(Q) as k — +o0. (13)

j=1
— A% 4 a(2) Audk + g1 (AutF) — —A%U) + a(z)Aud + g1 (Aul), in L3(Q) as k — +oo. (14)

Aud® + a(2) Aud® + go(Audl) — Aud + a(z)Aud + go(Aul), in HY(Q) as k — +oo.  (15)

First, we are going to use some a priori estimates to show that t;, = co. Then, we will show that
the sequence of solutions to (9) converges to a solution of (1) with the claimed smoothness.
Choosing w! = —2Au¥ in (9), we obtain

d
%/ \Vak |2 + Vi |? + |[VAUY ? 4 |Aub|? do + 2a(x) Auk Auk da
Q

+ Q/QAu’fgl(Au’f) dz + 2/QAuggz(Au§) dr =0, e
and choosing wf = A%4F in (9), implies
%/Q |AGF2 + |AGk? + |A%UF |2 + |VAUS)? + 2a(2) VAUV AUl dz
+2 /Q Va(x)AuV AW dx + 2 /Q Va(x)AuyVAUS dx (17)

+2/Q|VAu’f Zgg(Au’f)dxH/Q\VAu’g\Qgg(Au’;)dxzo.
Summing (16) and (17), we obtain
%/Q{mu’f 2 |G + Vb P + [ViE 2 + | A% + [VAGS)] + VAW + |Auk P} de
+2% /Q{a(x)AulfAug+a(x)VAu’fVAu§}dx+2/9Aﬁ’fgl(Au’f)dx+2/QAa’2“gg(AiL§) dx
+2/QV(L(:U)AU’§VAL'L’1“ dx+2/QVa(x)Au’fVAu’§ dx

+2/ |VAu’f|2g’1(Au’f)dx+2/ |VAGE|2gh (Auh) dx = 0.
Q Q

(18)
Using Hélder’s inequality and Sobolev embedding, we have
/
2’/a(z)Au§Aulf dx’ < 2\/2/ la(z)|| Aub||Auk| dx
<lall [ VAt 0P do+ lal [ |aube 0P da
Q Q
and
‘2/ a(z)VAuUYV Aub d:v‘
Q
< 2Ha||/ VAU | VAU | dz (20)
Q

< Ha||/ |VAu’f|2dx+||aH/ VAP da.
Q Q
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By Holder’s inequality, Sobolev embedding and the condition (4), we get

2‘/Va(x)Au§VAiL’fdx’ gz/ Va(z)||Auk||V Ak dz
Ve (Bu
<2/ \Va(z)||Auk|| VA 1gi(r)dx (21)

< [ 1vaikPe i) o+ Zval? [ AP
Similarly, we have
, 1
2‘/ Va(a) M Al de| g/ |VAu§|Qg§(Au§)dx+—||Va|\2/ Ak 2
) ) 1 Q (22)
/
|VAu§|2gg(Au§)da:+C—||Va|\2/ VA d
Q 1 Q
Reporting (19)-(22), into (18) and integrating over (0,t), we find
t t
Fk(t)—l-?/ /Au’f(s)gl(An’f(s))dxdt—i—Q/ /Aag(s)gg(Aug(s))dxdt
0 Jo
t
+/ / VA (s) g1 (A5 (s ))da:dt+/ /|VAu2( )2 gh (A5 (s)) da dt
0 Jo

t
ng(0)+Cl/ F¥(s)dxds, Vte[0,t)
0
where

Fi(t) = /Q Ay (1) + | Ads (8)] + [Vay () + [Vag (8)]* + [A%f (1) do

+ (1= ¢a] — |al) / VA2 d + (1 — ¢ al) / AU (O] da + (1 — [al]) / VAU ()2 d

and C is a positive constant depending only on ||a||, ||Va| and 7.
So that, thanks to the monotonicity condition on the function g; and using Gronwall’s lemma, we

conclude that
k

uj is bounded in *(0,T; H{(Q) N H3(Q)) (23)
ub is bounded in  L*°(0,T; HA(Q) N H%()) (24)
a¥ is bounded in L0, T; H*(Q) N H (Q)) (25)
a5 is bounded in  L*(0,T; H*(Q) N Hy (Q)) (26)
Ak g;(AuF) is bounded in  L'(A), (27)
where A =Q x (0,T).
We assume first t < T and let 0 < £ <T —t. Set
ui (1) = uf (2,1 + ),
UM = ub(a,t +€) — b (a, ),
and
DR = (2t + &) — ub(x,0).
Then, U*¢ solves the differential equation
(UF€ + A2U* — a(2) ADFE — (g1 (AW — g1 (AGK)),wl) =0, Vwl e VF. (28)

and D*¢ solves

(DF€ — ADFE — a() AUF — (go(AiS) — go(Ai)), wh) = 0, Vud € VE. (29)
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Choosing w] = —AU* in (28) and w} = AD* in (29), and using the fact that g; is nondecreasing,
we find

%/ﬂvU’“é(x,t)F + VDM (2,) > + VAU (z,1)[> + |AD* (2, 1)} dz
Q
+ 2%/ a(x)AD™ (z,t) AU (2, t) dx <0 Vt > 0.
Q
Integrating it over [0, ], to get

/ |VUM(t)|? + VD™ (t)|? d + (1 — c’HaH)/ |VAU*(t)|? + |[AD* (t)* dw
Q Q

S02/{|ka5(0)|2+|VD’<E(0)\2+/ VAU (0)2 + |AD*(0)|?} dx
Q Q

and Cs is a positive constant depending only on ||a|| and ¢’
Dividing by &2, and letting ¢ — 0, we find

/Q{IVﬁ]f(lt)l2 +[Vis(0)* + VA () + |Aus(t)*} de
< [ (VAHO)F + VO + VAW + A} do
We estimate || Vii¥ (0)||. Choosing w;; = —Aii¥ and t = 0 in (9), we obtain that
ICHORES /Qvu’f(o)V(—A%?’“ —a(z)Aug® + g1 (Aui®)) da.

and
IVii5 (0)]1> = / Viis (0)V(Aud® — a(z) Auf® + go(Auz*)) da.
Q

Using Cauchy-Schwarz inequality, we have

Ivit )] < ( /Q V(=A% — a(e)ul + gy (Autt))de) .

Nl

and

[N

Ivig o) < ( /Q V(A" — a(@)ul® + ga(Au*))2 dr )
By (14) and (15) yields
(@%(0), 4% (0)) are bounded in W x W (30)
By (12), (13) and (30), we deduce that

/{IVﬂ’f(t)l2 +[Vis(0)* + [VAG () + |Aus ()} de < C5 V>0,
Q

where C3 is a positive constant independent of k € N. Therefore, we conclude that

@¥ is bounded in  L>(0,T; HX(Q)) (31)

u% is bounded in  L>(0,T; H*(Q2)) (32)

ii¥ is bounded in  L(0,T; HY(R)) (33)

i is bounded in  L*(0,T; Hy(Q)). (34)

Applying Dunford-Pettis and Banach-Alaoglu-Bourbaki theorems, we conclude from (23)-(27) and
(31)-(34) that there exists a subsequence {u} of {u¥} such that

(W, uld) — (uq,uz), weak-star in L®(0,T;V), (35)

(i, alt) — (u},uy) weak-star in L>(0,7T5V), (36)

(a7, as') — (uy,ufy) weak-star in L>°(0,T; W), (37)

(a}*, ") — (u},ub), almost everywhere in  x [0, +00) (38)

gi(AW™) — x; weak-star in L?(A). (39)
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As (uf, uf) is bounded in L>(0,T; V) (by (35)) and the injection of V in H is compact, we have

(u", ul") — (u1,us), strong in L2(0,T; H). (40)
On the other hand, using (35), (37) and (40), we have

/ / + AUl (z,t) — (x)Aug(x,t))w dx dt —
(41)
/ / uf (w,t) + A%uy (z,t) — a(m)Am(m,t))w dx dt,
and
T
/ / g (z,t) — Auy'(z,t) — a(x)Au’ln(x,t))w dz dt —
(42)

/ / ul (x,t) — Aug(z,t) — a(m)Aul(m,t))w dx dt,

for all w € L2(0,T; L*(Q
It remains to show the convergence

T T
/ / g:(AW™) wdz dt — / / gi(Aul) wdx dt,
0o Ja 0o Ja

Lemma 2.1. For each T > 0, g;(Au}) € L'(A), [lgi(Au})| 14y < K, where K is a constant
independent of t and g;(Auk) — g;(Aul) in L1(A).

when m — +oo.

Proof. We claim that
g(Au') € L' (A).

Indeed, since g; is continuous, we deduce from (38)

gi(AUF) — gi(Au}) almost everywhere in A. (43)

Aufgi(Auf) — Aulgi(Aul) almost everywhere in A.

Hence, by (27) and Fatou’s Lemma, we have

T

/ / Aul(z,t)g;(Aul(z,t)) dedt < Ky, for T > 0. (44)
Q

Now, we can estimate fOT Jo lgi(Au(x,t))| da dt. By Cauchy-Schwarz inequality, we have

[ [aveonaa<an ([ [ la@eopa)”

Using (4) and (44), we obtain

/ / |\gs (A (z,1))|* da dt </ / Aulg; (Aul) d:rdt+/ / “HAulg;(Aul)) dx dt
[Auf|>e Au/|<e

< c/ /Auggi(Au’i)da:dt+cG*1(/ Aulg;(Auj) d:vdt)
0 Q A

2

T
< c/ / Augi(Au) dz dt + </ G*(1) + c"/ Aubg(Au}) dx dt
0o Ja Q
<cKy+JG*(1), for T >0.
Then
T
/ / lgi(Auj(x,t))|dzd < K, for T > 0.
0 A
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Let E C Q x [0,7T] and set

By = {(w,1) € B+ |g:(Ai]" (,1)) By = E\E,,

1
< —=1
\/|E|}
where |E| is the measure of E. If M(r) = inf{|s|: s € R and |g;(s)| > r}
1

VIEl

1
/|gi(Au§”)|dacdt§c B+ (M=) / AGT g5 (AG™)| da dt.
E E;

By applying (27) we deduce that

sup/ gi(Au") dx dt — 0, when |E| — 0.
E

m

From Vitali’s convergence theorem we deduce that
gi(AW™) — gi(Aul) in L'(A).
This completes the proof.
Then (39) implies that
gi(AW™) — gi(Aul), weak-star in L%([0,T] x Q).

We deduce, for all v € L?([0,T] x L?(2), that

/ /gl A wdxdt—>/ /gl Aul)w dx dt.

Finally we have shown that, for all w € L([0,T] x L*(Q)):

/ / uf (x,t) + A% (z,t) — a(x)Aug(x,t) — gl(Aull(x,t)))wda: dt = 0.

and
/ / ub (z,t) — Aug(x,t) — a(z)Auy (z,t) — gg(Au’Q(J;,t)))wdx dt = 0.
Q

Therefore, (u1,uz) are a solutions for the problem (1).

3. PROOF OF THEOREM 1.2

815

From now on, we denote by ¢ various positive constants which may be different on different
occurrences. Multiplying the first equation of (1) by —%E)Aul, where ¢ : Ry — Ry is convex,

increasing and of class C! on ]0, +oo[ such that (0) = 0. Thus, we obtain

E
[SD(E /ulAul dm}:—i—/ST (('D(EE>)//QAu1u’1 dx dt

T

T
E
o[ 2B /|v 12 dx dt+/ %/OVUHQ—HVAUHQ)dxdt
S Q

Ty ) L o(B)
+/ / a(z)Auy Aug dxdt—i—/ 7/ Auy.g1 (Auy) dx dt
s B Jg s B Jg

T
0= / _p(E) / Auy (u] + A%y — a(z)Auy — g1 (Au))) da dt
Q
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Similarly, we have

T E
0= / _% / AuQ(ug —+ Auz — a(]})AU1 - g2(Au/2)) dx dt
S Q

:_V)(EE)/Qu’zAugdx}Z—l—/sT (gD(EE))//QAuQu'dedt

T E T FE
S E O S E Q

T T
—|—/ @/ a(z) AugAuy dxdt—f—/ @/ Aug.go(Aub) dx dt
s B Jo s B Jo

Taking their sum, we obtain

T T
/ o(E)dt < [MEE)/QullAul + uhAug dx}s

s
T
E)\/
—/ (m) /Aulu’l—i—Auzu’Qda:dt
s E )

. (45)
+2/ L/ IV, |2 + |Vl |? do dt
S E Q

T (B
+/ %/Aul.gl(Aull)+Au2.gg(Au'2)dxdt
s Q

Since F is non-increasing, we find that

[SD(EE)/QullAul + U/QAUQ dx}: < cp(E(S))

’/ST (SO(E»E‘))//QAulu/l + Auguy d dt’ < cp(E(9))

Using these estimates, we conclude from (45) that

T T o(E)
/ go(E)dtSCgo(E(S))+2/ 7/ V2 + |V da d
S S E Q

T o(E (46)
b [ EED Sl g (30| + | Aual oo (S| dr
S Q

Now, we estimate the terms of the right-hand side of (46) in order to apply the results of Lemma
1.2.

As in Komornik [8], we consider the following partition of €2,
O ={reQ:|Au|>¢e}, Q ={zeQ:|Au| <e}
We distinguish two cases:

»Case 1. G is linear on [0, ¢]. By using Sobolev embedding and Young’s inequality, we obtain
T T
E E
/ M/ \Au1|.|g1(Au’1)|dxdt+/ L)/ |Vl |? da dt
s B Jo+ Q+

g E
T o(F T o(E T o(E
Se/ a2 )/ |Au1|2dasdt+0(e)/ M/ |gl(Au’1)|2daxdt+c/ M/ A2
S E Q+ S E O+ S E Q+
T T
gec'/ @/ \VAu1|2dxdt+(C(5)02+£)/ @/ Al g1 (Auy) dx dt
S FE Q C1 S E Q
r " o(E)
<0 [ wE)yd+Cie) / eB) / A, g1 (Awl) da dt,
S S E Q
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Similarly, we have

T T
/ @/ |Aus]. |92(Au2)\dxdt+/ @/ |Vuby|? dz dt
O+

T (48)
<EC/ dt+C'2(€)/ 7/ Auhge(Auly) dx dt.
s B Jo
Summing (47) and (48), and noting that s — @ is non-decreasing, we obtain
T
E
[ [ Sl ()| + Suallga (S| o
s Q+
T
E
+/ ‘p;} ) / V) |? + Vb |? da dt

SsC/T (B)dt+ C'(c) /T PE) ) ar
S

<50/ E)dt + C'(e)p(E(S))

and
T o(E) , :
| E52 [ 1)+ Al o) do e

T o(F
+/ M/ (V) |2 + Vb |2 da dt
S E Q-

<eC /ST Q(E)dt + C'(e) /ST @(w’(t)) dt
<eC /S P(E) dt + C' () (E(S)).

Inserting these two inequalities into (46) and choosing & > 0 small enough, we deduce that

T
/ S(E(1)) dt < cp(E(S))

S

Since, choosing ¢(s) = s, we deduce from (8) that
E(t) < ce !,

» Case 2. G'(0) =0, G” >0 on |0, ¢
Using (4) and the fact that s — “0( ) is non-decreasing, we obtain

T o(E
/ M/ Va2 + [Aur | Jg(Auy)] des dt

T
E
<EC/ dt—|—/ (B) Aulgr(Au)) dx dt

Q+
and

T
p(E
/s (E)/m |Vuh|? + |Aus|.|g(Aub) | dz dt

T T
E
SeC/ o(E) dt—|—/ % Aubgo(Aub) dx dt.
s S ot
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Summing these two inequalities, we have

T o(E
i +|w1|2+|Au1|.|gl<Aua>\dxdt
Q

S E
T
< EC/ E)dt+ Cp(E(9)),

and exploit Jensen’s inequality and the concavity of G~! to obtain

T o(E
/%/ |Auy g1 (Auh)| + [Vl 2 de dt
S Q-

T T E
Sec’/ @ \VAu1|2da:dt+C(e)/ M/(\Augm|gl(Au;)|2)dxdt
S S Q

E
(51)
T p(E)
Ssc’/ /\VAU1|2dxdt+C( )/ 7\Q|G Q|/Au1g1 Aul)dm)d
S
<5C/ E)dt + C( )/T‘p()ma /Aug Au)d:c)dt
s B \m R

Similarly, we have

T o(FE
/ %/ |Aus|.|ga (Aub)| + |Vuby|? da dt
s

§5/ /|Au 1 da dt 4 C(e )/ST('O(E)Q|G1(S1)|/ Aubgs(Aub) da:) dt (52)

T
<

Let G* denote the dual function of the convex function G in the sense of Young (see Arnold [5, p.
64]). Then G* is the Legendre transform of G, which is given by (see Arnold [5, p. 61-62)) i.e.,

G*(s) = sup (st = G(t)).

Then G* is given by
G*(s) = s(G') "X (s) — GL(G)M(s)], Vs =0
and satisfies the following inequality
st < G*(s)+ G(t) Vs, t>0. (53)

Choosing p(s) = sG’(es), we obtain

G* (@> = 3¢’ (es) = esG' (es) — G(es) < ep(s). (54)

s
Making use of (53) and (54), we have

/ |Q|G |Q| / Aulg; (A )) dx dt
(E))cmc/s /QAu;gi(Au;)) da dt (55)

<c / G*(
< E/ST(p(E) dt—&-c/ST/QAuggi(Au;)) dx dt.
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Summing (51) and (52) and using (55), we obtain

T o(E T (E
/ M-/ |Auy|. |91(Au1)|+\Vu1|2dxdt+/ %/ | Aua|.|ga(Aul)| + [Vl |? da dt
o-

<gc/ E)dt + C(e)E(S)
(56)
Then, choosing £ > 0 small enough and substitution of (50) and (56) into (46) gives

T
/S S(E(1)) dt < o(E(S) + p(E(S))

ﬂE@D>
<cll4+"——+7F)FE <cFk VS >
<c1+ S ) E(S) < eB(S), v8 20
Using Lemma 1.2 in the particular case where ¥(s) = wy(s) we deduce from (5) our estimate (46).
The proof of Theorem 1.2 is now complete.

Example 3.1. Let g; be given by g;(s) = sP(—Ins)? where p > 1 and ¢ € R on |0,€¢]. Then
gi(s) = sP7H(—1Ins)? 1 (p(—Ins) — q) which is an increasing function in the right neighborhood of
0 (if ¢ =0 we can take e = 1). The function G is defined in the neighborhood of 0 by

G(s) = cs™™ (—In/5)"

and we have

_ 1
G'(s) = cs%(—ln NO (p—|— (—Iny/s) — %), when s is near 0
Thus )
o(s) = cs"T (—In \/E)qfl(%(fln Vs) — g), when s is near 0
and
w0 =c[ 1 d
=c , s
¢ s (-In ﬁ)qﬂ(ﬁ—;l(—m YORS)
1
/\[ er lnzfg)dz, when t is near 0
2 2
We obtain in the neighborhood of 0
1
_ if g>1
t (—lnt)q
YOV ecmnt ipp=1g<1

c(n(=Int)) ifp=1,q¢=1
and then in the neighborhood of +00

ct_%(lnt)_;fq1 if g>1
PH(t) = ceHfﬁ ifp=1,q<1
ce™® fp=1,q=1
Since h(t) =t as t tends to infinity, we obtain
ct_%(lnt)_pzfq1 if ¢>1
E(t) < ce_tﬁ ifp=1qg<1

et

ce” ifp=1,q=1
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