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MINIMUM GENERATING SETS FOR COMPLETE GRAPHS

SELMA ALTINOK1, GÖKÇEN DILAVER2∗, §

Abstract. Let G be a graph with edges labeled by ideals of a commutative ring R with
identity. Such a graph is called an edge-labeled graph over R. A generalized spline is a
vertex labeling so that the difference between the labels of any two adjacent vertices lies
in the ideal corresponding to the edge. These generalized splines form a module over R.
In this paper, we consider complete graphs whose edges are labeled with proper ideals
of Z/mZ. We compute minimum generating sets of constant flow-up classes for spline
modules on edge-labeled complete graphs over Z/mZ and determine their rank under
some restrictions.
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1. Introduction

The term spline was first used by engineers to model complicated objects like ships or
cars. Mathematicians later adopted the term and they refer to such objects as "Classical
splines". Classical splines are piecewise polynomial functions defined on the faces of a
polyhedral complex that agree on the intersection of adjacent faces. Classical splines
are important tools in topology and geometry to construct equivariant cohomology rings;
applied mathematics to approximate complicated functions, and also recently in many
areas like computer based animations and geometric design.

In this paper, we work on an extension of classical splines which was introduced by
Gilbert, Polster and Tymoczko [6]. Let R be a commutative ring with identity, G = (V,E)
be a graph and α : E → {ideals in R} be a function which labels edges of G by ideals of
R. Such a graph (G,α) is called an edge-labeled graph. A generalized spline is a vertex
labeling on an edge-labeled graph (G,α) such that the difference between the labels of any
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two adjacent vertices lies in the corresponding edge ideal. The collection of generalized
splines over the edge-labeled graph is denoted by R(G,α).

R(G,α) = {F ∈ R|V | : for each edge e = uv, the difference fu − fv ∈ α(uv)}.

It has a ring and an R- module structure. Such a module is called a generalized spline
module.

Gilbert, Polster and Tymoczko[6] asked given (G,α) an edge-labeled graph or a partic-
ular family of graphs such as cycles, complete graph, bipartite graph or hypercubes could
we find a minimal generating set for the generalized splines R(G,α) when R is an integral
domain? Handschy, Melnick and Reinders [5] focus on integer generalized splines on cycles.
They presented a special type of generalized splines, called flow-up classes, and showed the
existence of the smallest flow-up classes on cycles over Z. Moreover, they proved that these
flow-up classes formed a basis for generalized spline modules. The same result holds for
arbitrary graphs over integers by Bowden, Hagen, King and Reinders [4].

Bowden and Tymoczko [3] consider splines over Z/mZ. These Z-modules of splines over
Z/mZ must have minimum generating sets, namely a generating set with the smallest
possible size. Minimum generating sets can be smaller than expected. Over a domain, it
is known that there are at least n elements in the minimum generating set for graphs with
n vertices. In case of splines over Z/mZ there are at most n elements (see Theorem 4.1
in [3]). The such smallest number is called the rank of Z-modules of splines over Z/mZ.
Bowden and Tymoczko [3] gave an algorithm to produce minimum generating sets for
splines on cycles. Later on, Philbin, Swift, Tammaro and Williams [7] extended Bowden
and Tymoczko’s work to arbitrary graphs and gave an algorithm to produce minimum
generating sets for connected graphs over Z/mZ.

In this paper, we determine an explicit minimal generating set for splines on complete
graphs with n vertices over Z/mZ under some restrictions on edge labelings and their
rank n. Since Philbin, Swift, Tammaro and Williams’s algorithm is not applicable when
m is sufficiently large or G is a graph with a large number of vertices we use a different
approach to construct minimum flow-up generating sets over Z/mZ. We use some results
of Altınok and Sarıoglan [1] to find flow-up generating sets for splines over Z/mZ. We
show that the obtained generating sets are in fact minimum flow-up generating sets by
using Criteria 3.2 in Section 3 given by Bowden and Tymoczko [3]. As a result of this, we
obtain a minimum flow-up generating set on complete graphs whose edges are labeled by
ai over Z/mZ, in particular over Z/ptZ. Bowden and Tymoczko [3] also show that module
of splines defined on a graph with n vertices over Z/mZ can have any rank between 2 and
n. We give an alternative proof of this fact by using trails as considered in the work of
Altınok and Sarıoglan [1], and show existence of a complete graph Kn over Z/mZ whose
rank can be between 1 and n where m is the product of two distinct prime numbers and
n ≥ 4.

2. Background and Notations

In this section, we introduce some important definitions and notations for generalized
splines. Throughout this paper, we assume that R is a commutative ring with identity and
G = (V,E) is a finite simple connected graph, defined by a set of vertices V and a set of
edges E.

We use Kn to denote a complete graph with n vertices, Cn to denote a cycle graph with
n vertices, Sn to denote a star graph with n + 1 vertices, and Pn to denote a path graph
with n vertices.
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Definition 2.1. Let G = (V,E) be a graph and let R be a commutative ring with identity.
An edge-labeling function is a map α : E → {ideals in R} from the set of edges of G to
the set of nonzero ideals in R. We call the pair (G,α) an edge-labeled graph.

Definition 2.2. Let (G,α) be an edge-labeled graph. A generalized spline on (G,α) is a
vertex labeling F ∈ R|V | such that for each edge eij = vivj ∈ E we have fvi−fvj ∈ α(vivj),
where fvi denotes the label on the vertex vi . The collection of generalized splines on (G,α)
with base ring R is denoted by R(G,α) and for elements of R(G,α) we use column matrix
notation with ordering from bottom to top as follows:

F =

 fvn
...
fv1

 ∈ R(G,α).

We also use the vector notation F = (fv1 , . . . , fvn). In the following we refer to
generalized splines simply as splines.

In this paper, our base ring is R = Z/mZ. Since every ideal in Z/mZ is principal, we
represent the edge label by the positive smallest integer f in its coset f̄ = f + mZ where
the ideal corresponding to the edge is I = 〈f̄〉. We generally assume that the edges of our
graphs are not labeled by trivial ideals unless otherwise stated.

It can be easily observed that
• R(G,α) is a ring with unit 1 defined by 1v = 1 for each vertex v ∈ V .
• R(G,α) has an R-module structure with componentwise addition and multiplication
by elements of R.
• If R is a principal ideal domain, then R(G,α) has a free R-module structure.

Definition 2.3. Let (G,α) be an edge-labeled graph with an ordered set of vertices
{v1, . . . , vn}. An i-th flow-up class F (i) over (G,α), for 1 ≤ i ≤ n, is a spline for which
the component f (i)vi 6= 0 and f (i)vt = 0 whenever t < i. The set of all i-th flow-up classes is
denoted by Fi.

Definition 2.4. A constant flow-up class in R(G,α) is a flow-up spline F (i) for which there
exists an element ai ∈ R such that f (i)vj ∈ {0, ai} for each vertex vj ∈ V .

When R = Z/mZ, we use the notation [Z/mZ](G,α) for R(G,α) as a Z-module. We define
a minimum generating set for a Z-module [Z/mZ](G,α) as follows.

Definition 2.5. A minimum generating set for a Z-module [Z/mZ](G,α) is a spanning set
of splines with the smallest possible number of elements. The size of a minimum generating
set is called the rank and is denoted by rk[Z/mZ](G,α).

Example 2.6. Let (P3, α) be an edge-labeled path graph with three vertices over Z/6Z
as in Figure 1a. Then a flow-up generating set for [Z/6Z](P3,α) can be given by

B = {(1, 1, 1), (0, 2, 3), (0, 0, 3)}
Since B is not linearly independent, for example, 3.(0, 2, 3) ≡ (0, 0, 3), it is not minimal
and hence can not be a minimum generating set. Therefore, a minimum generating set for
[Z/6Z](P3,α) is

B = {(1, 1, 1), (0, 2, 3)}
so that the rank of [Z/6Z](P3,α) is 2.
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(b) Cycle graph C5

Figure 1

Example 2.7. Let (C5, α) be an edge-labeled cycle graph with five vertices over Z/15Z
as in Figure 1b. Then a flow-up generating set for [Z/15Z](C5,α) is given by

B = {(1, 1, 1, 1, 1), (0, 3, 3, 3, 0), (0, 0, 5, 5, 5), (0, 0, 0, 5, 5)}.
The set B is minimal, but it is not a minimum generating set. A minimum generating set
for [Z/15Z](C5,α) is given as

B = {(1, 10, 0, 0, 6), (0, 6, 1, 6, 0), (0, 0, 0, 10, 10)}
by Theorem 3.15 in [7].

Definition 2.8. Let ρ : R
′ → R be a ring homomorphism and (G,α) be an edge-labeled

graph over R. Suppose that ρ−1(α(e)) is an ideal of R′ . The map

ρ∗ : R
′

(G,ρ−1(α)) → R(G,α)

is the restriction of the product map ρ∗ : (R
′
)|V | → R|V | to the rings of splines namely

(ρ∗f)v = ρ(fv)

for each spline f ∈ R′(G,ρ−1(α)) and each vertex v ∈ V. The following can be easily observed.

• The map ρ∗ : R
′

(G,ρ−1(α)) → R(G,α) is a well-defined ring homomorphism.
• If ρ : R

′ → R is an injection then the map ρ∗ : R
′

(G,ρ−1(α)) → R(G,α) is an injection.
• If ρ : R

′ → R is a surjection then the map ρ∗ : R
′

(G,ρ−1(α)) → R(G,α) is a surjection.

Example 2.9. The natural surjection map ρ : Z→ Z/mZ induces a surjection

ρ∗ : [Z](G,ρ−1(α)) → [Z/mZ](G,α)

given by (ρ∗f)vi = ρ(fvi) for each spline f ∈ [Z](G,ρ−1(α)) and each vi ∈ V . In particular,
if {a1, . . . , an} is a basis for the Z-module of splines [Z](G,ρ−1(α)) then {ρ∗(a1), . . . , ρ∗(an)}
spans the Z-module of splines [Z/mZ](G,α). As a result of this, we identify each spline
F̄ = (f̄v1 , . . . , f̄vn) ∈ [Z/mZ](G,α) with any integer spline F = (fv1 , . . . , fvn), where fvi is
the smallest nonnegative integer coset representative of f̄vi for i = 1, . . . , n.

2.1. Edge-labels on Complete Graphs. We consider a complete graph Kn together
with a star graph Sn. We recursively obtain a complete graph Kn+1 as Kn+1 = Kn + Sn
as follows. We start with n = 3. We label the vertices of K3 as v1, v2, v3 in clockwise
order and label the vertices of S3 starting from v1 to v3 in clockwise order with the central
vertex v4. We add a star graph S3 to K3 in order to obtain a complete graph K4 by joining
the corresponding vertices of K3 and S3, simply K4 = K3 + S3 as in Figure 2. Then we
inductively define a complete graph Kn+1 as Kn+1 = Kn + Sn for a complete graph Kn
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with vertices v1, . . . , vn and a start graph Sn starting from v1 to vn in clockwise order and
the central vertex vn+1.
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Figure 2. Construction of the edge-labeled complete graph K3 +S3 = K4

We fix rn = n(n−1)
2 for any n. When n ≥ 1 the number rn corresponds to the number

of the edges of Kn. In this paper, we consider Kn for n ≥ 3, unless otherwise stated. We
want to label the edges of complete graphs as follows. We denote the edges eij = vivj by
ek as follows: We set the edges of K3 in order by e1 := e12, e2 := e13, e3 := e23 and label
them by generators

l1 ∈ α(e1), l2 ∈ α(e2), l3 ∈ α(e3).

We denote the edges of S3 by e4 := e14, e5 := e24, e6 := e34 and label them by

l4 ∈ α(e4), l5 ∈ α(e5), l6 ∈ α(e6).

Then we add S3 to K3 to obtain K4 with the edges labeled by

l1 ∈ α(e1), l2 ∈ α(e2), l3 ∈ α(e3), l4 ∈ α(e4), l5 ∈ α(e5), l6 ∈ α(e6)

as in Figure 2. For the construction of an edge-labeled graph K5, we start by denoting the
edges of S4 as e7 := e15, e8 := e25, e9 := e35, e10 := e45 and label them by

l7 ∈ α(e7), l8 ∈ α(e8), l9 ∈ α(e9), l10 ∈ α(e10).

Then we add S4 to K4 to obtain K5 with the edges labeled by

l1 ∈ α(e1), l2 ∈ α(e2), l3 ∈ α(e3), l4 ∈ α(e4), l5 ∈ α(e5), l6 ∈ α(e6),

l7 ∈ α(e7), l8 ∈ α(e8), l9 ∈ α(e9), l10 ∈ α(e10).

If we continue this way, we can recursively construct Kn = Kn−1 + Sn−1 with the edges
labeled by

l1 ∈ α(e1), l2 ∈ α(e2), l3 ∈ α(e3), . . . , lrn−1−1 ∈ α(ern−1−1), lrn−1 ∈ α(ern−1),

lrn−1+1 ∈ α(ern−1+1), lrn−1+2 ∈ α(ern−1+2), . . . , lrn ∈ α(ern).

3. Minimum generating sets modulo m

In this section, we determine minimum flow-up generating sets for complete graphs over
Z/mZ under some specific conditions. In order to do this, we first use some results of
Altınok and Sarıoglan [1] to find flow-up generating sets for splines over Z/mZ. Then
we use a criterion given by Bowden and Tymoczko [3] to show that the generating sets
obtained are in fact minimum flow-up generating sets.

Throughout this section, we suppose that p and pi, where i = 1, . . . , k, are prime numbers
and m = pm1

1 pm2
2 · · · p

mk
k is a primary decomposition. Let ai = pni1

1 pni2
2 . . . pnik

k be a zero
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divisor in Z/mZ, where 0 ≤ nij ≤ mj , i = 1, 2, . . . , rn and j = 1, 2, . . . , k. We assume that
all the edges of Kn are ordered as in Section 2.1 and are labeled by

l1 = a1 = pn11
1 pn12

2 . . . pn1k
k ,

l2 = a2 = pn21
1 pn22

2 . . . pn2k
k ,

...

lrn = arn = p
nrn1

1 p
nrn2

2 . . . p
nrnk

k .

Bowden, Hagen, King and Reinders [4] gave a characterization of flow-up bases for
splines over the integers. Here we modified their theorem to get a set of flow-up generators
over Z/mZ.

Theorem 3.1. Let (G,α) be an edge-labeled graph over Z/mZ. The following are equiva-
lent:

• The set {F̄ (1), . . . , F̄ (n)} forms a flow-up generator for [Z/mZ](G,α).
• For each flow-up class Ā(i) = (0̄, . . . , 0̄, ḡvi , . . . , ḡvn) the entry ḡvi is a multiple of
the entry f̄ (i)vi .

Proof. Suppose that the set {F̄ (1), . . . , F̄ (n)} forms a flow-up generator for [Z/mZ](G,α).
Let Ā(i) = (0̄, . . . , 0̄, ḡvi , . . . , ḡvn) be a spline in [Z/mZ](G,α) with i − 1 leading zeros. We
can write Ā(i) as a linear combination of the splines F̄ (1), . . . , F̄ (n) because they form a
flow-up generator. Since Ā(i) has i− 1 leading zeros, Ā(i) = āiF̄

(i) + · · ·+ ānF̄
(n) for some

āi, . . . , ān ∈ Z/mZ. It follows that the i-th entry of Ā(i) is ḡvi = āif̄
(i)
vi + āi+10̄ + · · ·+ ān0̄,

that is ḡvi = āif̄
(i)
vi , for some āi ∈ Z/mZ.

We now prove the converse. Assuming that for each flow-up class Ā(i) = (0̄, . . . , 0̄, ḡvi , . . . , ḡvn)

the entry ḡvi is a multiple of the entry f̄
(i)
vi of any corresponding flow-up class F̄ (i),

we show that the set {F̄ (1), . . . , F̄ (n)} forms a flow-up generator for [Z/mZ](G,α). Let
Ā = (h̄v1 , . . . , h̄vn) be an arbitrary spline in [Z/mZ](G,α). We will show by a finite induc-
tion that for each j ∈ {1, 2, . . . , n} we can write

Ā = Ā
′
j +

j∑
k=1

ākF̄
(k),

where Ā′j is a spline with (at least) j leading zeros. The base case is when j = 1. By

assumption we have h̄v1 = ā1f̄
(1)
v1 . Therefore Ā as

Ā = (0̄, h̄v2 − ā1f̄ (1)v2 , . . . , h̄vn − ā1f̄
(1)
vn ) + ā1F̄

(1),

where Ā′1 = (0̄, h̄v2 − ā1f̄
(1)
v2 , . . . , h̄vn − ā1f̄

(1)
vn ) is a spline. Now assume, as the induction

hypothesis, that the equality Ā = Ā
′
j−1 +

j−1∑
k=1

ākF̄
(k) holds for some j ∈ {2, 3 . . . , n}, where

Ā
′
j−1 is a spline with (at least) j − 1 leading zeros. We show that the same equality holds

with j − 1 replaced by j. Thus suppose that

Ā = (0̄, . . . , 0̄, h̄
′
vj , . . . , h̄

′
vn) +

j−1∑
k=1

ākF̄
(k).
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Since Ā′j−1 is a flow-up class, by assumption, we have h̄′vj = āj f̄
(j)
vj for some āj ∈ Z/mZ.

It follows that Ā can be written by

A = (0̄, . . . , 0̄, h̄
′
vj+1
− āj f̄ (j)vj+1

, . . . , h̄
′
vn − āj f̄

(j)
vn ) +

j∑
k=1

ākF̄
(k).

By letting Ā′j = (0̄, . . . , 0̄, h̄
′
vj+1
− āj f̄ (j)vj+1 , . . . , h̄

′
vn − āj f̄

(j)
vn ), we obtain Ā = Ā

′
j +

j∑
k=1

ākF̄
(k)

where Ā′j is a spline with j leading zeros. In particular, we have Ā = Ā
′
n +

n∑
k=1

ākF̄
(k).

Since Ā′n = (0̄, . . . , 0̄) is a spline with n leading zeros, we obtain Ā =
n∑
k=1

ākF̄
(k).

�

The following criterion by Bowden and Tymoczko [3] gives conditions for when the set
of flow-up generators is in fact a minimum flow-up generating set over Z/mZ.
Corollary 3.2. [3] Suppose that {b1, b2, . . . , bk} is a set of flow-up generators for [Z/mZ](G,α)
satisfying the following properties:

• The spline b1 = (1, . . . , 1).
• The splines {bi : i = 2, 3, . . . , k} are constant flow-up classes satisfying biv ∈ {0, ci}
for each v ∈ V and each i.
• The set {c1 = 1, c2, . . . , ck} can be reordered so that ci1 | ci2 | · · · | cik .

Then {b1, b2, . . . , bk} forms a minimum flow-up generating set for [Z/mZ](G,α).

Proof. See Corollary 2.11 in [3]. �

Definition 3.3. Let (G,α) be an edge-labeled graph with n vertices. A trail is a sequence
of vertices and edges, i.e., v1, e12, v2, . . . , vk−1ek−1k, vk in which no edge is repeated. A trail
p(i,j) that connects vi to a vertex vj is called a vj-trail of vi.

Let p(i,j) be a vj-trail of vi. We use the notation (p(i,j)) to refer to a greatest common
divisor of the edge-labels on p(i,j)or, for brevity, a greatest common divisor of a vj-trail of vi.
The set {(p(i,j))} denotes the set of greatest common divisors of all vj-trails of vi. Square
brackets “[ ]” refer to a least common multiple of a set. Note that since (p(i,j)) = (p(j,i))
we only consider vj-trails of vi when j < i in this paper.

In general, we may not be able to construct a flow-up class F (i) = (0, . . . , 0, f
(i)
vi , . . . , f

(i)
vn ) ∈

Fi with the first nonzero entry f
(i)
vi = [∪i−1k=1{(p

(i,k))}] . If such a flow-up class exists,
then f (i)vi is called the smallest nonzero leading entry of the elements of Fi. Altınok and
Sarıoglan [1] proved that if the base ring R is a principal ideal domain (PID), it can always
be constructed.

Theorem 3.4 and 3.5 are modifications of Altınok and Sarıoglan’s results on construct-
ing a flow-up class F̄ (i) = (0̄, . . . , 0̄, f̄

(i)
vi , . . . , f̄

(i)
vn ) over Z/mZ (see Corollary 3.4 and Theo-

rem 3.8 in [1] ). As we mentioned before, our base ring is R = Z/mZ. Since every ideal
in Z/mZ is principal, we represent the edge label by the smallest integer f in its coset
f̄ = f + mZ where the corresponding ideal to an edge is I = 〈f̄〉. As a result of this, we
can work with (G,α) over Z with edge ideals represented the smallest elements in cosets
and then pass to Z/mZ. Working over Z allows one to use the greatest common and the
least common divisor. By a greatest common divisor (p(i,j)) of a vj-trail of vi on (G,α)
over Z/mZ we mean the greatest common integer of a vj-trail of vi over Z whose edge
labels are represented by the smallest positive elements in Z.
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Theorem 3.4. Let (G,α) be an edge-labeled graph with n vertices over Z/mZ and vj

be a vertex with j ≥ i. Let F̄ (i) = (0̄, . . . , 0̄, f̄
(i)
vi , . . . , f̄

(i)
vn ) ∈ Fi be an i-th flow-up class

with i > 1. Let {(p(j,k))} be the set of greatest common divisors of all vk-trails p(j,k) of
vj. If [∪i−1k=1{(p

(j,k))}] 6≡ 0 mod mZ, then the entry f̄ (i)vj is a multiple of the number of
[∪i−1k=1{(p

(j,k))}] modulo m.

Proof. Let F̄ (i) = (0̄, . . . , 0̄, f̄
(i)
vi , . . . , f̄

(i)
vn ) ∈ Fi be an i-th flow-up class with i > 1. This

gives a flow-up class F (i) = (0, . . . , 0, f
(i)
vi , . . . , f

(i)
vn ) on (G,α) over Z where f (i)vt ∈ Z is the

smallest nonnegative coset representative of f̄ (i)vt for t = i, . . . , n. By Corollary 3.4 in [1],
[∪i−1k=1{(p

(j,k))}] divides f (i)vj over Z, so there exists a ∈ Z such that

f (i)vj = a[∪i−1k=1{(p
(j,k))}].

Hence f̄ (i)vj = ā[∪i−1k=1{(p(j,k))}].
�

Theorem 3.5. Let (G,α) be an edge-labeled graph with n vertices over Z/mZ. Let vi be a
vertex of G with i > 1 and the vertex labels f̄ (i)vj = 0̄ for all j < i over Z/mZ. Suppose that
f
(i)
vi = [∪i−1k=1{(p

(i,k))}] 6≡ 0 mod m, where f̄ (i)vi = f
(i)
vi + mZ . Then there exists a flow-up

class
F̄ (i) = (0̄, . . . , 0̄, f̄ (i)vi , . . . , f̄

(i)
vn ) ∈ Fi.

Proof. We choose the smallest non-negative representatives f (i)vj = 0 in Z of the vertex labels
f̄
(i)
vj = 0̄ for all j < i. Let f (i)vi = [∪i−1k=1{(p

(i,k))}] 6≡ 0 mod m, where f̄ (i)vi = f
(i)
vi + mZ

. To show the existence of other vertex labels f̄ (i)vi+1 , . . . , f̄
(i)
vn it is sufficient to prove the

existence of f (i)vi+1 , . . . , f
(i)
vn such that F (i) = (0, . . . , 0, f

(i)
vi , . . . , f

(i)
vn ) is a flow-up class over Z.

By Theorem 3.8 in [1], we know that there exist f (i)vi+1 , . . . , f
(i)
vn . Since (ρ∗f

(i))vj = ρ(f
(i)
vj ),

f̄
(i)
vj = f

(i)
vj +mZ also exists. This concludes the existence of F̄ (i). �

The following theorem specifies minimum flow-up generating sets for complete graphs
over Z/mZ with edge-labels ai = pni1

1 pni2
2 . . . pnik

k , where 0 ≤ nij ≤ mj for each j = 1, . . . , k
and i = 1, 2, . . . , rn, in either increasing or decreasing order.

Theorem 3.6. Let (Kn, α) be an edge-labeled complete graph with ordered edge-labels
a1, a2, . . . , arn .

(1) Assume that the edge-label set {a1, a2, . . . , arn} is ordered with

arn | arn−1 | · · · | a3 | a2 | a1 | m = pm1
1 pm2

2 · · · p
mk
k , m 6= a1.

Then the set

Bm =





1
1

...

...
1
1


,



0
0

...
0
0
a1

0


,



0
0

...
0
a2

0
0


,



0

...
0
a4

0
0
0


, . . . ,



0
a(rn−2+1)

0

...

...
0


,



a(rn−1+1)

0

...

...
0
0




is a minimum flow-up generating set over Z/mZ. Thus, the rank of [Z/mZ](Kn,α)

is n.
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(2) Assume that the edge-label set {a1, a2, . . . , arn} is ordered with

a1 | a2 | a3 | · · · | arn−1 | arn | m = pm1
1 pm2

2 · · · p
mk
k , m 6= arn .

Then the set

Bm =




1

...

...
1

 ,


a(rn−(n−2))

...
a(rn−(n−2))

a(rn−(n−2))

0

 ,


a(rn−(n−3))

...
a(rn−(n−3))

0
0

 , . . . ,


a(rn−1)

a(rn−1)

0

...
0

 ,


arn
0

...
0
0




is a minimum flow-up generating set over Z/mZ. Thus, the rank of [Z/mZ](Kn,α)

is n.

Proof. We begin with the proof of part (1). The existence of

F (1) =



1
1

...

...
1
1


, F (2) =



∗
∗
...
∗
∗
a1

0


, F (3) =



∗
∗
...
∗
a2

0
0


, F (4) =



∗
...
∗
a4

0
0
0


, . . . , F (n−1) =



∗
a(rn−2+1)

0

...

...
0


, F (n) =



a(rn−1+1)

0

...

...
0
0


follows directly from Theorem 3.5 with ai for i = 1, 2, 4, . . . , rn−2 + 1, rn−1 + 1, where

ai corresponds to the smallest nonzero leading entry of some flow-up class F (j). Let
A(j) = (0, . . . , 0, gvj , . . . , gvn) be an arbitrary flow-up class. Then, the entry gvj is a mul-
tiple of the entry ai by Theorem 3.4. Let B = {F (1), F (2), . . . , F (n−1), F (n)}. Then by
Theorem 3.1, B generates the spline module [Z/mZ](Kn,α) as a Z-module. Without loss of
generality, for each i, we can set the entries in F (i) denoted by “∗” equal to 0. Thus, the
set B is equal to Bm. In general, the generating set Bm obtained is a minimum flow-up
generating set by Corollary 3.2.

Part(2) can be proved in a similar way to part(1).
�

 

24 33 53  

25 35 53  

𝑣2 

𝑣3 𝑣4 

𝑣5 

𝑣1 

Figure 3. Edge-labeled complete graph (K5, α) over Z/(2831057)Z

Example 3.7. Let (K5, α) be an edge-labeled complete graph over Z/(2831057)Z as in
Figure 3. By Theorem 3.6 part(2), the set

Bm =




1
1
1
1
1

 ,


253453

253453

253453

253453

0

 ,


253553

253553

253553

0
0

 ,


253654

253654

0
0
0

 ,


263754

0
0
0
0




is a minimum flow-up generating set. Hence, the rank of [Z/(2831057)Z](K5,α) is 5.
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Let a be a zero divisor in Z/mZ. The following corollary specifies a minimum flow-up
generating sets for splines on complete graphs over Z/mZ with edge-labels

l1 = ai1 , l2 = ai2 , . . . , lrn = airn

in either increasing or decreasing order.

Corollary 3.8. Let (Kn, α) be an edge-labeled complete graph with ordered edge-labels
ai1 , ai2 , . . . , airn .

(1) We assume that the edge-label set {ai1 , ai2 , . . . , airn} is ordered with

airn | airn−1 | · · · | ai3 | ai2 | ai1 | ak, irn ≥ 1, i1 < k.

Then the set

B
ak =





1
1

...

...
1
1


,



0
0

...
0
0

ai1

0


,



0
0

...
0

ai2

0
0


,



0

...
0

ai4

0
0
0


, . . . ,



0

a
i(rn−2+1)

0

...

...
0


,



a
i(rn−1+1)

0

...

...
0
0




is a minimum flow-up generating set over Z/mZ. Thus, the rank of [Z/mZ](Kn,α)

is n.
(2) We assume that the edge-label set {ai1 , ai2 , . . . , airn} is ordered with

ai1 | ai2 | ai3 | · · · | airn−1 | airn | ak, i1 ≥ 1, irn < k.

Then the set

B
ak =




1

...

...
1

 ,



a
i(rn−(n−2))

...
a
i(rn−(n−2))

a
i(rn−(n−2))

0

 ,


a
i(rn−(n−3))

...
a
i(rn−(n−3))

0
0

 , . . . ,


a
i(rn−1)

a
i(rn−1)

0

...
0

 ,


airn

0

...
0
0




is a minimum flow-up generating set over Z/mZ. Thus, the rank of [Z/mZ](Kn,α)

is n.

Corollary 3.9. Let (Kn, α) be an edge-labeled complete graph with ordered edge-labels
ai1 , ai2 , . . . , airn so that airn | airn−1 | · · · | ai3 | ai2 | ai1 | ak with irn ≥ 1 and i1 < k, or
vice versa. Then the rank of any connected spanning subgraph of Kn is n.

Corollary 3.10. Let (Kn, α) be an edge-labeled complete graph with ordered edge-labels
a1, a2, . . . , arn .

(1) Assume that the edge-labeled set {a1, a2, . . . , arn} is ordered with

arn | arn−1 | · · · | a1 | m = pm1
1 pm2

2 · · · p
mk
k , m 6= a1.

If the spanning subgraph of Kn is the wheel graph Wn or the star graph Sn−1 with
the central vertex labeled v1, then for each of the graphs obtained the minimum
generating sets is the same for Kn.

(2) Assume that the edge-labeled set {a1, a2, . . . , arn} is ordered with

a1 | a2 | · · · | arn | m = pm1
1 pm2

2 · · · p
mk
k , m 6= arn .

If the spanning subgraph of Kn is the wheel graph Wn or the star graph Sn−1 with
the central vertex labeled vn, then for each of the graphs obtained the minimum
generating sets is the same for Kn.
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The following corollary specifies minimum flow-up generating sets for splines on complete
graphs over Z/ptZ with edge-labels

l1 = pi1 , l2 = pi2 , . . . , lrn = pirn

in either increasing or decreasing order.

Corollary 3.11. Let (Kn, α) be an edge-labeled complete graph with ordered edge-labels
pi1 , pi2 , . . . , pirn .

(1) Assume that the edge-label set {pi1 , pi2 , . . . , pirn} is ordered with

pirn | pirn−1 | · · · | pi3 | pi2 | pi1 | pt, irn ≥ 1, i1 < t.

Then the set

B
pk

=





1
1

...

...
1
1


,



0
0

...
0
0

pi1

0


,



0
0

...
0

pi2

0
0


,



0

...
0

pi4

0
0
0


, . . . ,



0

p
i(rn−2+1)

0

...

...
0


,



p
i(rn−1+1)

0

...

...
0
0




is a minimum flow-up generating set over Z/ptZ. Thus, the rank of [Z/ptZ](Kn,α)

is n.
(2) Assume that the edge-label set {pi1 , pi2 , . . . , pirn} is ordered with

pi1 | pi2 | pi3 | · · · | pirn−1 | pirn | pt, i1 ≥ 1, irn < t.

Then the set

B
pk

=




1

...

...
1

 ,



p
i(rn−(n−2))

...
p
i(rn−(n−2))

p
i(rn−(n−2))

0

 ,


p
i(rn−(n−3))

...
p
i(rn−(n−3))

0
0

 , . . . ,


p
i(rn−1)

p
i(rn−1)

0

...
0

 ,


pirn

0

...

0




is a minimum flow-up generating set over Z/ptZ. Thus, the rank of [Z/ptZ](Kn,α)

is n.

For any positive integer b we denote the largest connected edge-labeled subgraph of an
edge-labeled complete graph (Kn, α) over Z/ptZ whose edges are labeled by pbi , b ≤ bi < t,
by H(j,b) = (V (j,b), E(j,b)), where the smallest-index vertex is vj . The following theorem
gives flow-up classes which form a minimum generating set for [Z/ptZ](Kn,α).

Theorem 3.12. Let (Kn, α) be an edge-labeled complete graph over Z/ptZ with unordered
edge-labels l1 = pi1 , l2 = pi2 , . . . , lrn = pirn . Then there is a flow-up class F (i) = (0, . . . , 0, f

(i)
vi , . . . , f

(i)
vn )

with f (i)vi = [∪i−1k=1{(p
(i,k))}] = pai for i > 1 such that

f (i)v =

{
pai if v ∈ V (i,ai+1)

0 otherwise
Moreover, the rank of [Z/ptZ](Kn,α) is n.

Proof. To check whether F (i) = (0, . . . , 0, f
(i)
vi , . . . , f

(i)
vn ) with given entries is a spline or not,

we pick any two distinct vertices v, w of Kn. If they are both in V (i,ai+1), the difference of
the corresponding vertex labelings f (i)v − f (i)w = pai − pai = 0 satisfies the spline condition.
If v is in V (i,ai+1) but w is not, the label of the edge vw is pa where a ≤ ai. In this case the
difference f (i)v −f (i)w = pai is divisible by pa. Hence the spline condition is again satisfied. If
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they are both not in V (i,ai+1), the difference is zero. The spline condition is again satisfied.
Hence F (i) = (0, . . . , 0, pai , ∗, . . . , ∗) is a spline where “∗” in F (i) refers to either pai or 0.

Let B = {F (1), F (2), . . . , F (n−1), F (n)}, where

F (1) =


1
1

...
1
1

, F (2) =


∗
...
∗

pa2

0

, . . . , F (n−1) =


∗

pan−1

0

...
0

, F (n) =


pan

0

...

0

 .

Note that F (1) = (1, . . . , 1)T is a trivial spline. Then by Theorem 3.1 and Corollary 3.2, B
is a minimum flow-up generating set for the spline modulo [Z/ptZ](Kn,α) as a Z-module.
It follows that rk[Z/ptZ](Kn,α) = n.

�
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Figure 4. Edge-labeled complete graph over Z/515Z

Example 3.13. Let (K5, α) be an edge-labeled complete graph over Z/515Z as in Figure
4. Then a minimum flow-up generating set B for [Z/515Z](K5,α) can be obtained from
Theorem 3.12 as follows:

B =




1
1
1
1
1

 ,


58

0
58

58

0

 ,


511

0
511

0
0

 ,


0

510

0
0
0

 ,


512

0
0
0
0


 .

Theorem 3.14. Let m = pq, where p and q are distinct prime numbers and (Kn, α) be an
edge-labeled complete graph over R = Z/mZ. If the module [Z/mZ](Kn,α) has a minimum
generating set consisting of the trivial spline (1, . . . , 1) and i− 1 other flow-up splines for
each 1 < i ≤ n each of whose entries is contained in the ideal 〈p〉 then we can either
preserve the rank or increase the rank of R(Kn+1,α) exactly one by adding Sn to Kn in the
following ways:

• If all edge labels of Sn are contained in the ideal 〈p〉, then

rk[Z/mZ](Kn+1,α) = rk[Z/mZ](Kn,α) + 1.

• If one of the edge labels of Sn is contained in the ideal 〈q〉 and the others are
contained in the ideal 〈p〉, then rk[Z/mZ](Kn+1,α) = rk[Z/mZ](Kn,α).

Proof. Assume thatB = {(1, . . . , 1), ∗} is a minimum flow-up generating set for [Z/mZ](Kn,α)

where “∗” is i−1 other flow-up splines for each 1 < i ≤ n each of whose entries is contained
in the ideal 〈p〉.



SELMA ALTINOK, GÖKÇEN DILAVER: MINIMUM GENERATING SETS FOR COMPLETE ... 1251

• Let all edge labels of Sn be contained in the ideal 〈p〉. This means that the labels of
the edges are p. Therefore there exists an n flow-up class F (n) = (0, 0, . . . , 0, f

(n)
vn+1)

with f (n)vn+1 = [∪nk=1{(p
(n+1,k)
i )}] = p. By construction of an edge-labeled complete

graph Kn+1,
B = {(1, . . . , 1), ∗, (0, . . . , 0, p)}

is a minimum flow-up generating set for [Z/mZ](Kn+1,α), where “∗” is i − 1 other
flow-up splines for each 1 < i ≤ n each of whose entries is contained in the ideal
〈p〉. Thus,

rk[Z/mZ](Kn+1,α) = rk[Z/mZ](Kn,α) + 1.

• Let one of the edge labels of Sn be contained in the ideal 〈q〉 and the others are
contained in the ideal 〈p〉. Then there is no n flow-up class F (n) = (0, 0, . . . , 0, f

(n)
vn+1)

with f (n)vn+1 = [∪nk=1{(p
(n+1,k)
i )}] 6= 0 since [∪nk=1{(p

(n+1,k)
i )}] = pq = 0 mod m. By

construction of an edge-labeled complete graph Kn+1,

B = {(1, . . . , 1), ∗}

is a minimum flow-up generating set for [Z/mZ](Kn+1,α), where “∗” is i − 1 other
flow-up splines for each 1 < i ≤ n each of whose entries is contained in the ideal
〈p〉. Thus,

rk[Z/mZ](Kn+1,α) = rk[Z/mZ](Kn,α).

�

Example 3.15. We cannot say that rank always increases at one point or stays the same.
Sometimes it also decreases. For example, rk[Z/mZ](K4,α) = 2 , but rk[Z/mZ](K5,α) = 1
as in Figure 5.

    

𝑝 𝑞 

 

𝑝 

 

𝑝 

𝑝 𝑞 

𝑣4 

𝑣1 

𝑣2 𝑣3 

 

𝑝 

𝑞 

𝑞 

𝑞 𝑞 

𝑝 

𝑝 

𝑝 

𝑝 

𝑞 

𝑣2 

𝑣1 

𝑣5 

𝑣3 𝑣4 

Figure 5. Edge-labeled complete graphs (K4, α) and (K5, α) over Z/pqZ

The following proposition is proved by using a spanning tree argument. This argument
was first used by Anders et al. (see [2]).

Proposition 3.16. Let m = pαqβ for some positive integers α, β, where p and q are
distinct prime numbers and Kn be a complete graph. For n ≥ 4 there exists an edge-labeled
complete graph (Kn, α) such that rk[Z/mZ](Kn,α) = 1.

Proof. We construct an edge-labeled complete graph with two spanning trees T1 and T2
whose edge labels are contained in the ideal 〈pα〉 and 〈qβ〉 respectively. If we label the
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edges vivi+1 for i = 1 . . . , n− 1 with pα and the others with qβ , this gives a spanning tree
T1 with edges vivi+1 whose edge labels are contained in the ideal 〈pα〉 and T2 with edges

v1v3, v3v5, . . . , vn−3vn−1, v1v4, v2v4, v4v6, . . . , vn−2vn

when n is even;

v1v3, v3v5, . . . , vn−2vn, v1v4, v2v4, v4v6, . . . , vn−3vn−1

otherwise whose edge labels are contained in the ideal 〈qβ〉. It follows that for every spline
F = (fv1 , fv2 , . . . , fvn) we have fvi ≡ fvj mod pα and fvi ≡ fvj mod qβ for each pair of
vertices vi and vj . Thus, fvi − fvj ≡ 0 mod pαqβ and so fvi ≡ fvj mod m for all vertices
vi and vj . Thus, we have only trivial spline. Therefore, rk[Z/mZ](Kn,α) = 1.

�

Note. The conclusion of Proposition 3.16 does not hold for n = 3 as in that case there
are not enough edges to find two disjoint spanning trees.

Theorem 3.17. Let m = pq, where p and q are distinct prime numbers and Kn be a
complete graph. For each n ≥ 2 and each i with 2 ≤ i ≤ n there exists an edge-labeled
complete graph (Kn, α) over Z/mZ with rk[Z/mZ](Kn,α) = i.

Proof. We give a proof of the theorem by induction on the number of vertices n. We want
to prove that there exists an edge-labeled graph (Kn, α) for each i where 2 ≤ i ≤ n such
that the module [Z/mZ](Kn,α) has a minimum generating set consisting of the trivial spline
and i − 1 other flow-up splines each of whose entries is p (or q) . The base case is when
n = 2. In this case, K2 is a path with one edge whose edge label is in the ideal 〈p〉 or
〈q〉. In either case, there exists an edge-labeled graph (K2, α) such that [Z/mZ](K2,α) has
a minimum generating set containing (1,1) and (0, p)(or (0,q)) so that the rank is 2. Now
we assume that the induction hypothesis holds for n and prove that it holds for n + 1.
We can construct a complete graph Kn+1 by adding Sn to Kn in a way that the rank of
the spline module is either fixed or increased exactly one by using Theorem 3.14 so that
rk[Z/mZ](Kn+1,α) = i for 2 ≤ i ≤ n+ 1. Hence the theorem is proved.

�

Corollary 3.18. Let m = pq, where p and q are distinct prime numbers, and Kn be a
complete graph. For each n ≥ 4 and each i with 1 ≤ i ≤ n there exists an edge-labeled
complete graph (Kn, α) over Z/mZ with rk[Z/mZ](Kn,α) = i.

Proof. The result follows from Theorem 3.17 and Proposition 3.16. �
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