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CERTAIN EXPANSION FORMULAE INVOLVING INCOMPLETE

I-FUNCTIONS

S. D. PUROHIT1, D. L. SUTHAR2, ALI A. AL-JARRAH3, V. K. VYAS3, K. S. NISAR4∗, §

Abstract. The aim of this paper is to derive the expansion formulae for the incomplete
I-function. Furthermore, their special cases are illustrated in terms of various types
of special functions (incomplete I-function, incomplete H-function, and incomplete H-
function) that are common in nature and very useful for further analysis.
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1. Introduction and Preliminaries

The incomplete I-functions are very useful for deriving new and known results due to
its wide applications in science and engineering. Recently Jangid et al. [4] defined a

new family of incomplete I-functions (γ)Im,np,q and (Γ)Im,np,q . Incomplete I-functions are the
natural generalization of the I-function defined by Rathie [13], I-function, H-function,
H-function, Meijer G-function, hypergeometric function, and many other functions (see
details; [1, 7, 9, 14, 17, 18]). So keeping this in mind, we derive expansion formulae of
incomplete I-functions to make these more useful which are general in nature and helpful
for further studies.
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Recently fractional integral formulas for the incomplete gamma functions γ(s, x) and
Γ(s, x) defined by Parmar and Saxena [11] (see also; [3]).

γ(s, x) =

∫ x

0
e−tts−1dt, (<(s) > 0;x ≥ 0) , (1)

Γ(s, x) =

∫ ∞
x

e−tts−1dt, (<(s) > 0;x ≥ 0) . (2)

These incomplete gammas functions γ (s, x) and Γ (s, x) satisfy the following decomposi-
tion formula:

γ(s, x) + Γ(s, x) = Γ(s); (<(s) > 0) .

In the study of incomplete I-functions γIm,np,q and ΓIm,np,q , Jangid et al. [4] define the
following pair of Mellin-Barnes type contour integral representation

(γ)Im,np,q (z) = (γ)Im,np,q

[
z

∣∣∣∣ (c1, C1;A1 : x), (cj , Cj ;Aj)2,p

(dj , Dj ;Bj)1,q

]

= (γ)Im,np,q

[
z

∣∣∣∣ (c1, C1;A1 : x), (c2, C2;A2), · · · , (cp, Cp;Ap)
(d1, D1;B1), · · · , (dq, Dq;Bq)

]
=

1

2πi

∫
L
g(s, x)zsds, (3)

where

g(s, x) =
{γ(1− c1 + C1s, x)}A1

∏m
j=1 {Γ(dj −Djs)}Bj

∏n
j=2 {Γ(1− cj + Cjs)}Aj∏q

j=m+1 {Γ(1− dj +Djs)}Bj
∏p
j=n+1 {Γ(cj − Cjs)}Aj

, (4)

and

(Γ)Im,np,q (z) = (Γ)Im,np,q

[
z

∣∣∣∣ (c1, C1;A1 : x), (cj , Cj ;Aj)2,p

(dj , Dj ;Bj)1,q

]

= (Γ)Im,np,q

[
z

∣∣∣∣ (c1, C1;A1 : x), (c2, C2;A2), · · · , (cp, Cp;Ap)
(d1, D1;B1), · · · , (dq, Dq;Bq)

]
=

1

2πi

∫
L
G(s, x)zsds, (5)

where

G(s, x) =
{Γ(1− c1 + C1s, x)}A1

∏m
j=1 {Γ(dj −Djs)}Bj

∏n
j=2 {Γ(1− cj + Cjs)}Aj∏q

j=m+1 {Γ(1− dj +Djs)}Bj
∏p
j=n+1 {Γ(cj − Cjs)}Aj

. (6)

where γ(·, x) and Γ(·, x) are the lower and upper incomplete gamma functions defined
in (1) and (2). These incomplete I-functions are exists for all x ≥ 0 under the same
conditions. These incomplete I-functions are symmetric in the set of pair of parameters.
The equation is valid only for A1 = 1, In this case

(γ)Im,np,q (z) + (Γ)Im,np,q (z) = Im,np,q (z).

In general, we have

[γ(1− c1 + C1s, x)]A1 + [Γ(1− c1 + C1s, x)]A1 6= [Γ(1− c1 + C1s)]
A1 .

Some important special cases of incomplete I-functions are enumerated below:
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(1) If we set Bj(j = 1, · · · ,m) = 1 in (3); we obtain incomplete I-function (γ)I
m,n
p,q as:

(γ)I
m,n
p,q (z) = (γ)I

m,n
p,q

[
z

∣∣∣∣ (c1, C1;A1 : x), (cj , Cj ;Aj)2,p

(d1, D1; 1)1,m, (dj , Dj ;Bj)m+1,q

]

=
1

2πi

∫
L
g(s, x)zsds, (7)

where

g(s, x) =
{γ(1− c1 + C1s, x)}A1

∏m
j=1 Γ(dj −Djs)

∏n
j=2 {Γ(1− cj + Cjs)}Aj∏q

j=m+1 {Γ(1− dj +Djs)}Bj
∏p
j=n+1 {Γ(cj − Cjs)}Aj

. (8)

(2) If we put Aj(j = n + 1, · · · , p) = 1 and Bj(j = 1, · · · ,m) = 1 in (3), incomplete

I-function is the incomplete H-function, defined by Srivastava et al. [19]:

γm,np,q (z) = γm,np,q

[
z

∣∣∣∣ (c1, C1;A1 : x), (cj , Cj ;Aj)2,n, (cj , Cj)n+1,p

(dj , Dj)1,m, (dj , Dj ;βj)m+1,q

]

=
1

2πi

∫
L
φ(s, x)zsds, (9)

where

φ(s, x) =
[γ(1− c1 + C1s, x)]A1

∏m
j=1 Γ(dj −Djs)

∏n
j=2 [Γ(1− cj + Cjs)]

Aj∏q
j=m+1 [Γ(1− dj +Djs)]

Bj
∏p
j=n+1 Γ(cj − Cjs)

. (10)

(3) If we take Aj(j = 1, · · · , p) = 1 and Bj(j = 1, · · · , q) = 1 in (3), incomplete
I-function is the incomplete H-function, defined by Srivastava et al. [19]:

γm,np,q (z) = γm,np,q

[
z

∣∣∣∣ (c1, C1 : x), (cj , Cj)2,p

(dj , Dj)1,q

]

=
1

2πi

∫
L

Φ(s, x)zsds, (11)

where

Φ(s, x) =
γ(1− c1 + C1s, x)

∏m
j=1 Γ(dj −Djs)

∏n
j=2 Γ(1− cj + Cjs)∏q

j=m+1 Γ(1− dj +Djs)
∏p
j=n+1 Γ(cj − Cjs)

. (12)

(4) Additionally, if we set x = 0 in (3), then we obtain the I-function [13].

Remark 1.1. Similarly, one can easily obtain another class of incomplete functions as
special cases of the incomplete I-function (Γ)Im,np,q (z)

In this paper, we derive certain expansions of incomplete I-functions by using the
generalized Tailor’s series formula given by Osler [10] as follows:

f(z) =

∞∑
n=−∞

ρDρn+η
z f(z)|z=w(z − w)ρn+η

Γ(ρn+ η + 1)
, (13)

where η is the arbitrary complex number so the order of the derivative is arbitrary and
0 < ρ ≤ 1 and n is the integer over the summation.
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2. Main Results

In this section, we have established certain expansion formulae of incomplete I-function
by using the Taylor’s series formula defined in Osler [10] and our results are presented in
Theorem 2.1 and Theorem 2.2 follow as:

Theorem 2.1. Let h > 0,m − 1 ≤ <(ρn + η) ≤ m, η ∈ C, 0 < ρ ≤ 1, where a is the
arbitrary constant and n is the integer over the summation, then

(γ)Im,np,q

[
(aw)h

∣∣∣∣ (c1, C1;A1 : x), (cj , Cj ;Aj)2,p

(dj , Dj ;Bj)1,q

]
=

∞∑
n=−∞

ρ(a− 1)ρn+η

Γ(ρn+ η + 1)
a−ρn−η

×(γ)Im,n+1
p+1,q+1

[
(aw)h

∣∣∣∣ (c1, C1;A1 : x), (0, h; 1), (cj , Cj , Aj)2,p

(dj , Dj ;Bj)1,q, (ρn+ η, h; 1)

]
.

Proof. We start from the L.H.S, by using the generalized Taylor’s series (13). For this in
our investigation, we consider

f(z) = (γ)Im,np,q

[
zh
∣∣∣∣ (c1, C1;A1 : x), (cj , Cj ;Aj)2,p

(dj , Dj ;Bj)1,q

]
,

and then, we obtain

(γ)Im,np,q

[
zh
∣∣∣∣ (c1, C1;A1 : x), (cj , Cj ;Aj)2,p

(dj , Dj ;Bj)1,q

]

=
∞∑

n=−∞

ρ(z − w)ρn+η

Γ(ρn+ η + 1)
Dρn+η
z

{
(γ)Im,np,q

[
zh
∣∣∣∣ (c1, C1;A1 : x), (cj , Cj ;Aj)2,p

(dj , Dj ;Bj)1,q

]}
, (14)

for solving the above fractional derivative, we consider the fractional derivative formula
which is given by Raina ([12], Eq. 2.1), then we obtain

Dρn+η
z

{
(γ)Im,np,q

[
zh
∣∣∣∣ (c1, C1;A1 : x), (cj , Cj ;Aj)2,p

(dj , Dj ;Bj)1,q

]}

= z−ρn−η (γ)Im,n+1
p+1,q+1

[
zh
∣∣∣∣ (c1, C1;A1 : x), (0, h; 1), (cj , Cj ;Aj)2,p

(dj , Dj , Bj)1,q, (ρn+ η, h; 1)

]
, (15)

by substitution z = aw in (15) and using (3), we get the required result. �

In the similar way, we can derive Theorem 2.2 for (Γ)Im,np,q .

Theorem 2.2. Let h > 0,m − 1 ≤ <(ρn + η) ≤ m, η ∈ C, 0 < ρ ≤ 1, where a is the
arbitrary constant and n is the integer over the summation, then

(Γ)Im,np,q

[
(aw)h

∣∣∣∣ (c1, C1;A1 : x), (cj , Cj ;Aj)2,p

(dj , Dj ;Bj)1,q

]
=

∞∑
n=−∞

ρ(a− 1)ρn+η

Γ(ρn+ η + 1)
a−ρn−η

×(Γ)Im,n+1
p+1,q+1

[
(aw)h

∣∣∣∣ (c1, C1;A1 : x), (0, h; 1), (cj , Cj , Aj)2,p

(dj , Dj ;Bj)1,q, (ρn+ η, h; 1)

]
.
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3. Special cases

In this section, we present certain expansion formulae for other well known incomplete
functions (see details; [2, 5, 6, 8, 15, 16]) as special cases of the main results, in the form of
incomplete I-functions, incomplete H-functions, incomplete H-functions and I-function
by substituting particular value to the parameters in the below results.
(i) If we put Bj(j = 1, · · · ,m) = 1, h = 1 and using the relation

(γ)Im,np,q

[
z

∣∣∣∣ (c1, C1;A1 : x), (cj , Cj ;Aj)2,p

(d1, D1; 1)1,m, (dj , Dj ;Bj)m+1,q

]

= (γ)I
m,n
p,q

[
z

∣∣∣∣ (c1, C1;A1 : x), (cj , Cj ;Aj)2,p

(d1, D1)1,m, (dj , Dj ;Bj)m+1,q

]
(16)

in Theorems 2.1 and 2.2, we obtain the following Corollaries.

Corollary 3.1. Let m − 1 ≤ <(ρn + η) ≤ m, η ∈ C, 0 < ρ ≤ 1, where a is the arbitrary
constant and n is the integer over the summation, then

(γ)I
m,n
p,q

[
aw

∣∣∣∣ (c1, C1;A1 : x), (cj , Cj ;Aj)2,p

(d1, D1)1,m, (dj , Dj ;Bj)m+1,q

]
=

∞∑
n=−∞

ρ(a− 1)ρn+η

Γ(ρn+ η + 1)
a−ρn−η

×(γ)I
m,n+1
p+1,q+1

[
aw

∣∣∣∣ (c1, C1;A1 : x), (0, h; 1), (cj , Cj , Aj)2,p

(d1, D1)1,m, (dj , Dj ;Bj)m+1,q, (ρn+ η, h; 1)

]
.

Corollary 3.2. Let m − 1 ≤ <(ρn + η) ≤ m, η ∈ C, 0 < ρ ≤ 1, where a is the arbitrary
constant and n is the integer over the summation, then

(Γ)I
m,n
p,q

[
aw

∣∣∣∣ (c1, C1;A1 : x), (cj , Cj ;Aj)2,p

(d1, D1)1,m, (dj , Dj ;Bj)m+1,q

]
=

∞∑
n=−∞

ρ(a− 1)ρn+η

Γ(ρn+ η + 1)
a−ρn−η

×(Γ)I
m,n+1
p+1,q+1

[
aw

∣∣∣∣ (c1, C1;A1 : x), (0, h; 1), (cj , Cj , Aj)2,p

(d1, D1)1,m, (dj , Dj ;Bj)m+1,q, (ρn+ η, h; 1)

]
.

(ii) If we put Aj(j = n+1, · · · , p) = 1, Bj(j = 1, · · · ,m) = 1, h = 1 and using the relation

(γ)Im,np,q

[
z

∣∣∣∣ (c1, C1;A1 : x), (cj , Cj ;Aj)2,n, (cj , Cj ; 1)n+1,p

(d1, D1; 1)1,m, (dj , Dj ;Bj)m+1,q

]

= γm,np,q

[
z

∣∣∣∣ (c1, C1;A1 : x), (cj , Cj ;Aj)2,n, (cj , Cj)n+1,p

(d1, D1)1,m, (dj , Dj ;Bj)m+1,q

]
(17)

in Theorems 2.1 and 2.2, we obtain the following Corollaries.

Corollary 3.3. Let m − 1 ≤ <(ρn + η) ≤ m, η ∈ C, 0 < ρ ≤ 1, where a is the arbitrary
constant and n is the integer over the summation, then

γm,np,q

[
aw

∣∣∣∣ (c1, C1;A1 : x), (cj , Cj ;Aj)2,n, (cj , Cj)n+1,p

(dj , Dj)1,m, (dj , Dj ;Bj)m+1,q

]

=

∞∑
n=−∞

ρ(a− 1)ρn+η

Γ(ρn+ η + 1)
a−ρn−η

× γm,n+1
p+1,q+1

[
aw

∣∣∣∣ (c1, C1;A1 : x), (0, h; 1), (cn, Cn;An), (cj , Cj)n+1,p

(dj , Dj)1,m, (dj , Dj ;Bj)m+1,q, (ρn+ η, h; 1)

]
.
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Corollary 3.4. Let m − 1 ≤ <(ρn + η) ≤ m, η ∈ C, 0 < ρ ≤ 1, where a is the arbitrary
constant and n is the integer over the summation, then

Γ
m,n
p,q

[
aw

∣∣∣∣ (c1, C1;A1 : x), (cj , Cj ;Aj)2,n, (cj , Cj)n+1,p

(dj , Dj)1,m, (dj , Dj ;Bj)m+1,q

]

=
∞∑

n=−∞

ρ(z − w)ρn+η

Γ(ρn+ η + 1)
z−ρn−η

× Γ
m,n+1
p+1,q+1

[
aw

∣∣∣∣ (c1, C1;A1 : x), (0, h; 1), (cn, Cn;An), (cj , Cj)n+1,p

(dj , Dj)1,m, (dj , Dj ;Bj)m+1,q, (ρn+ η, h; 1)

]
.

(iii) If we put Aj(j = 1, · · · , p) = 1, Bj(j = 1, · · · , q) = 1, h = 1 and using the relation

(γ)Im,np,q

[
z

∣∣∣∣ (c1, C1; 1 : x), (cj , Cj ; 1)2,p

(d1, D1; 1)1,q

]
= γm,np,q

[
z

∣∣∣∣ (c1, C1 : x), (cj , Cj)2,p

(d1, D1)1,q

]
(18)

in Theorems 2.1 and 2.2, we obtain the following Corollaries.

Corollary 3.5. Let m − 1 ≤ <(ρn + η) ≤ m, η ∈ C, 0 < ρ ≤ 1, where a is the arbitrary
constant and n is the integer over the summation, then

γm,np,q

[
aw

∣∣∣∣ (c1, C1 : x), (cj , Cj)2,p

(dj , Dj)1,q

]
=

∞∑
n=−∞

ρ(a− 1)ρn+η

Γ(ρn+ η + 1)
a−ρn−η

× γm,n+1
p+1,q+1

[
aw

∣∣∣∣ (c1, C1 : x), (0, h), (cj , Cj)2,p

(dj , Dj)1,q, (ρn+ η, h; 1)

]
.

Corollary 3.6. Let m − 1 ≤ <(ρn + η) ≤ m, η ∈ C, 0 < ρ ≤ 1, where a is the arbitrary
constant and n is the integer over the summation, then

Γm,np,q

[
aw

∣∣∣∣ (c1, C1 : x), (cj , Cj)2,p

(dj , Dj)1,q

]
=

∞∑
n=−∞

ρ(a− 1)ρn+η

Γ(ρn+ η + 1)
a−ρn−η

× Γm,n+1
p+1,q+1

[
aw

∣∣∣∣ (c1, C1 : x), (0, h), (cj , Cj)2,p

(dj , Dj)1,q, (ρn+ η, h; 1)

]
.

Remark 3.1. By taking into account the decomposition formula of incomplete H-functions
or by setting x = 0, the Corollary 3.5 lead to the known result provided earlier by Raina
[12].

(iv) If we put x = 0 in Theorems 2.1, we get the following Corollary:

Corollary 3.7. Let h > 0,m − 1 ≤ <(ρn + η) ≤ m, η ∈ C, 0 < ρ ≤ 1, where a is the
arbitrary constant and n is the integer over the summation, then

Im,np,q

[
(aw)h

∣∣∣∣ (cj , Cj ;Aj)1,p

(dj , Dj ;Bj)1,q

]
=

∞∑
n=−∞

ρ(a− 1)ρn+η

Γ(ρn+ η + 1)
a−ρn−η

×Im,n+1
p+1,q+1

[
(aw)h

∣∣∣∣ (0, h; 1), (cj , Cj , Aj)1,p

(dj , Dj ;Bj)1,q, (ρn+ η, h; 1)

]
.
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4. Concluding remarks

Moreover, it is important to note that the particular cases of the results obtained in this
paper for x = 0 given the corresponding results for classical I-function and other special
functions. Therefore, we conclude with the remark that, by specializing the parameter
in the main results, one can derive number of expansion formulas for variety of special
functions.
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