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APPLICATIONS OF THE GENERALIZED HOMOGENEOUS ¢-SHIFT
OPERATOR IN ¢-POLYNOMIALS

SAMAHER A. ABDUL-GHANI'*, HUSAM L. SAAD?, §

ABSTRACT. In this paper, we construct the generalized homogeneous ¢-shift operator

D ( (Zl’ o ’ZT i q, ch.y>A Then, we apply this operator to derive some g¢-identities
1, ,bs

such as: the generating function and its extension, Rogers formula and its extension,
Mehler’s formula and its extension, Srivastava-Agarwal type bilinear generating func-
tions for the polynomials qbgf’b)(x,y,dq). Also, we obtain a transformation formula
(ayb)(
n

involving generating functions for ¢ z,9y,c|lq). We provide some special values for

¢ (2, y, ¢|q) in order to establish identities for the polynomials ¢4 (z) and ¢'*® (z, y|q).

Keywords: the homogeneous g-difference operator, the homogeneous ¢-shift operator, ¢-
Hahn polynomials, the generalized Al-Salam-Carlitz g-polynomials, generating function,
Rogers formula, Mehler’s formula.
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1. INTRODUCTION

In this paper, we will follow common notations and definitions for the ¢-series that used
in [8]. We assume that |¢| < 1.
For a € C, the g-shifted factorial is defined by [§]

n—1 00
(@o=1, (6:0)n=]]0-0ad"), (65000 =]]1~ad",
k=0 k=0

and the multiple g-shifted factorials by:

(a1,a2,. .. ar;@)m = (a1; Q)m(a2; m - - - (ar; Qi
where m € Z or oo.
The basic hypergeometric series ¢ is presented as follows [8]:

Q1,0 B o (A1, @)n _n (D) Ibs—r
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where ¢ # 0 when r > s+ 1. Note that

oo
quf)r(o%,1 ,ag“ ;q,x>zz( Lreens T+17Q)n$n, o] < 1.
e By

((Lﬁla .o '76T;Q)n

n=0

The g-binomial coefficient is defined as [8]:

n| _ (4;9)n
[’f] (G Qk (G Dtk for O<ks<m,

where n, k € N.
The Cauchy identity is given by:

3 (@ Dm m_ (a25¢)00

" = , |zl < 1.
(¢ @)m (23 ¢) oo

m=0
For a = 0, Cauchy identity becomes Euler’s identity [8]:

o m 1

Z(x = el <1,

= @Dm (30

which has the following inverse relation:

° —1m(r2n)gjm
Z( )"q

@G Dm (@ Doc-

m=0
The ¢-Chu-Vandermonde’s sum is given by [8]:
(/a4 Dn n

201(¢" ", a5¢:4,q) =
(¢;q)n

Heine’s transformation of 9¢; series [8, Appendix III, equation (II1.1)] is:

201 ( a,b ;q,Z> :w 201 < ¢/b,z ;Q7b>'

¢ (¢,29) az

Heine’s transformation of 9¢; series [8, Appendix III, equation (III.3)] is:

201 ( a5 ;q,2> = (ab2/¢ @)oo 201 ( C/a’cc/b ;Q,abz/c> )

c (23 0)oo
Transformation of 3¢ series [8, Appendix III, equation (II1.12)] is:

qinvbac . _ (e/c; Q)TL n qfn,c,d/b .
3¢2( d,e ,q,Q) - c 3¢2 dqufnc/e aq’bQ/e .

(€5 @)n
Transformation of 9¢1 [2, equation (5.3)] is:
a,b _ (abz/c;q)o b,c/a,0
2¢1< c 7Q7z> - (QZ/C7Q)00 3¢2 qc/az,c 34,9 ) -
We will use the following identities in this paper:
(aq™":q)n = (¢/a:q)n(~a)"q "~ ).

(43 D)n b, (5)—nk

ik = ——~—(=1)%¢\2
) (4 @)n—k )

In 1949, Hahn [10] defined the following polynomials:

(@) =) m (@; @) 2",

—n

(¢
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In 1965, Al-Salam and Carlitz [1] provided the generating function and Mehler’s formula
for d)%a) (x) as follows:
The generating function for ng(«fl) (z) is [1, 12, 14].

> o) T = OIT50)oe e ) fer) < 1. (12)

On  (1,27;¢)

Mehler’s formula for gbff) (x) is [1, 12, 14]:

- () ®) ™ (axT,byT; @)oo a,b,7
Zoqsn ($)¢n (y) (q’ q)n - (7_’ TT, YT Q)oo 3¢2 art, byT 4, TYT |, (13)

where max {|7], |z7|, |y7|, |xyT|} < 1.
In 1972, Carlitz [4] extended the generating function for A (x) as follows:

2 (e t" t; (t .
Z_;@ﬁifk(l‘)(q; _ (09t 0)eo ZH 0D i et Jat]) < 1. (14)

Q)n (t, 2t; q) oo axt;q);

In 1989, Srivastava and Agarwal [17] proposed the following generating function for

8\ (x):

> AT;q) A a
@) (2)(A; @) T :( 2 d)oo ( ’ ;q,xr), max {|7|, |z7|} < 1. 15
S o= = e {rhlar} <1 (15)
The Cauchy polynomials are defined as follows [6, 13, 15, 16]:

Py(z,y) = (z—y)(z —qy) - (x = ¢"y) = (y/z;q)n 2"

which has the following generating function:

- " (Yt
P,(z,y = ,  |xt] < 1. 16
nz:% ( )(q;q)n (2t; ¢)oo =t (16)
Goulden and Jackson in [9] gave the following identity:
n n . -
Pt = X [ -t (17)
k=0

In 2003, Chen et al. [5] presented the homogeneous g-difference operator D,,, which
performs on functions in two variables as follows:

flz,qa'y) — flgz,y)
Dy {f(x,y)} = .
o L@ 0)) T
The homogeneous ¢-shift operator was built as the g-exponential of the homogeneous
g-shift operator, as shown below:

B(D.,) = > (19
R A O
Proposition 1.1. [5]. We have
(@G 9Dn
oy {Pa(,9)} = T k(T,y). (19)

(xt;q) oo (t; ) oo

Dt { Yt @)oo } k (Yt @)oo (20)
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In 2010, Chen et al. [7] constructed the following homogeneous ¢-shift operator:
= (<)) (D)t

F(aDyy) = E 21
(Dz0) pard (4 9)x 20
In 2014, Cao [3] defined the homogeneous ¢-difference operator
(@)
T(a,zDy,) = § P8 (2 D). 292
( xy) P (q’ Q)k( :cy) ( )

In 2014, Zhou and Luo [19] discovered some new generating functions for ¢-Hahn poly-
nomials and proved them using the homogeneous g-difference operator E(Dy,).

The Rogers formula for gb(a) (x|q) is [19]:

0k (azt;q) xa, zl
Zz¢n+k . = (& xﬁ,mt,;m 2¢1 < ral aQ7t> ) (23)

v e (: q) (4 Ok

where max{|t|, |¢|, |x¢|, |xt|} < 1.
The extension of Mehler’s formula for ¢£La) (x) is [19]:

n=0

t"l
(:9)n

k m+k
(azt; q) oo Z B q :cyt [m—i—k} (xt,z;q); o, (24)

(t,2t; Q) oo (axt; q);

“M

provided max{|t|, |zt|} < 1.
In 2020, Srivastava and Arjika [18] established the generalized Al-Salam-Carlitz g¢-

polynomials <;5£La’b) (z,y|q) in the following form:

a " n 1,02, ..., 05113 e
¢£L ’b)(x,y|q) N Z [k] ((lbl 22 b+'1Q)k)k xky - (25)

k=0
Srivastava and Arjika [18] gave the following results:
Theorem 1.1. [18]. We have
The generating function for qS%mb) (x,yl|q) is:
oo
tn 1 at, -, 0541
4" (g = 19 ( T gt ) 26
nz—‘; a |)(q;Q)n Wta)oo T\ b1 s (26)

where max{|zt|, |yt|} < 1.
The Srivastava-Agarwal type generating function for qﬁ?(f’b) (z,ylq) is:
[ee]

(a,b) A " _ ()‘yt;Q)oo

a17”' as+17A
s+2¢s+l ( bl7 bs,)\ t 34, T > ) (27)

where max{|zt|, |yt|} < 1.

In 2022, the generalised g-hypergeometric polynomials were defined by Reshem and
Saad [11] as follows:

0 e . k1 1+s—r
O @y, clg) = [ } bbq"f: (0] EP ), (29)
k=0 yr VS
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where a = (a1,a9,--- ,a,), b= (b1,ba,...,bs).
e Settingr =1,s=0,a1 =a, z =1,y =0, c =z in (28), we get the ¢-Hahn
polynomials P (z) defined in equation (11).
o Lettingr =s+1,y=0,z =y, c =z in (28), we get the generalized Al-Salam-
Carlitz g-polynomials gf),(la’b) (z,y) defined in (25).

This paper is arranged as follows: In Section 2, we’ll present the generalized homoge-
neous ¢-shift operator ,®; and then find some of its identities. The generating function

and its extension for the polynomials qﬁ%a’b) (x,y,c|q) are presented in Section 3 using the
operator representation (30). In Section 4, the operator approach to Rogers’ formula

and its extension for the polynomials qS,(la’b) (z,y,c|lq) will be driven. For the polynomials
qbgla’b) (x, 9y, c|q), we establish Mehler’s formula and its extension in Section 5. In Section 6,

for the polynomials gé%a’b) (z,y,c|q), we develop a Srivastava-Agarwal type bilinear gener-
ating function. We use the homogeneous g-difference operator ,®4 in Section 7 to obtain

the transformation formula for the polynomials ¢7(1a’b) (x,y,c|q).

2. GENERALIZED HOMOGENEOUS ¢-SHIFT OPERATOR AND SOME OF ITS OPERATOR
IDENTITIES

In this section, we will begin by introducing the generalised homogeneous ¢-shift oper-

ator P, ( (Zi’ ’ZT ;q,cDyy | and then we will proceed to find some of its identities.
) y S

Definition 2.1. We define the generalized homogeneous q-shift operator as follows:

® ai, - ,ay D > W L 6 1+s—r Dok 99
54, C = - 2 & 9

@yl 9P ) = 2 (105G (eDay) (29)
(alu s, Qg Q)k

where Wy, = ————— =,
(bla o 7b5; Q)k

By providing specific values to the generalized homogeneous ¢-shift operator
Py Cgl’ o ’ZT 14, cDyy |, several previously stated operators can be obtained, for more
1,705 0s

information, see [3, 5, 7].
The following lemma is straightforward to prove:

Lemma 2.1. Let the operator ,Pg ( (Zl’ o ’ZT i q, chy> be defined as in (29), then
1,7 5 0s
P ai, - ,Qp . D P _ (a,b) 30
res by, ,bs 4, Clxy { n(x’y)}_(bn (x,y,c|q). ( )
ar, -, ay (yt; @)oo (yt; @)oo a, -, ay
rPs ’ ' 1q,cDy = rQPs ’ ’ ;q, ¢t |, 1
< bl?"' 7bs q,c y> {(mt,Q)oo} (xt,Q)oo (25 bl?"' 7bs q,C (3 )

where |xt| < 1.

(Zi, e ,ZT 4, Cny> be defined as in (29), then
"y Us

ay, - ar Bz, y) (Wt @)oo
rq)s< bl;"' 7bs 7Q7CD$?J> {

(yt; Or (25 ¢)oo

Lemma 2.2. Let the operator ,®g <
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k
°°t"“ Z @ yt D ¢ s < al’::: W ;q,ctqj>, [t <1.  (32)
=0 5 1, s Vs
Proof. By using ¢-Chu-Vandermonde sum (4), we find that
Pi(,y) (4t oo _ (¥t @)oo (/23 Q)"
O ) N C T e T
E:v q;"o ™% 901 (g7, 2t vt ¢, q)
k —k. t:
ey (07" 9); @yt (33)
= (@) (@rtig)w
By using (33) and (31), we obtain
A, ,0ar Pk($7y) (thQ)oo}
rPs 3¢, cDy
( b, by y) { (vt @k (2t;0)o0
k .
e (@89 <a1 La (¢yt; 9)oo
=t F 7jq‘7 rPs ’ L ;q,¢Dy TN
jZ—:O (4:9); by, bs AU
_t—k;zk: 7QJ ] tq]7Q)OO d) at, - ,ar Ct]
- = (275 @)oo N\ b1, bs LT )
]

3. THE GENERATING FUNCTION FOR ¢\ (z, v, c|q)

In this section, we use the operator representation (30) to drive the generating func-

tion and its extension for the polynomials ¢£La,b) (z,y,c|lq). We give some special values
for the parameters in the generating function as well as its extension for the polynomi-

als gb%a’b) (x,y,c|q) to get the generating function and its extension for both polynomials

o1’ (@) and 617 (z, o).
Theorem 3.1. (Generating function for <Z>na’b) (z,y,c|lq)). We have

[e.e]

" (yt; @)oo ai, -+ ay
¢£La’b) x,Y,clq = r®s T T gyt ), ot < 1. 34
,;) ( | )(q; Dn (2t @)0 b, -+, bs [« (34)

Proof. By using (30), we get

n

(e%e] t'n, e °] ay, -+, ap t
¢7(‘Lavb) x7ych — T(b5< ’ ’ )qchI) Pn fL‘,y
; ( |)(q;q)n 2 by, bs v) 1l )}(q;q)n
ai, -, ar N "
;Q7CDCC> Po(,y) ——
<b1,--',bs Y {nzz:ﬂ ( )(Q§Q)n}
ai, e ay (yt;q) oo
= ;P4 4, Dy (ot [ b 1
<bl,"',bs &e y){(xt§Q)oo} ’x’<

(Yt; ¢)oo Aty -, 0p
= — 5 t ).
([L‘t; q)oo 7‘¢S b]_, R ,bs 7q7c
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e Settingr =1,s=0,a1 =a,x =1,y =0, c=xin (3.1), we recover the generating
function for the polynomials ¢$?) (z) (equation (12)).
o Lettingr=s+1,y=0, z =y, c=xz in (3.1), we regain the generating function

for the polynomials ¢>§f’b) (x,y|q) (equation (26)).

Theorem 3.2. (An extension to generating function for qﬁ%a’b) (z,y,c|lq)). We have

n

b ¢
' (2, y, clq)
Z ntk ) (4 9)n

: k(g k
_ (yty(J;oo t—kz ((-E’xt)) rd)s ( at, - ’ZT i q, ctq]) . lxt] < 1. (35)
=0

(zt;q)oo 4, yt;q br, -+, bs
Proof.
t’f'L
Gpir (95 clg
Z i G-
> n
_Z P at, =5 0r (Poin(z, )} t (b ing (30))
- r®s g p Dy n+k(T; Y : y using
n=0 1 s ((LQ)n
a a > "o
IERRRI
B T(PS ( bla"' 7bs 7Q7C‘ny> {Z:P”+k(x’y) (qa q)n}
=@, 1 gD kayZqum -
r¥s bla" )bs s Y Ty (q’ q)n
_ Ay, ,0ar | qyt q) X
= ;P ( b1, -+ ,bs 5, Dy > { ﬂﬁ,y l’t q) } (by using (16))
ai, - ,ar e (2, Y) (Yt @)oo
" 5<b1,"-,b3 e >{ , )k: xtq) }
k
yt7q (e%e] t—k Z 7$t T¢S a17 e, a ’q’ th] . (by using (32))
(@9 Lyt q) b

0

e Setting k = 0 in equation (35), we obtain the generating function for (;S%a’b) (x,y,cl|q)
(equation (34)).

Lemma 3.1. We have

302 < q_;’,(l)),c ;q,Q> = C"Zn: Bj w (b/e)*. (36)

Proof. Setting e = 0 in (7), we obtain
s ( g ", b,c ;q7q> _ cni (@ @)k (e, d/bs )i (ka)’“
%0 i (@O ([dak (—1)rgl)gri(gept
N m (e d/bi @)k
0

=c c)®. usin,
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e By giving special values to the parametrs in equation (35), we retrieve an extension
to the generating function for the polynomials ng?(la) (z) (equation (14)).

Proof. Settingr=1,s=0,a1 =a,xz=1,y=0, ¢c=x in (35), we get

0 n _ k —
(a) t 7 aq j a ¢ j
S A0 o = G zo B g (st
n= 7=
k —k ;
b q & (aztq’; @)oo :
, by using (1
]Zg (#tq’; q)oc ( )

k
_ MZ [k‘] M 27, (by using (36))

where max{|t], |zt|} < 1. O

elfr=s+1,y=0, z =y, c=x in equation (35), we obtain an extension to the

7b)

generating function for the polynomials ¢, (z,y|q) as follows:

Corollary 3.1. (An extention to generating function for ¢,(1a’b) (x,ylq)). We have

n —k &
b) t t (a1, 1 @s413Dn ,_\n
E ¢na (z,ylq = 5 xt
k(2 81a) (@ Dn  Wha)oo I (b1 bs3@n (<)

kT - .
> u (yt;q); (~1)Tq)HE=RE0I ) <,

4. ROGERS FORMULA FOR ¢\P) (z,y,clq)

In this section, we will present an operator approach to Rogers formula and its extension
for the generalized ¢-hypergeometric polynomials ¢£La’b) (z,y,¢|q). The Rogers formula
and its extension for the ¢-Hahn polynomials gb%Q) (x) and the extension of the Rogers

formula for the generalized Al-Salam-Carlitz g-polynomials ¢£La’b)(m, y|q) are obtained by
incorporating special values for the parameters in the Rogers formula and its extension

for the polynomials qb%a’b) (z,y,clq).

Theorem 4.1. (Rogers formula for PP (x,y,c|lq)). We have

(W)

- (xl; q)k k ay, -+ , Gy k
s [ OV gt ) t/0],10 1. (37
Z; i o (T geetdt) mal el <1 (30

Proof.
a ok
36, el

n=0 k=0
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— Ay, ,0r " Ek
ZZ r(I)s< by, -+ ,bs ;(LCDry){PnJrk(xay)} ( :

n=0 k=0 (¢:9)n (¢; 9k
A1, ,Qp - " - n Ek
T(I)s ) 7CDx Pn T, Y)7—~ P Z,
(bl,---,bs ! y) {; ( y)(q;q)nkzo i qy)(q;q)k}
(by using (16))
i, - ,0ap = ( nye q) tn
r(I)s ) ,CDx Pn x,
( bi,--- by 1 y) {Z_: (@9) (245 q) oo (q;q)n}
i L T(I)s < ab aQa Cny) { yE q) } (by USing (32))
= (40)n b1,~ bs yf Dn (24 ¢)oc
" WD)~ (T 2l Q) < ai, -, ar k>
o r s T gl
= (g q)n (6; q)os kzo (¢ 96 Ok "o br,-- b, T
ea [e'e) - 7”,1'6; S Ay
Ez q) (( v )Q) q r¢s<a1'” Z ;q,cﬁq’“>
liq (@) = (@ybq ooy bs
oo 00 kY _
(yt; q>oo - < k> (t/0)"(—1)kq(2)m*
q" +Os iq,clq
(@4; @)oo £ Z « (0,90 0k P\ b b, nz; (@ Dn—r
(by using (10))
k
(¥ @)oo i (2l & T i (/07 (— 1) g(5) bk
(QZ'E, Q)OO k=0 (q7 ygv Q)k‘ @ r®s b17 e 7bS ' 4 n—=0 (q7 q)n
k
(Wl @)oo = (5 )i (t/0)F(~1)Fq~ () a, e ) e (RO
(xg;q)m;) ( 7y£ Q) r¢$ b1,~-. abs 76170&1 7;) (q;Q)n
00 _(k
(6 @)oo o= (28 @) (t/0)F(~1)Fq~ () an,ar g
(; 9)oo kzo @b et b am "\ b by P

. oox. k_k:—(};) 1.+ . Q
e SO CHTE | (o)

o0

(v @)oo (x4; )k " - a . .
N r®s © T geld” ). (b
(xl,t/; q)oo kZO (q,9¢,q0/t;q)r ¢ by, by D (by using (9))

0

e Rogers formula for polynomials qs;“) (z) (equation (23)) can be preserved by using
special values for the parameters in equation (37).

Proof. Substitute r =1, s =0, a1 = a, x = 1, y = 0, ¢ = z in equation (37), we
get

k

Z Z ¢n+k $|q

== qq) (43 Ok

k a k
q€/t o q 1¢o<0 7q,w€q>

Mg

ﬁlt/ﬁqook:0
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Nt k: k = CL,q
€1ﬁ/€qookzz0 qﬁ/tq qnz%quz

> kaxl) o

Z qk(qk )
NG t/f Voo 1= (4, qﬁ/t i~ (¢Fel)oo

_ (aztiq)s i (Cxliqe g
(67 x@,t/ﬁ, Q)oo k=0 (q7 axea qg/ta Q)k

 (axl; q)oo é £, xl,0

T (bl ) 20\ azt, qe/t 454

g' oo 1
- i (it ) i)

(azl; q)so axr,zl .
= 06 IE ), o
(6, l'g,l't,Q)oo 2(251 axl 4, ) ( y using (6))

where max{|¢|, |x¢|, |xt|,|t|} < 1. O

Theorem 4.2. (An extention to Rogers formula for ¢§§”b) (z,y,c|q)). we have

0 n m k
ZZZM&M%CM)(.t Tt

n=0m=0 k=0 q; Q)n-i-m ((LQ)m (Q, Q)k

o0

(¥4; @)oo (xl;q)r, ¢* ay, -+, ar k
= S ,7€ 9 38
lor/t i 2 ileat /" (S )

where max{|z{|,|T/t|,|t/0)} < 1.
Proof.

[c ol SBNe o]

SIS 6@y clg)

n=0m=0 k=0 ((L Q)n—i-m (q;Q)m (q; Q)k

m gk

m

0o 0o 0 n ok
:Z ZZ rOs ( (Zi: :[CZ ;Q7CD:ch> {Pn-‘rm-i-k(:vay)}( X ! T .

o Sovsa ewrd @ Dnvm (G Om (4 @k

_ Ay, 0 | " T
—r@s<b1"..,bs 7q7Cny>{ZZPn+mxy( .

n=0m=0 Q)n-i-m (CLQ)m

gk
X Zpk n+m 7. }

m

(@ D

at. - ay t ™ (@Yl @)
= T(I)S ’ ! ) ,CDQ; Pn m x
( biyeee by Y y) {nz;mzzo Fnly) (@ Dntm (G Dm (260)o0
(by using (16))

" ap, -, a, Poim(z,y) (¥4 @)oo
:ZZ . r(ﬁS(bl,“',bs 7Q7CDZBy>{ . .

n+m q; Q)m (yf, Q)n—i-m (‘TE, C_I)oo

n+m ¢ "t 2l q)rg

3 Y T el O

n-l—m q Q)

4, yl; Q)
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X 10, < Pty ;q,cqu> (by using (32))

n+m

483

(y&q)mii 2(:/‘6 T/gm Z q ~(ntm) ZUe q) ¢ <a17"'7a7' chqk)
Vs bl""’bs ) )

)
(@6 @)oo 2= 5= (G Dntm (G D (¢, 96 Q)

n+m

0 q)oo (/0" (r/0)™ xl (—1)kq(3) g—(ntm)k
ée,)mZZ/,/ > q L g

n=0m=0 k=0 (y 1 q (q Q)nerfk(q; Q)k
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<o (P saett) (o wsing (10)

Y

yﬁqooZZ i t/e T/g (@0, )ig" (—1)kq(3) g (rmk

(@45 ¢) oo WDk (6 Dnm—i(@ Ok

n=0 m=0n+m==k

al,...’ ro. k
X r¢s< by - b, ,q7<>€Q>

(1 oo o= oo T/t (/0" (~1)"q(g IR (2t )

(@65 @)oo mZOZZ;kZO & 4)m (45 9)i (¢ Ok (Wl Ok

oo (G ce)

W N~ (T/0™ t/f) (#l, 9k a, LA ok

(20: @)oo Z QQmZO (QJ&Q)k r¢s<b17...,bs 7%05‘])
S (Q‘kt/f)

g ; (¢39)i

L W0 S (DR G /0F (2tq) a, e 1
- <xf,7/t;q>wkzo Gk Whok ’”¢’S< by by (N ) (/0 9)os

W) O /0F  (al, ) o ar
- (@lT/t ) g) kzzo R T A R

_ Wb
(xl,7/t,t/;q) 00

M

:Ef q kq ai, -+ ,ar L ‘
) ) . E ' b
=0 (q,yl,ql/t; q)x rs ( b, bs ;g ctq (by using (9))

e Letting 7 = 0 in equation (38), we get Rogers formula for the polynomials
(@.b) (x,y,c|lq) (equation (4.1)).
e Whenr =1, s =0,a1 =a, z =1, y =0, ¢c = = in equation (38), we get

extension to the Rogers formula for the polynomials ¢$1a) (z]q).

Corollary 4.1 (An extention to Rogers formula for ¢£La) (x]q)). We have

[c < ENe CENe o]

Z Z Z¢n+m+k x|q ( ) T

n=0m=0 k=0 q)n+m (an)m (q;Q)k

(azl; q) o ax,xl
= cq.t
(yxl,xt, T/0; @)oo 201 azt TV

m Ek

an
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where max{|¢|, |zf|, |xt|,7/¢]} < 1.

e Settingr =s+1,y =0, z =y, ¢c = x in equation (38), we get an extension to the
Rogers formula for the polynomials (;S,(la’b) (z,yl|q).

Corollary 4.2 (An extention to Rogers formulaa for gb%a’b) (x,ylq))-

>3 S et T
n=0m=0 k=0 n+m+k ( )n—i—m (QS Q)m (q; Q)k
! o Wk g Qg )
— s s Y ? ; , e ,
(yt, 7/t,t/4; @)oo kzo @ la/tr? PO\ bb, TP

where max{|y¢|, |T/t|,[t/¢|} < 1.

5. MEHLER'S FORMULA FOR ¢ (2, , c|q)

In this section, we construct Mehler’s formula and its extension for the generalized ¢-
hypergeometric polynomials <l>$la’b) (z,y, c|q) using the operator representation (30). Miller’s
formula and its extension for both g-Hahn polynomials gb%a) (x|q) and generalized Al-Salam-
Carlitz polynomials gb%a’b) (x,y|q) are derived by providing special values for the variables

in the Mehler’s formula and its extension for the polynomials qb%a’b) (x,y,clq).

Theorem 5.1. (Mehler’s formula for ¢£La’b) (z,y,c|lq)). We have

= (a,b) (dye) "
nz:ocﬁ (2.9, cl0)d> (w0, Fla) s
_ W @)oo = (s ey drs ) (71" f*
(7t; @)oo k=0 (€1, €554 ) [( )q } Pk(u,v)(%Q)k
k
XZ qytq rqbs( oy ;q,ctqj>, |wt| < 1. (39)
=0 s y Us
Proof.
 (ab) (de) "
;_:chn (,y, clg) ¢y (u, v, flq) @
=> 2 ( Zi ZT 1q, chy) {Pa(z, )} 6389 (u, v, flq) (qtq) (by using (30))

n=0

a a > t"
1,7 Uy |
7"(1)3 < bl?' t 7bs b CDIy) {%Pﬂ(m?y) (q; Q)n}

" n w _1\k (g) Its—r o . .
= [’f] (€1, esi @ (1B Pk w) (by using (28))

. at, - ,qr dla"' ryd _1\k (k) I4s—r
= (G swenn) {3030 Gttt )
X ————— P, _r(u,v)P,(x,
@@ g )
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= L 1] e i
= o (G wenn) {35 Rt (o] B

n=0k —0 h es,Q)k (Q7 Q)k(Q7 Q)n

% Pu(u, v) Pz, y>}

= (5 e ) {0 - i [y (9] 0 U

e €1y...y€Eg; Q)k

[e=]

< Bl Y Palod)

= (¢ @)n
(B o) {3 e ] 7 g O
x Pk<m,y><qgcff;§zj} (by using (16))
“> G [ O] n T

a,an Pr(2,y) (yt; @)oo
g ”q’3< b b 0 D””y) { ) <:ct;q>oo}
N e d Ok [k (91T b oy Dk (U @)oo
=2 €1y €53 )k [( D' } Pelu )(Q;Q)kt (3 ¢)oo

k
(q_kaxt;Q)j j at, -, ar | J ;
X jz_:o WQ rPs by,--- b 14, ctq (by using (32))

E ok (g) 14+s—r " v
[( Ve ] Prlu. )(QS(])k

k
xt;q); ai, -+ ,a A
’7.)]% r®s bl br ;q,ctq’ ).
7 ; o b

O

e By using special values to the parameters in equation (39), we revive Mehler’s
formula for the polynomials ¢7(1a) (x|q) (equation (13)).

Proof. Setting r =1,s=0,a1 =a, 2 =1, y=0,c=2z,d =b,u=1,v =0,
f =y, and t = 7 in equation (39), we get

(@) (4
Z¢ [2)6P (y]q) o

0 k _k
Eoese @R T, <a. j)
— ¢ 1¢ 14, TTq
2o ' wa, o

1 (b; )
(T3@)o0 1= (G 0Dk ™ 4

_ 1 (b q)
(759) (4:9)

’I’L

= |l

b (g% 79); ;(ar¢;q)s
Gk = (@9); (27¢7; q)oo

K
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J

(by using (36))

(7,275 @)oo &= (¢ Dk = Uil (axT;9);

(CLLL“T; Q)OO - (T7 a; Q)] J - (b7 Q)k k
= T yT

(7,275 ¢)oo Jz:% (¢, 0273 q); ,; (¢ Q1 (v7)

(1,a,b;9);

e Settingr =s+1, y

get Mehler’s formula for the polynomials ¢£La’b)

Corollary 5.1.

arT, byT; q) oo ( T,a,b
30

N Z (¢, az7,byT; q); (wyr)’

=0, z=y,c=z,v=0,u=

axT, byt

(z,9lq).

a, e tn
Zqﬁ O (@, ylq) i (u, vla)
00 k
(di, - dsy13@)k i [k} i (2)—i(k—1)
uv A (ytsq); (1) ¢\
ytqookzzo (€1, es:q)k () jz:(:) j) e 1
X s+l¢s < e . als;rl 14, xtq ) ) ’yt’ <1
Theorem 5.2. (An extention to Mehler’s formula for gf),(la’b) (x,y,c|lq)). We have
Z¢n+m x yac‘q (u v f‘q) tn
(@:0)n
(yt7Q)OO > (d17 7dT7q)k |: k () I4s—r k
= —1)%q\2 } Pr(u,v
75 0)oe kzzo (et sk L ) G
mAk o —(mAR) ppeg). .
< m§ ,’m’Q)Jq] r¢s<%l’...7gr§q76tq])y |zt] < 1.
‘= (@yta); Lo 0

Proof. From (30), we have

S 6wy, clg) o3 (v,

n=0

fla)

(¢ Dn

v, f = u in equation (39), we

(41)
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=50 (4 Dy ) (P} 620, Sl
n:() ) »vSs

B o (t)
= rq)s< b, b a%CDzy) {me+n$y QQ)n}

y z":[ }dl@k [(,1)kq(’§)}”H Py k(u,v)f*  (by using (28))
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Pn k(u U)Pm-i-n(wa y)}

Nk

3
Il
o

iNNg

by, (€1, €55 Q)k (4 Dk
> m+k tn
X Poik(z,y) Y Pu(x,q ' Y)— }
vt (¢; Dn
a1, ,Qp > d]_,...7dr, )k 1+s—r (ft)k
= ,,,q)s ’ ! N 7C.Dm P u,v
< bl’“'  bs I y) {k—O 61,.. s394 )k [ :| k( )(Q7Q)k
m-+k, +.
¢yt ) oo .
X Prik(z, y)((:th))} (by using (16))

617 . es, )k

i di,....dr;q [(-1)%(’5) 1+s—rpk(u’v) (ft)k
=0

ar, - L ar Ppii(,y) (yt;q)oo}
X P 1q,cD
e < b, -+, bs 4 xy) { (yt§ Q)m-i-k (fEt;Q)oo
o0
(dy, ... I4s—r )k
0 DY crorer i (R RO
- (€1, ..., 65,Q)k (¢;9)k
m+k m+k t )
tm+kyq00 , T q 7 al)"'aa?";’tj
7qooz_: (¢, yt;:9); ¢ s by, by D

(by using (32))

(Wt Doo N~ (s s i [ (91 b )t
(@t; @)oo = (€1, €53 )k [( b ] H ) i

mtk (g~ (m+R) ot
q)] . al DY a/r .
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e Setting m = 0 in equation (41), we recover Mehler’s formula for ¢£la7b) (x,y,c|q)
(equation (40)).

o Lettingr=1,s=0,a1=a,2=1,y=0,c=z,di=b,u=10v=0, f=yin
equation (41), we reobtain an extension of Mehler’s formula for A (z|q) (equation
(24)).

e Settingr =s+1,y =0, x—y,C—x v=0,u=wv, f=uwuin (41), we obtain an
extension of Mehler’s formula for ¢ 2.b) (x,9y|q).

Corollary 5.2. We have

Z¢m+n 2, ylq) i (u, v]q)

n

(¢ Dn
0o d m-+k
1,°°° S+1a m
Mo yt;q);
thOOZ(:) 615 T es,q)k‘ Z |: :| )J
X (_1)jq(é>—j(m+k—1) s+1¢s ( AL et ;%xtqj> > ‘yt‘ <1l
bi, -+, bs
6. THE SRIVASTAVA-AGARWAL TY%)Eb)BILINEAR GENERATING FUNCTIONS FOR
on (2,y, clq)

In this section, we create the Srivastava-Agarwal type bilinear generating function for
the generalized g-hypergeometric polynomials qﬁ%a’b) (z,y,c|q). We use specific parameter
values to reobtain Mehler’s formula for g-Hahn polynomials qs;“) (z|q). In addition, we build

the Srivastava-Agarwal type generating function for the polynomials d),(la’b) (x,y,clq). We
use given parameter values to reconstruct the Srivastava-Agarwal type generating function

for both ¢ (z|q) and 6@ (z,y|q).

Theorem 6.1. (Srivastava-Agarwal type bilinear generating function for ¢$La’b) (z,y,clq)).
We have

n

(@ On

> ¢l (x]q) ¢l ) (u, v, clq)
n=0

- (0% Do i (0 tt; ) ¢ o [ 00 g et (42)
(Ut¢$;Q)OO n=0 (qavt,Q/x;Q)n s blv"' 7bs T ’

provided max{|ut|, |z|} < 1.

Proof.
S () (ab) "
nz;)cbn (z]q)9; (uW?C\Q)(q’q)n
>y [ ] s ot (v, fla) " (by using (1))
n=0 k=0 Q7Q)n
=ZZ[ J(asanat v (407770 gD ) (Pa(ue)) (o by using (30)
n=0 k=0 y4)n

ai, -+ ,0r "
= T(I)s< bi, ’bs ;Q7CDU1)> {ZZ[ :| Q3 Qk’x P (u U) }

n=0 k=0
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(by using (16))
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(by using (32))
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(ut; q)oo Z Z q,vt Dn a0 by, by DM
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(Ut§Q)oonZ::0 (4, vt; q)n b1, bs kzo Gaox Y
_ i) g 0" Dbty (e ctqn> (a3 0)oc

(Ut§ Q)oo "0 (Qa vt; Q)n bla T 7bs T (q_”x;q)oo

(

. vt, ;5 q) oo o0 (_1)nq*(2)(ut,a;q)nxn é <a1,... ,Qy et
B bi,--- bs 77

(vt, x5 q) oo > (ut, a; q)n ap, -, a .
= n rOs ) 3 7 , t n ' b
(ut, 75 q)oo nzz;] (q,vt, q/x;q)nq ¢ b, ,bs q,ctq (by using (9))

O

e We give special values for the parameters in equation (42) to reobtain Mehler’s
formula for the ¢g-Hahn polynomials ¢$La)(x|q) (equation (13)).

Proof. Settingr =1,s=0,a=a,a=b,b=0,u=1,v=0,c=y,andt =7 in
equation (42), we get

() t"
Ecb (zlg)oP (ylq) o

(t,a;9)ng"
= OOZ - 1¢0(0,qytq)

(9,9/759)n
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(a7:)o o= (=1)"q” B (t,a19)n ,
2100 = (¢,47"%;q)n 100 ( 0 {4 >

> (—1)ng—(3) a; az;
- Z(l)q (t, q)""lqbo((),qytq)(( 7?)00

Do 2= (6,072 0)n 47" q)oo
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= E x E q by using (1
tyt Qoo (= (G Dk = (409t On ( @)
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_ (byt; q)oo Z (a; Z; (mt)kz [k] (t,0: @)n y"  (by using (36))
k=

(t, 4t Qoo =2 (45 = Ln] (byt; q)n
byt oo s~ _E0Dn o~ (GDk
= xt
(t, yt; @)oo 2= ()b M)ny Z(q;Q)k_n( )
(byt; q)oo (t,a,b; Q)n nae (09" Qk
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(t, Yt @)oo Z(q byt; q)n : kZ:D (¢ Dk (&)
_ (gt g)ee < (b q)n< )n(qna:rt;q)oo
(Yt @)oo =5 (4, byt; @) (2t 0)oo
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(Lot yt @)oo 32 axt, byt * 9TV )

Theorem 6.2. We have

o0 tn
¢+ (2, y, clg) Po(u, v
nz:% (e cla) il )(q; Dn

_(U/U yUtQOOZ a:utq U/U ¢ (ala'”
(wuti @)oo = (aputiq); "

provided |zut| < 1.

Proof.
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y Qp . 7
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ai, -, a, s tn
= P, ’ T g, eDy ) P, (x, P,(u,v
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:rq)s aquDz> Pn Y |::| -1 g v
(bb"'vbs ! {ﬂ;} ( )(q;q)nkz::0 k)Y
(by using (17))
oo k 00
ai ay (—1)kq<2)vk Py (z, y)u™ "k
- r(I)s ’ ’ aQ7CDm )
< bl)' : 7bS v {;) <Q;Q)k nzz:k (Q;q)nfk
o k 0
a1, ay (=1)*q(2) ok S Pyl yyune
= T(I)s ’ ’ 4, CD:(: )
(bb' s ! {kzo (5 9) nzz;] (:9)n
% k 0
ar L a (1" a5 @t P, y) <= Pal,d"y)
= ;P ’ ’ 54, cDy ) ut)"”
( by, bs Y {kzzo (43 )k ,;) (43 0)n )
00 k
_ (al, D ) Z(—l)kq(2>(vt)kpk(w7y) (¢"yut; g)oo
TN b b T CHOP (zut; q)oo
(by using (16))
00 k
_ < aan > D' 0 Puley) (vuti)
U b b T = (g (yuti )k (ut 9o
oo k
_ Z (_1>kq(2)(vt)k ® < ay, , A -q,¢D ) {Pk(x7y) (yUt§ Q>oo}
= (@G biy -5 bs ) (yut; @) (wut; q)oo
B i CICOLRN T N N URETTYd
S CH (zut; q)oo = (0, yut; g);
X s ( Cgl’ ’Z’” ;q,cutqj> (by using (32))
1, Us
(yut; @)oo — (zut; q)](_qu(z)qj ( ay, - ,ar )
= r¥s ;q7CthJ
(xut; @)oo Zo (q,yut; q); ¢ by, -+, bs
00 k L
- (=1)"¢2) (v/w)*q "
= (¢ i
_ (v/u,yut;q)oc o~ (zut; q);(v/u)’ oo Tt )
(zut; )oo (g,yutiq); "7\ biyee by 7T

=0

e Setting v/u = A and ut — ¢ in equation (43), we get the following corollary:

Corollary 6.1. (Srivastava-Agarwal type generating function for d)%a’b) (x,y,cl|q)).

We have

> 65V (@, clg) (A )n

n=0

t’n
(¢:9)n
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O A (xt;q); ai, - ,ar
T g et <1l (44
(2t ¢) Z q,ytq 05 oy iy 0t ) lot (44)

e We give special values for the parameters in equation (44) to get Srivastava-

Agarwal type generating function for gZ)%a) (z) (equation (15)).
o Lettingr=s+1,x =y, y =0, ¢ = x in equation (44) and using Cauchy identity
(1), we recover Srivastava-Agarwal type generating function for the polynomials

¢\ (2, ylg) (equation (27)).

7. A TRANSFORMATION FORMULA INVOLVING GENERATING FUNCTIONS FOR
(a,b)
</’n (1;7 y7 c’Q)

In this section, we derive the transformation formula for generalized ¢-hypergeometric
polynomials qﬁgla’b) (z,y,c|q) by using the homogeneous ¢-shift operator ,®s.

Theorem 7.1. Let the coefficients A(n) and B(n) satisfy the following relation:

= = (¢"0t; @)oo
A Po(u,v) =S B(n)~L i Doe 45
> AP () = 3 By (G (15)
Then
= q "ut; q Ary - ,0r n
E A ’LL’UC’q E_ q utq ¢s< bl;"'abs ,Q7th >, (46)

where each of the series in (45) and (46) are absolutely convergent.

Proof. Let f(u,v,c) be the right-hand side of (46). By using (45) and (30) we find that

_ (¢"vt; @)oo a, L Ar g
f(u,v,c) - Z_;)B(n)(qnut’q)oo Td)S bla"' 7bs 4, th (47)

n=0

_ = Ay, 0 | (qnvt;Q)oo
— ZB(n) 7P < by b, ,q,cDuv) {(q"ut; Oo}
(
(

ai, -, ay
= T<I)s< bi"' b ;q,cDuv) {;}A(n)Pn(u v)

=S o (G eDu ) {Pw0)

n=0
- ZA D) (u, v, clg), (48)

which is precisely the left-hand side of (46). The proof of Theorem 7.1 is completed. [

e Whenr=1,5s=0,a; =a,u=1, v=0, c=wu in equations (45)and (46), we get
the transformation formula for the polynomials (;5,(1“) (z|q).
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Corollary 7.1. Let the coefficients A(n) and B(n) satisfy the following relation-
ship:

B(n)
Z Al nz:O ("t @)oo (49)
Then

o0

ZA Vulg) = 3 B(n) (Gthn;Q)oo’ (50)

(0" q)o (ulg™; @)oo

where each of the series in (49) and (50) are absolutely convergent.

e Setting r = s+ 1, v =0, u = v, ¢ = u in equations (45)and (46), we get the
transformation formula for the polynomials qbq(la’b) (z,yl|q).

Corollary 7.2. Let the coefficients A(n) and B(n) satisfy the following relation-

ship:
= o  B(n)
Z A(n)v" = Z T (51)
n=0 n=0 (q Uta Q)OO
Then
- B(n) ai, - ,0s4+1 | n
ZA u ’U‘Q) Zm s+1¢>s ( bl"" 7bs ; g, utq ) (52)

n=0

where each of the series in (51) and (52) are absolutely convergent.

8. CONCLUSIONS

(1) Several previously specified operators can be obtained by providing special values
at, -+, ar

to the generalized homogeneous g-shift operator ,®, b b
1, ,0Us

1q,¢Dyy |, for

more information, see [3, 5, 7].

(2) The g-Hahn polynomials gb,(la) (z|q) are a special case of the generalized g-hypergeom-
etric polynomials qﬁ%ab) (z,y,c|q).

(3) The generalized g-hypergeometric polynomials gzﬁ%a’b) (x,y,c|q) are a generalization
for the generalized Al-Salam-Carlitz g-polynomials ¢7(1a,b)(x’ ylq).

(4) The polynomials identities for qﬁna’b) (x,y,c|q) are a generalization of the ¢-Hahn
p(()lyr)lomials ¢,(f‘) (z|q) and the generalized Al-Salam—Carlitz g-polynomials

(@, yla).
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