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DISTRIBUTIONAL DERIVATIVES ON A REGULAR OPEN SURFACE
WITH PHYSICAL APPLICATIONS

B. POLAT' §

ABSTRACT. The spatial derivatives of Schwartz-Sobolev distributions which display sin-
gularities of arbitrary order on an arbitrary regular open surface are investigated. The
contributions of the present investigation to literature are i) an approach alternative to
the derivation of the distributional derivatives of multilayers by Estrada and Kanwal; ii)
an extension of the available results for closed surfaces to open surfaces featuring bound-
ary distributions of arbitrary order. The end results are applied in the distributional
investigation of Maxwell equations in presence of single and double layer sources located
on a regular open surface.
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1. INTRODUCTION

In this work we provide a systematic investigation of spatial derivatives of field quantities
which display arbitrary singular behavior on a regular open surface in a Schwartz-Sobolev
space setting. Our approach and notation conform to the teachings of Ricardo Estrada and
Ram Kanwal in the area regarding the study of propagation of wavefronts and multilayers,
which go back to year 1980 [1] and are summarized in the textbook [2]. The contributions
of the present investigation to literature are

(1) an approach alternative to the derivation of the distributional derivatives of mul-
tilayers by Estrada and Kanwal [3,Proposition 1];

(2) an extension of the available results for closed surfaces to open surfaces featuring
boundary distributions of arbitrary order.

Following the differentiation of the singular and regular components of arbitrary distri-
butions, the end results are applied in the distributional investigation of Maxwell equations
in presence of single and double layer sources located on a regular open surface. Through-
out the text R, stands for n dimensional Euclidean space.

In a Schwartz-Sobolev space setting we may assume arbitrary scalar and vector field
quantities to be expressed in the conventional form

VD = {VED)+ VED A = {AF f+ [AF0] o @
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The “regular component” of a distribution given in curly brackets is defined outside
the singularity domain and assumed to be of Llloc, the class of locally integrable functions
in the Lebesgue sense, in any compact subspace of R3. The “singular component” of a
distribution with representation [ is assumed to be of D', the class of Schwartz-Sobolev
distributions, in the present case concentrated on a regular open surface S. The singular
components are constructed through the Dirac delta distributions and their spatial and
temporal derivatives of every order which are postulated to represent the source quantities
successfully for all types of polarization (molecular displacement) mechanisms in classical
electromagnetic theory. The spatial derivatives of locally integrable functions in LlloC may
generate distributions in D’ as addressed in Theorem 4.1.

2. SCHWARTZ-SOBOLEV DESCRIPTION OF SURFACE DISTRIBUTIONS

Let us consider an arbitrary regular open surface S in R3 as depicted in Fig.1., where
Ozyx9x3 is the Cartesian reference frame and (n,v, \) signifies the local curvilinear coor-
dinate system for S such that the surface is spanned by (v, A), while n denotes the normal
curve.
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Figure 1. Local and Cartesian reference frames of an arbitrary regular open surface

We assume (7, 0, 5\) constitute a right-handed triple of orthogonal unit vectors such that
) is the unit tangent to the boundary curve C' = 95, and ¢ is located in the plane tangent
to S but is normal to C.

To ensure the smooth behavior of the regular components in (1.1) in presence of a
surface of Singularity S, one requires them to be reqular singular functions ([2], Sec. 5.5)
in a subspace E C L! defined with the properties

loc

(1) {V(7;t)} and {A(F; t)} have spatial derivatives of all orders outside S, and
(2) {V(rit)}, {/f(F; t)} and all their spatial derivatives have bounded boundary values

as one approaches from both sides of S.
The surface distribution of order k + 1, d¥§(S), is described by the inner product

<d£6(5),¢(77;t)>:(—1)k<5(5),;];¢(r > / /dk¢ 1S dt, k. (2.1)

where ¢ (7;t) € D is a test function infinitely differentiable (in C'*°) with a compact
support and dS is the surface measure on S. They have the MKSA unit [m=*71]. In
virtue of the functional spaces mentioned so far we can make the topological remark
C¥=DcC®cC'cCcECcC Llloc C D', where C' represents the space of continuous
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functions which have continuous [ > 1 derivatives, and D’ is the dual space of D. For
algebraic purposes we prefer to express an open surface S as a finite section of a closed
surface .S, which reads

d%5(S) = H[S)d*s(S), (2.2)
where
H[S] = { (1)7’;; o (2.3)

represents the characteristic function of S. Accordingly, the singular component of a
surface distribution of arbitrary order can be constructed through “multilayers” in the
most general form

V(s = HIS) Y Vils; )dko(S), [ 0] = Z o(s; )dnd(S) - (24)
k=0

with the definition

(Ausindias). o) = (1 (568). 2 (Arooro) )

dn
/ /Ak d kgb( 7 t)dS dt

Here 75 is the position vector for any point on S; Vi (7s; ), A, (7s; t) are smooth, locally
integrable “density functions” with supports defined on S; and A'k(F; t) is any extension
of Ap(7s;t) to a neighborhood of S in R3 with the properties

k ~ ~
AT ) = 0 A 050(8) = A(s: 0a56(3), V.

Theorem 2.1. Every distribution that has compact support is of finite order.

This general regularity theorem is quite well known and many alternative approaches to
its proof are available in literature (cf.[4, Ch.3], [5, Ch.3 Sec.6]).

The reflection of this theorem for a surface type distribution whose support lies on a
regular surface S is that the field quantities in (2.4) have the unique representation

V(Ft) = {V(F 1)} + H[S] > Vi(Fs; t)drs(S),

—

A7) = {/T(F; t)} +H[S)S . A (7s: t)d"5(8)

(- 107-

B
Il

0
where N is a finite number.

Let (u1,u2) be real valued orthogonal Gaussian curves of S with unit tangent vectors
11,02 along the curves uq; = const. and us = const. and 7n is the unit normal of S such
that (1, t2, n)constitute a right handed system.

Definition 2.1. Let ¢ (uj,u9;t) and A(ul,uQ;t) = Aji(uy,ug;t)ay + Az(uy,ug;t)ts +
Ay (u1,ug;t)n be regular scalar/vector density functions defined only on the surface S.
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Then Dw =T (Zi gfl + Zz g%) 1 =1,2,3 denote the spatial derivatives as computed by

an observer on the surface.

The present notation DA%_ is given as 6%2- in [2] and the references therein. We have

introduced the new notation intentionally so that it does not mix with the Dirac delta
distribution symbol.

Theorem 2.2. Directional (normal) derivatives of a first order surface distribution 6(S),
namely

dk+1

sFH(S) = h - grads™(§) = pE=)
n

——0(9), Vk, (2.6)

are described by

<5(k>(§),¢(f; t)> — (—1) <5(s), <(Zb - 2Q>k¢(F; t)>

/ / (-29) o (7 t)dS dt,

where 28 is the first curvature (and ), the mean curvature) of S.

(2.7)

Proof. The first order derivative is calculated by using Einstein summation notation as

(68).9) = (ni-8(8).6 ) = (5-8(8)mi6 ) = = {6(5), (i) )

S <5(S),ni§i + ¢gZZ> = — <6(S) Zﬁ - 2Q¢>> = (2Q0(8) + dnd(S), ¢)

§1(8) = 2Q6(S) + dnd(S9). (2.8)

. . . . . . dQ
Successive applications of the property (2.8) yields the desired result (2.7) since g}

0.

O

Theorem 2.3. The linear relation between the two sets of distributions §*)(S) and d%5(S)
are given by
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Proof. From (2.7) one can write

k m
0.3 (n) <—29>’f-mfmi>
) <2ﬂ>’f—m<1)mdm<s>,¢>

k
_ <Z < Zb (20)Fman §(3), ¢>

m=0
A similar binomial expansion yields
_ d ko LA _
m=0

Regarding the unique solutions of the distributional forms of Maxwell equations in Sec.6,
it requires to provide the following theorem. O

Theorem 2.4. The unique solution of the relation
{V(7t)} + H[S ka Fo;t)dks(S) = (2.10)

with V,(T's;t), Yk being smooth density functions is
{V(F;t)} =0 and V,(Fs;t) =0,k (2.11)

Proof. Since the regular and singular components of a distribution, by definition, have
nonintersecting supports, (2.10) is automatically decomposed as {V(7;¢)} = 0 and

N
SIY Vils; t)dpd(S) = 0. (2.12)
k=0

Without losing generality, we may consider S as a regular surface with orthogonal Gaussian
curves (uj,ug,n) with metric coefficients (hy, ha, hy,) such that S = { (uy,u2,n)|n = a =
const}. Then one has §(S) = h%f; (n—a). For an arbitrary nonzero constant a let us invoke
a scaling n’ = an, o/ = aa such that S coincides with S = { (u1,u2,n')|n' = o/ = const},
which requires

N
1S~ Vil t)df6(S') = 0. (2.13)
k=0
On the other hand we have the obvious relations

Fs = g, H[S] = H[Y'] (2.14)
and the scaling property
——dks(9),Vk (2.15)
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to be proved immediately. Inserting (2.14), (2.15) into (2.13) we get

Z k+1 o (Fs; )dE6(S) = 0. (2.16)

A comparison of (2.15) and (2.16) reveals that these two equations can be satisfied simul-
taneously for any nonzero constant a iff V. (7s;t) = 0,Vk. This can be seen easily when we
apply a different inner product

(VilFs: ) H[S1dE(9), o7 1)) = f V(s 1) H[S]dy6(S) ¢ (7 t)dn

k

d“¢
_ kY (7 =
= (=1)"Vi(Ts:t) 3 (753 1), Vk
through which (2.12) and (2.16) can be rewritten as
N N
L d' —Df At
SO T =03 e T lwn =0, @)
k=0 k=0

—

respectively. Since the test function ¢(7;t¢) and constant a are arbitrary, the linear system
of equations (2.17) can hold iff V, (7s;t) = 0,vk. To conclude let us also prove the scaling
property (2.15) as follows:

(5(3"), 6(7 1)) = <5< o), 6 (ul,uQ, Z/,t)>

/
:/ %5 ’I’L —Oé (ul,u2, N ) hlhgdﬂduldl@d
a
1. -
a/ 7{¢(U1,U27a;t)h1h2du1du2dt = <a5(5)7¢>(77; t)>

and

(d5(3).07:0)) = (-1 <5<5’>, dfﬁmm 0) = (0 (2665), ey 0)

O
Corollary 2.1. The unique solution of the relation
{V(7it)} + H[S ka 7ig: 1)) (9) = (2.18)
with V,(T's; t) being smooth density functions is
{V(Ft)} =0 and V,(Fs;t) =0, Vk. (2.19)

Corollary 2.1 can be verified in virtue of the linear relation between the two sets of
distributions in Theorem 2.3.
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3. DISTRIBUTIONAL DERIVATIVES OF THE SINGULAR COMPONENTS

3.1. Vector Operators Acting on Density Functions. The surficial gradient, diver-
gence and curl operators acting on arbitray scalar/vector density functions ¢ (uy,us;t)
and /T(ul, ug;t) in Definition 2.1 are given by the following theorem, a proof of which can
be found in many respected textbooks (cf. [6],[7, Ch.12] as earliest accounts, where the
density functions are termed as “point functions”).

Theorem 3.1. oy ”
i1 1o

_ 1
gmdgw hl 8u1 t h2 81@ (3 )
dived = — |2 (hyay) + -2 (h )| — 204 (3.2)

SA = hihy |9 241 Duy 142 n .

- 0 0 Ay | Aq

A= A) — L (mA K25 2L Ay .

curlg T [aul (haA2) g (h1 1)] fn+ o 1 o Uo + gradgA, xn.  (3.3)

The metric coefficients hi,ho of the curves are related to the principle radii of curvature
a2 through

1 1dh; 1 1 dhso
o hy dn’ as hy dn (3-4)
and the first curvature of S satisfies
1 1
20 = — + — = —di ). .
. ivg(n) (3.5)

Let us write the tangential component of A as A}. Then for this component one also
has

1 0 0
deAt hlhg [au1 (hQAl) + a(hlAQ)] (36)
o 1 0 0 Ay, Ay,
curlgA; = hoAs) — —(h1Ay) | 1+ =11 — —10
ST hihs [6u1(2 2 u, 1)] R R (3.7)
= ﬁdivs(ﬁt X ) + éﬁl . éftz
a9 a7
divg(Ay x 7)) = f - curlg Ay (3.8)
L Ay, As
curlg (n X At> = A divgA; + i + — U (3.9)
) (o3l
divg Ay = i - curlg (ﬁ X At> (3.10)

3.2. Distributional Derivatives of the Characteristic Function.

Lemma 3.1. On a regular surface S with boundary C' = 0S the characteristic function
H|[S] has the property

gradgH[S] = —96(C) (3.11)
where §(C) represents the distribution in Ry with support on the boundary curve C and is
defined by

) = § dlic)C (3.12)

In (3.12) and the rest of the analysis the bar sign signifies the distributional derivatives
of density functions on a surface, a notation which was first introduced and used in [8].
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Proof. The surficial gradient in (3.1) is related to an adjoint surficial gradient

1 0 0
= —— |— (q (i D' 1
Vst = 9 (t1hatp) + g (d2hiv)| v € (3.13)
through
gradgsy = Vg —n2Qp
or equivalently
(gradsy, ¢) = (Vs, ¢) — (1200, ¢) (3.14)
and the distributional adjoint relation
Vs, ¢) = = (¢, gradse) . (3.15)
Combining (3.14) and (3.15) one gets
(gradsy, ¢) = — (¢, grads¢) — (R2Q¢, ¢) . (3.16)
Accordingly, for ¢p = H[S] we have
<gradSH[S]a ¢> - = <H[S]7 gmds¢> - <7¢LQQH[SL ¢> : (317)
A direct substitution of the standard surface gradient theorem (cf. [9, p.278, eq.(402)])
/ gradgpdS + / n2Q0¢dS = ¢ ¢podC, (3.18)
S S C=0S
which can be written in distributional form in Ry as
into (3.17) yields the desired result (3.11). O

Lemma 3.2. On an arbitrary regular surface one has the property

(gmdsH[S]) §(S) = —96(C), (3.20)
where 5(C) represents the distribution in Rs with support on the boundary curve C.

Proof. C'in Ry corresponds to a cylinder S| with cross section C and unit normal 9 in
R3. If we denote the distribution for this cylinder by 6(51), C'in R3 can be considered as

the intersection of the surfaces S and S ; namely, 6(C') = 0(5)d(SL), which also verifies
(3.20). O

3.3. Distributional Derivatives of Dirac Delta Singularities of Arbitrary Order.

Theorem 3.2. The surface distribution 6(k)(§), Vk has zero local spatial partial deriva-
tives:
D

Dx'é(k)(g) =0,i=1,2,3 or gradgé®™(S)=0. (3.21)

Proof. One can directly employ (3.16) as

<g7’ad35(k)(5’), <Z>> =— <5(k)(5’),grad5¢> — <fz2§25(k)(5’), <Z>>

= —(—1)* <5(S),gmds <CZL - 2Q>k¢> — (—1)F <5(S)’ 2Q (;ﬁl - 29>k¢> ;

>
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which, upon substituting the surface gradient theorem for (% — 2Q) ¢ on a closed surface;

namely,
_ d k ) B d k
6(5), grads <dn - 29) ¢ ) =—( n204(5), (dn — 29) 6 ),

provides the desired result (3.21). For the particular case k = 0, an alternative proof for
the surface gradient theorem

<5(5‘),gmd5¢> = — <ﬁ295(§),¢>

is available in ([2, Sec. 5.5, Theorem 2]). O
Theorem 3.3.

8‘; 6 (8) = n;o**+(8), vk (3.22)
Proof.

| = {509(8), B2 ) = — (50(8), (& —miik) &)
_ (8;; B ni%> 5(k)(5«),¢> — <aii5(k)(§) - nié(k+1)(§),¢>

0

Corollary 3.1.
gradd® () = ns*+1(8), Vk. (3.23)
Lemma 3.3. On an arbitrary reqular surface with boundary C = 0S one has the property
(gradgH|[S)) M (S) = —0s(C), Vk (3.24)
with boundary distributions of arbitrary order 5£Lk)(C_’) = %5(6’).

Corollary 3.2.
grad(Vs(Fs; t) H[S]8(S)) = (gradsVs) H[S]6(S) + aVsH[S]6M(S) — 0Vss(C)

= (gradsVs + 2QaVs) H[S)6(S) + Vs H[S]d,5(S) — 9Vsd(C) (3.25)
div(Ag(Fs;t) H[S]8(S)) = (dwsls) HI[S]6(8) + i - AgH[S]6MW(S) — o - As8(C)
- (divgffg 200 - A‘S) HI[S]6(S) + - AgH[S]dnd(S) — 0 - As6(C) (3.26)
=n - curlg(h x Ag)H[S]6(S) + - AgH[S]dnd(S) + (Ag x 1) - A6(C)
curl(As(s; t) H[S]6(S))
- curzsA’S) H[S)8(5) + 7 x AgH[S]8W(S) — 0 x Ag8(C)
- (curlgffg + 200 x A‘S) HISIS(5) + i x AsH[S]dnd(S) — 6 x Asd(C (3.27)

where
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The validity of the results (3.25)-(3.27) can also be checked from the end results in [10,
eq.(8-10)] derived based on differential geometrical methods. The notational correspon-
dence between the two papers is as 0(5) = dg, 6(C) = d55, A = [; and since a vector test
function w is employed in [10] as opposed to our scalar ¢, we also have the equivalence

Via()dg = —dn,d(S) and Vi (n-)dg = —dpd(S).
Corollary 3.3. A combination of (2.8) and (3.22) reads

%dné(fé) = n;206(S) + n;d,5(S). (3.28)

The spatial derivatives of d§(S) were introduced for the first time in [3] in a closed form
utilizing mathematical induction method and “the fundamental magnitudes of arbitrary
order” of a surface, a concept which was introduced in the same paper. For an explicit
representation of these derivatives we provide the following theorem.

Theorem 3.4.
81 di8(S) = kAidE 1 6(S) + 2Qm;dR6(S) + ngdlt1(S), k > 1 (3.29)

where we define
A= Dlii (—29). (3.30)

- ds5(5) = i ( £ ) D [0y (o)
i — Z
= mi:o ( ]:n > [(Dl; (—2Q)k—m> 8™ (8) + (—20)k™ ni5(m+1)(5)]
([ s

+ (=20 n; Y < mj 1 ) (20)™ " ar5(S)

0
< m ) (k —m) (=29)F ™1 (20)™ " d1,5(S)

,
m=0r=0
k. m+1
. k m+1 o k—m m—r+1 ¢/ Q
+nzz_:0 > ( o )( . )( 20)"7"™ (29) dr,6(S)

and change the order of summation to get
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9 dr5(S) = A; (—2Q) kzzldré(g) (20Q)™" kil(—l)m ( K > < m > (k—m)
axi ! r=0 " m=r m "
_nz( 2916-1-15 zk: m(k)
m=0 m
r=1 " =r— "
k k
Incorporting the property mz::O (=)™ ( m ) = 0 trivializes the second term at r.h.s.

and one gets

o _ _
d¥5(S) = ndkts(S
S dh6(5) = md$H1(3)
k—1 k—1 k m
k—1 T a —-r m
A ) o S0 (4, ) () e
i k m+1
o k+1 r S(Q - _1\m
20 YA 207 3 (1 (e (")
On the other hand we have the easily verifiable binomial relations
k—1
m [k m _J0r<k-2
n;(_l) ( m ) ( r )(k—m)—{ (—1)k_1k,r:k—1 ’
i(_l)m EN(m+1\ [ 0r<k—1
~ m r Tl (—DFr=k
which, upon substitution into (3.31), yield the end result (3.29). O
Corollary 3.4.
grad (dga(S)) — kAd*16(S) + 20ad"5(5) + AdL8(S), k > 1 (3.32)
where we define
K = grads (—29). (3.33)

In Table 1 we present the mentioned fundamental magnitudes of certain canonical sur-

faces.

TABLE 1. An illustration of the fundamental magnitudes of certain canon-
ical surfaces.

(u1,uz,n) |  Geometry 5(9) Al 20 X
(p,2z,p) |cylinder p=po | d(p—po) | P _p% g
0, p,1) sphere r =rg | 6 (r—rg) | 7 _% g
(pr,6) | cone 6=6 |50~ 60) [0] i |~
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Lemma 3.4. On an arbitrary reqular surface with boundary C' = S one has the property

(gradgH|S]) di6(S) = —odks(C), Vk (3.34)
with boundary distributions of arbitrary order defined by
_ _dko
k - (—
(a55(C).0) = ()" <5(0) > / / LGOIk (335)

Corollary 3.5.

grad (H[S]df;&(é)) — — 0d"5(C) 0
+ H[S] (Mdf;%S(S) +200d%5(5) + ﬁdeH(S(S’)) k>1.

The generalized derivatives of multilayers of arbitrary order were obtained in closed
form in [11]. In what follows we provide an explicit expression of the second order partial
derivatives of d%(S). Higher order partial derivatives can also be obtained in a straight-
forward manner by successive applications of the recursive relation (3.29).

Theorem 3.5.
82
ax]‘ axi

d,0(5) = [Ayj + 29 (Ainj + Ajni)] 6(S5)

- [(Ainj + Ajng) + 29 (ui; + 2Qmin;)] d,,5(5) (3.37)

d%5(S) = k(k — 1)A;AjdE25(S) + k [Aij + 2Q (Ainj + Ayjn;)] dE15(S)

+ [k (Amj + Ajnz-) +2Q g,u,ij + QQnmj)] CE’:L(KS) k>2
+ (pij + 4Qmin;) dEF16(S) + nin,dE25(S)

8:):] Bml

(3.38)
where
DA, D? Dn;

Ao — _ 90 s = 2
Y Dx;  Dx;Duz; ( ) Hig Dux;

(3.39)

The surface quantities p;;, called the second fundamental forms of a surface in Cartesian
notation, were first introduced in [3].

Corollary 3.6. Fori=j one has

2d,6(5) = (Aii + 4QAm;) 8(S) + [2Aim; + 29 (wii + 20n7)] d,,6(S) (3.40)
Z (uu +40n2) d26(5) + n2d35(S) '
lap (4,0(5)) = (divsK) 6(S) +20d25(S) + d26(5) (3.41)
2
aaz,djga(é) = k(k — 1)A2dE725(S) + k (Ay; + 4QA;n;) dE16(S)
Ty
©[2kAimy + 29 (i + 2002)] d56(5) + (i + 40n2) dEFs(5) B4
+ n2db+25(9),k > 2
_ 12 _ - _
lap (dﬁd(g)) — k(k—1) ’A‘ d"=25(5) + k (dz’ng) d"=15(3) 5.43)

+20d515(8) + d¥T25(5), k > 2
where we have incorporated A -7 = 0 and lapg(—2Q) = divggrads(—2Q) = divgA.
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4. DISTRIBUTIONAL DERIVATIVES OF THE REGULAR COMPONENTS

Theorem 4.1. The spatial derivatives of the regular components of scalar/vector distri-
butions {V (7, t)},{fY(F; t)} € E have the general form

o 1V (70} = { 5V (F0) |+ 810 AVIS)
! ’ (4.1)
ai {E(f, t)} - {aiiﬁ(a t)} + i -7 A[A]O(S)
where
A[V] 2V (iit) = V(Fg:t), AlA] & A(Fdst) — A(igst). (4.2)

—.

A proof is available in [2, Sec.5.5]. The smooth behaviors of A[V] and A[A] are
guaranteed in F.

—

Corollary 4.1. If {V(7; t)},{A(F; t)} €E,

grad{V (7;t)} = {gradV (7;t)} +n A[V]H[S]5(S) (4.3)
div {/T (7 t)} - {dwﬁ (7 t)} + 7 ALAH[S)S(S) (4.4)
curl {ff (7 t)} - {curl/_f (7 t)} + 7 x A[AJH[S]5(S) (4.5)

The results obtained so far can serve to calculate the scalar and vector Laplacian oper-
ators in F as follows.

Theorem 4.2. If {V (7} t)},{ff(‘?; t)} € E,

lap{V (7 1)} = {lapV (7 1)} + (A [ng] - QQA[V]) H[S15(S) + A[VIH[S)6M(S) (4.6)

lap{ff(f’; t)} = {lap/f(?; t)}
+ [M[dz‘wﬂ — i x AleurlA] + grads (n : A[/ﬂ) — curlg (n N *])} H[S]8(S)  (4.7)

—.

+ AL H[SISD(8) — [(n A[A]) (@-A[ff])}é(c_‘)

(4.6) also holds with the end result [2, Sec.5.6, eq.(8)]. The action of vector operators
on arbitrary scalar/vector field quantities expressed by (2.5) is obtained as follows:

Corollary 4.2.

N
grad <{V(F; )} + HIS]Y  Vilis; t)5(k)(5)> =

k=0
{gradV (7 t)} + (AA[V] + gradsVo) H[S]6(S) (4.8)

N
151> (gradsVi + 2V;_y) 6W(S) + aVyH[S]SN T (S) — @ZVké(k ()
k=1
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N
div <{A(F; t)} +HIS)Y Ap(7s; )5<k>(5)> = {dz’vA(F; t)}
k=0

+ (n A[A] +de,40) HI[S)5(S) + H|S)] ; (deA'k mﬁk_l) s0(5)  (4.9)

—

N
+n- ANH[S]SNVTI(S) — 0>~ AR5 (C)
k=0

curl ({A’(a t)} + H[S] iﬁk(fs;t)M’f)(S)) - {cumf(f; t)}
k=0

—.

+ (n x ALA] + curls Ay ) HIS|6(5) + HIS] Y

Y

curlg Ay, + it A’,H) sM(3)  (4.10)

N
+ i x ANH[SISNT(S) — 6 x Y~ AP (C)

In virtue of (3.36), similar results for the field quantities expressed in terms of the other
set of distributions d¥§(S) can also be derived.

5. BOUNDARY RELATIONS IN PRESENCE OF SECOND ORDER SINGULARITIES

For certain practical results to be employed in the distributional investigation of the
equations of mathematical physics including the Maxwell equations in Sec.6, we outline
the jump and compatibility relations (based on Theorem 2.4 and Corollary 2.1) for the
five basic field equations in Table 2 for two alternative sets of sources given by

Set1: ['= {7} + RH[SIS(S) + FiHIS () + Gs (), o)
g9=1{g} + 90H[S]6(S) + g1 H[S]6M(S) + o6 (C)

Set2: f= {f} + foH[SI8(S) + fLH[S],8(S) + God(C), 652)
9= {9} + 90H[S16(S) + g1 H[S)d,,6(S) + 506 (C)

In virtue of Theorem 2.1, the corresponding field quantities for both sets of sources have
the same general form

F={F}+ RH[SI6(S), A = { A} + A,H[$)5(3),

B= {é} + ByH[S)8(S),G = {G},C = {é} . >3

6. SOME APPLICATIONS IN ELECTROMAGNETIC THEORY

The macroscopic electromagnetic phenomena of stationary media are governed by the
Maxwell equations

curl B(7: t) + gté(f'; t) = 0, curl H (7 t) — ;5(?’; t) = Jo(7t) (6.1)

divD(7;t) = py(F:t), divB(F;t) = 0 (6.2)
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TABLE 2. Boundary relations for fundamental field equations in presence
of second order singularities.

Field Boundary Relations Boundary Relations
Equation for 1st Set of Sources for 2nd Set of Sources
gradF = f | AA[F] + gradsFy = fo AA[F] + gradgFy + 2QaF, = fo
nky = fi, ﬁFo—i-C_fo‘C-«:O nky = fi, ﬁF0+&0’é:0
divA=g |n-A[A]+ divsAy = go n - A[A] 4+ divgAg + 2Qn - Ag = go
fb'ﬁo:gl,@'fibwLﬂo‘é:O ﬁ'gozgl,@‘goJrﬂo‘é:O
curlB = f 7 X A[E] + curlsBy = ﬁ) 7 X A[é} + curlgBy + 297 x By = f_é
ﬁXéoZﬁ,@X§0+&o‘C:6 ﬁXéoZﬁ,@X§0+&0’C=6
lapG =g | A[%E] - 2QA[G] = g, AT = g0,AlG] = 1,60 = 0
_ _ A[G] :glaﬁozo _ _
lapC = f | nA[divC] — n x AlcurlC] nA[divC] — n x AlcurlC]|
+gradg (ﬁ . A[é}) +gradg (ﬁ A _'])
—curlg <ﬁ X A[C_"}) = fo —curlg (ﬁ X A[é])
C_;] = fé)A[é] - fla

as well as the continuity equation

- 0
divJo (75 t) + apf(f'; t)=0 (6.3)
and the Lorentz potentials described by
B(7t) = curl A(7: t), E(7;t) = —gth(F; t) — gradV (7 t) (6.4)

Without losing generality, let us assume the ambient medium as free space where the
field equations are accompanied by the constitutive relations

D(7;t) = eo E(7t), B(F:t) = poH (7 ) (6.5)

as well as the Lorentz gauge and the wave equations

di’l)ff(?; t) + E(),u,()aat‘/(f'; t)=0 (6.6)
0’ 8\ - B,
(100 o ) V70) = = 1/20) (750, (1ap — oz ) AT ) = (i)
(6.7)
The Poynting theorem in point form is given by
divP+E-J5+H-J'+E-Jo=0 (6.8)
where
P(7t) = E(Tt) x H(7t) (6.9)
is the usual Poynting vector and
. 9 - . o -
Ja(Fit) = - D(Ft), Jg'(Fit) = - B(7t) (6.10)
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stand for the electric and magnetic displacement current densities.

6.1. A Single Layer Supporting Dynamic Current. Let us assume the surface S
with enclosure C' supports first order sources with free charge and conduction current
density functions represented by

p(7it) = ps(Fs; t)H[S]S(S), Jo(Ft) = Js (Fs; t) H[S]S(S). (6.11)
Then the distributional form of the continuity equation (6.3) reads
- 0
divgJs + 2% = 0 (6.12)
ot
ﬁ-fszo,@~fsé:0. (6.13)

(6.12) describes the conservation of current flowing on the surface, while (6.13) signify
that the current cannot support a component flowing normal to the surface as well as its
v-component directed outward from the surface is zero on the boundary points.

The distributional form of the rest of the field equations yield the well known jump
conditions

A x A[E) = 0,7 AlD] = ps, i x A[H] = Jg, 7 - A[B] =0 (6.14)
AlV]=0,A[A] =0 (6.15)
The distributional form of Poynting’s theorem reads
L L 0A
—n-A[P]=Js-E=Jg - <_8t - gradV) (6.16)

which can be interpreted as “the total instantaneous electromagnetic power density (gen-
erated by external sources) entering into any point on the surface is converted to heat at
that point”.
Since the relation (6.8) does not involve a point type singularity, on an arbitrary point on
the surface one also has

lim {13 (7 t)} A5 =0 (6.17)

AY—0 JAxn

where AY signifies the enclosure of an infinitely small region A that shrinks onto an
arbitrary point on S. When the point is taken on C, the condition (6.17) is known as the
“edge condition” in electromagnetic theory, which addresses the asymptotic field behavior
at edge points of a single layer based on the principle of power conservation. The results
(6.16) and (6.17) can be visualized in Fig.2.

AS

Figure 2. An illustration of the distributional interpretation of the Poynting theorem on
a single layer
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6.2. A Double Layer Supporting Dynamic Currents. A dynamic double layer cur-
rent source is as an isolated system of two identical surfaces S, S} separated by a fixed
infinitesimal normal distance h in free space supportmg nonuniform and opposite directed
surface current and charge densities —Js,+J5h and —pg,+ps, , respectively (see Fig.3).

L]

Figure 3. A Double Layer Current Configuration

While the volume charge and conduction current densities of the actual physical system
are written as

ps(F) = —psHI[S]S (7 — 7's) + ps, H[Sy]0 (F — (Fs + hi)) , Jo(F)
= —Js0 (F — 7s) + Js, 0 (F — (Fs + hn))

the hypothetical double layer source is described by multiplying (6.18) by h/h and taking
the limit as pg, ps, — 00,Js,Js, — 0o and h — 0 to get

(6.18)

py(75t) = —Ps(7s; t)H[S] 6W(S), Jo (75 t) = —Cs(7s; ) H[S] 61 (S) (6.19)
with B
Ps(7s;t) = Ps(Ts;t) (6.20)
and the limits
Cs(Fs;t) = Jignoo Js (Fs;t)h, Ps(Fs;t) = i ps(Fs;t) h (6.21)
h—0 h—0

describing the dipole moment densities are assumed to remain finite. Such a mathematical
idealization is only suitable for an investigation of far field patterns and bound to corrupt
when an observer approaches close enough to the system. Therefore the distributional
investigation of the field equations should not be expected to demonstrate the actual
physical picture on such systems in general.

Based on Theorem 2.1 the electromagnetic fields on the source may possess first order
singular components

[E(f; t)}s — Bo(Fs:t) H[S] 8(5), [13(7?; t)}s — Do(7s:t) H[S] 8(3) (6.22)
A ()| = Aol t) HIS)6(S), [Brb)| = Bolsit) HIS|8S)  (6.28)
Wlt'h Bo = 0B, By — oy (6.24)
e [V(7:t)]g =0, [J(F; t)}s ~ 0. (6.25)

The distributional investigation of the field equations yields the jump and compatibility
relations

0By . .

A x A[E] = —curlgEy — X Ey=0,0xEy| =0 (6.26)

Qi
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ﬁxA[H]:—curlsHo—l—a—to,ﬁxHo:O,ﬁx 0‘@:0 (6.27)
i A[D] = —divs Do, - Dy = —Ps , - ﬁo‘c =0 (6.28)
i - A[B] = —divsBy, i - By = ,@.Bo‘ézo (6.29)

. 9P . .
dwscﬁa—f:o,ﬁ-cszo,@-cs,:o (6.30)

dv

A || = 20A[V] =0,A[V] = Ps/eo (6.31)
A x A[A] = By, n- AJA] =0 (6.32)
A[A] = oCs, it A[ﬁ]‘é = 0,9 AlA]|_ =0 (6.33)

from which the density (aka contact) fields are obtained as
Eoz—ﬁs/go,ﬁoz—ﬁg,ﬁoz ﬁxég,gozﬂoﬁxés (6.34)

while they vanish on the boundary:
EO‘ —0, Dyl =0 H| =0 B, =0. (6.35)
C C C

Next we substitute the density fields (6.34) into the jump relations to reach to their
resultant forms

~ - 1 _ R 86_:5 1 R ~ 86_:5
A[E] = ——curls Ps — s _ 2 P - 78 .
n x A[E] - curlg Ps — pon X 5t - (gradsPs) x 1 — pon X 5t (6.36)
- A[D] = —2QPs (6.37)
. - P - -
n x A[H] = curlg ( Cg x ﬁ) — 8(%5 =n-gradsCgs + Cs (divgn)
5 (A dPs (6.38)
—Cg-gradgn —n <deCS) ~ 5
= —2965 — C_"S - gradgn

- A[E] = po divg ( Cg x ﬁ) = o n - curlsC. (6.39)

Applying partial time differentiation in (6.36) and incorporating (6.30), the end relation

02Cq
ot2

OF

nXA E

1 —
= —— (gmdgdivsCs) X 1L — T X
€0

can be verified with [12, (A.37)] for monochromatic case % — jw.
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7. CONCLUSION

The present work is a tutorial review of the theory of generalized derivatives of surface
distributions of arbitrary order in a Schwartz-Sobolev space setting based on the pioneer-
ing works of Estrada and Kanwal through 1980’s on the propagation of wavefronts and
multilayers. The essential contributions of the present investigation to literature can be
considered as Theorem 3.4, Theorem 3.5, Corollary 3.6 and equations (4.7)-(4.10) by which
we introduce an explicit representation of the first and second distributional derivatives
of multilayers as well as an extension of the available results for vector operators from
closed to open surfaces featuring boundary distributions of arbitrary order. Our results
also conform with those obtained by Betounes [10] using distributional tensor analysis for
the special case of first order boundary distributions including Corollary 3.2, Table 2 as
well as the boundary relations on the enclosure of a double layer. While the applications
to single and double layers in Sec.6 utilize only certain of the analytical tools devised in the
manuscript, it is expected that these tools find important applications in many branches
of mathematical physics.
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