
TWMS J. App. and Eng. Math. V.9, No.1, Special Issue, 2019, pp. 91-100

INEQUALITIES GENERATED WITH RIEMANN-LIOUVILLE

FRACTIONAL INTEGRAL OPERATOR

M. GÜRBÜZ1, O. ÖZTÜRK2, §

Abstract. The primary objective of this study is to handle new generalized midpoint,
trapezoid and Simpson’s type inequalities with the help of Riemann-Liouville fractional
integral operator. In order to do this, a new fractional integral identity is obtained. Then
by using this identity, some inequalities for the class of functions whose derivatives in
absolute values at certain powers are convex are derived. It is observed that the obtained
inequalities are generalizations of some results exist in the literature.
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1. Introduction

It is a well known fact that inequalities have important role in the studies of inequality
theory, linear programming, extremum problems, optimization, error estimates and game
theory. Over the years, only integer real order integrals were taken into account while
handling new results about integral inequalities. However, in the recent years fractional
integral operator have been considered by many scientists (see [3], [4], [6]-[11]) and the
references therein. There are some inequalities in the literature that accelerates studies
on integral inequalities. One of the most famous and practical inequality in the literature
is Hermite-Hadamard inequality given in the following:

Theorem 1.1. Let f be defined from interval I (a nonempty subset of R) to R be a convex
function on I and a, b ∈ I with a < b. Then the double inequality given in the following
holds:

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a
f (x) dx ≤ f (a) + f (b)

2
. (1)

Another well-known inequality namely Simpson’s inequality is given in the following:
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Theorem 1.2. Let f : [a, b] → R be a four times continuously differentiable mapping on

(a, b) and
∥∥f (4)∥∥∞ = sup

x∈(a,b)

∣∣f (4) (x)
∣∣ <∞. Then the following inequality holds:

∣∣∣∣13
[
f (a) + f (b)

2
+ 2f

(
a+ b

2

)]
− 1

b− a

∫ b

a
f (x) dx

∣∣∣∣ ≤ 1

2880

∥∥∥f (4)∥∥∥
∞

(b− a)2 . (2)

Now we will mention about Riemann-Liouville fractional integration operator (see [5])
which ables to integrate functions on fractional orders.

Definition 1.1. Let f ∈ L1 [a, b]. Jαa+f and Jαb−f which are called left-sided and right-
sided Riemann-Liouville integrals of order α > 0 with 0 ≤ a ≤ x ≤ b are defined by

Jαa+f =
1

Γ (α)

∫ x

a
(x− t)α−1 f (t) dt, x > a (3)

and

Jαb−f =
1

Γ (α)

∫ b

x
(t− x)α−1 f (t) dt, x < b (4)

respectively where Γ (α) =
∫∞
0 e−tuα−1du. Here J0

a+f (x) = J0
b−f (x) = f (x).

Erdélyi et al. deeply involved in hypergeometric functions which Whittaker has discov-
ered in 1904 and gave the definition of it in [1] as:

2F1(a, b; c; z) =
1

β(b, b− c)

∫ 1

0
tb−1(1− t)c−b−1(1− zt)−adt, c > b > 0, |z| < 1 (5)

Throughout the paper we will use Tf (α, λ, k; a, b) in the mean of following statement:

Tf (α, λ, k; a, b) = λ (αf (a) + (1− α) f (b))

+
(

(1− α)k + αk − λ
)
f (αa+ (1− α) b)

−Γ (k + 1)

(b− a)k

[
Jk
[αa+(1−α)b]−f (a) + Jk

[αa+(1−α)b]+f (b)
]

(6)

and Γ is Euler Gamma function, i.e., Γ (α) =
∫∞
0 e−tuα−1du.

İşcan obtained new midpoint, trapezoid and Simpson’s type inequalities by using the
following lemma in 2012 in [2].

Lemma 1.1. Let f : I ⊂ R→ R be a differentiable mapping on I◦ such that f ′ ∈ L [a, b]
where a, b ∈ I with a < b and α, λ ∈ [0, 1]. Then the following equality holds:

λ (αf (a) + (1− α) f (b)) + (1− λ) f (αa+ (1− α) b)− 1

b− a

b∫
a

f (x) dx

= (b− a)

 1−α∫
0

(t− αλ) f ′ (tb+ (1− t) a) dt

+

1∫
1−α

(t− 1 + λ (1− α)) f ′ (tb+ (1− t) a) dt

 . (7)
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In this paper, a new kernel has been obtained and new theorems including Riemann-
Liouville fractional integral operator have been gathered by inspiring from Lemma 1.1.
By using these theorems; midpoint, trapezoid and Simpson’s type inequalities can be
obtained.

2. Main Results

Lemma 2.1. Let f : I ⊂ R→ R be a differentiable mapping on I◦ such that f ′ ∈ L [a, b]
where a, b ∈ I with a < b and α, λ ∈ [0, 1]. Then for k > 0, the following equality is valid:

Tf (α, λ, k; a, b) = (b− a)

 1−α∫
0

(
tk − αλ

)
f ′ (tb+ (1− t) a) dt

−
1∫

1−α

[
(1− t)k − λ (1− α)

]
f ′ (tb+ (1− t) a) dt

 . (8)

Proof. Integrating by parts then with the change of variable x = tb+ (1− t) a we get

I1 =

1−α∫
0

(
tk − αλ

)
f ′ (tb+ (1− t) a) dt

=

(
(1− α)k − αλ

)
f ((1− α) b+ αa) + αλf (a)

b− a

− k

b− a

αa+(1−α)b∫
a

(
x− a
b− a

)k−1 f (x)

b− a
dx. (9)

With the use of Riemann-Liouville fractional integral we get

I1 =

(
(1− α)k − αλ

)
f ((1− α) b+ αa) + αλf (a)

b− a

− kΓ (k)

(b− a)k+1

[
Jk
[αa+(1−α)b]−f (a)

]
. (10)

Similarly we have

I2 =

1∫
1−α

[
(1− t)k − λ (1− α)

]
f ′ (tb+ (1− t) a) dt

=
−λ (1− α) f (b)−

[
αk − λ (1− α)

]
f ((1− α) b+ αa)

b− a

+
k

b− a

b∫
αa+(1−α)b

(
b− x
b− a

)k−1 f (x)

b− a
dx. (11)
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Definition of Rieman-Liouville fractional integral operator make it possible to write

I2 =
−λ (1− α) f (b)−

[
αk − λ (1− α)

]
f ((1− α) b+ αa)

b− a

+
kΓ (k)

(b− a)k+1

[
Jk
[αa+(1−α)b]+f (b)

]
. (12)

Subtracting (12) from (10) and multiplying with (b− a), then rearranging the inequality,
we get the desired result. �

Remark 2.1. If we choose k = 1 in Lemma 2.1, we get Lemma 1.1 proved in [2].

Theorem 2.1. Let f : I ⊂ R→ R be a differentiable mapping on I◦ such that f ′ ∈ L [a, b]
where a, b ∈ I with a < b and α, λ ∈ [0, 1]. Then for k > 0, the following inequality is
valid:

|Tf (α, λ, k; a, b)|
b− a

(13)

≤


(K1 +M1) |f ′ (b)|+ (L1 +N1) |f ′ (a)| for αλ ≤ (1− α)k and λ (1− α) ≤ αk
(K1 +M2) |f ′ (b)|+ (L1 +N2) |f ′ (a)| for αλ ≤ (1− α)k and λ (1− α) > αk

(K2 +M1) |f ′ (b)|+ (L2 +N1) |f ′ (a)| for αλ > (1− α)k and λ (1− α) ≤ αk
(K2 +M2) |f ′ (b)|+ (L2 +N2) |f ′ (a)| for αλ > (1− α)k and λ (1− α) > αk

where

K1 =
α2λ

2+k
k − αλ (1− α)2

2
+

(1− α)2+k − α1+kλ
2+k
k

2 + k

K2 =
αλ (1− α)2

2
− (1− α)2+k

2 + k

L1 =
(1− α)1+k

(2 + k) (1 + k)
− (1− α) (1 + α)αλ+ α2λ

2+k
k − 2α2λ

1+k
k

2

−α
1+kλ

1+k
k

1 + k
+
α2+kλ

2+k
k + (1− α)1+k α

2 + k

L2 =

(
1− α2

)
αλ

2
− (1− α)k+1 (kα+ α+ 1)

(k + 1) (k + 2)

M1 =

(1− α)2 + 1− λ (1− α)

[
2
(

1− (λ (1− α))
1
k

)2]
2

+
αk+1 − 2 (λ (1− α))

k+1
k

k + 1
+

2 (λ (1− α))
k+2
k − αk+2

k + 2

M2 =
αk+2

k + 2
− αk+1

k + 1
+
λα (1− α) (2− α)

2

N1 =
λ (1− α)

(
2 (λ (1− α))

2
k − α2

)
2

+
αk+2 − 2 (λ (1− α))

k+2
k

k + 2

N2 =
λα2 (1− α)

2
− αk+2

k + 2
.
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Proof. Using Lemma 2.1 and properties of absolute value we get

|Tf (α, λ, k; a, b)|
b− a

≤
1−α∫
0

∣∣∣tk − αλ∣∣∣ ∣∣f ′ (tb+ (1− t) a)
∣∣ dt

+

1∫
1−α

∣∣∣(1− t)k − λ (1− α)
∣∣∣ ∣∣f ′ (tb+ (1− t) a)

∣∣ dt. (14)

Then by taking into account convexity of |f ′| we get

|Tf (α, λ, k; a, b)|
b− a

≤
1−α∫
0

∣∣∣tk − αλ∣∣∣ [t ∣∣f ′ (b)∣∣+ (1− t)
∣∣f ′ (a)

∣∣] dt (15)

+

1∫
1−α

∣∣∣(1− t)k − λ (1− α)
∣∣∣ [t ∣∣f ′ (b)∣∣+ (1− t)

∣∣f ′ (a)
∣∣] dt.

By necessary computations we get the result since

1−α∫
0

t
∣∣∣tk − αλ∣∣∣ dt =

{
K1, αλ ≤ (1− α)k

K2, αλ > (1− α)k
(16)

1−α∫
0

(1− t)
∣∣∣tk − αλ∣∣∣ dt =

{
L1, αλ ≤ (1− α)k

L2, αλ > (1− α)k
(17)

1∫
1−α

t
∣∣∣(1− t)k − λ (1− α)

∣∣∣ dt =

{
M1, λ (1− α) ≤ αk
M2, λ (1− α) > αk

(18)

and

1∫
1−α

(1− t)
∣∣∣(1− t)k − λ (1− α)

∣∣∣ dt =

{
N1, λ (1− α) ≤ αk
N2, λ (1− α) > αk

. (19)

�

Theorem 2.2. Let f : I ⊂ R→ R be a differentiable mapping on I◦ such that f ′ ∈ L [a, b]
where a, b ∈ I with a < b and α, λ ∈ [0, 1]. Then for k > 0, the following inequality is
valid:

|Tf (α, λ, k; a, b)|
b− a

(20)

≤


(V1)

1
p (Y )

1
q + (W1)

1
p (Z)

1
q for αλ ≤ (1− α)k and λ (1− α) ≤ αk

(V1)
1
p (Y )

1
q + (W2)

1
p (Z)

1
q for αλ ≤ (1− α)k and λ (1− α) > αk

(V2)
1
p (Y )

1
q + (W1)

1
p (Z)

1
q for αλ > (1− α)k and λ (1− α) ≤ αk

(V2)
1
p (Y )

1
q + (W2)

1
p (Z)

1
q for αλ > (1− α)k and λ (1− α) > αk
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where

V1 =
(α− 1)

(
(1− α)k − αλ

)p+1

αλ
2F1

(
1, 1 + p+

1

k
;
k + 1

k
,
(1− α)k

αλ

)

+αλ
1−k
k

(
αkλ− αλ

)p+1

2F1

(
1, 1 + p+

1

k
;
k + 1

k
, αk−1

)

V2 =
(1− α)

(
αλ− (1− α)k

)1+p
αλ 2

F1

(
1, 1 + p+

1

k
;
k + 1

k
,
(1− α)k

αλ

)

W1 =
α
(
αk − λ+ αλ

)1+p
2F1

(
1, 1 + p+ 1

k ; 1 + 1
k ,

αk

(1−α)λ

)
(α− 1)λ

−
(λ− αλ)

1
k

(
(α− 1)λ+ (λ− αλ)1+p

)
2F1

(
1, 1 + p+ 1

k ; 1 + 1
k , 1
)

(α− 1)λ

W2 =
α
(
λ− αk − λα

)1+p
2F1

(
1, 1 + p+ 1

k ; 1 + 1
k ,

αk

(1−α)λ

)
(1− α)λ

Y =
(1− α)2 |f ′ (b)|q +

(
1− α2

)
|f ′ (a)|q

2

Z =
α (2− α) |f ′ (b)|q + α2 |f ′ (a)|q

2

and for p > 1, q > 1 with 1
p + 1

q = 1.

Proof. Using Lemma 2.1 and properties of absolute value we get

|Tf (α, λ, k; a, b)|
b− a

≤
1−α∫
0

∣∣∣tk − αλ∣∣∣ ∣∣f ′ (tb+ (1− t) a)
∣∣ dt (21)

+

1∫
1−α

∣∣∣(1− t)k − λ (1− α)
∣∣∣ ∣∣f ′ (tb+ (1− t) a)

∣∣ dt.
By using Hölder’s inequality we have

|Tf (α, λ, k; a, b)|
b− a

(22)

≤

 1−α∫
0

∣∣∣tk − αλ∣∣∣p dt


1
p
 1−α∫

0

∣∣f ′ (tb+ (1− t) a)
∣∣q dt


1
q

+

 1∫
1−α

∣∣∣(1− t)k − λ (1− α)
∣∣∣p dt


1
p
 1∫
1−α

∣∣f ′ (tb+ (1− t) a)
∣∣q dt


1
q

.
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Since |f ′|q is convex on I we get

|Tf (α, λ, k; a, b)|
b− a

(23)

≤

 1−α∫
0

∣∣∣tk − αλ∣∣∣p dt


1
p
 1−α∫

0

[
t
∣∣f ′ (b)∣∣q + (1− t)

∣∣f ′ (a)
∣∣q] dt


1
q

+

 1∫
1−α

∣∣∣(1− t)k − λ (1− α)
∣∣∣p dt


1
p
 1∫
1−α

[
t
∣∣f ′ (b)∣∣q + (1− t)

∣∣f ′ (a)
∣∣q] dt


1
q

.

With simple calculation we get

1−α∫
0

∣∣∣tk − αλ∣∣∣p dt =

{
V1, αλ ≤ (1− α)k

V2, αλ > (1− α)k
(24)

1∫
1−α

∣∣∣(1− t)k − λ (1− α)
∣∣∣p dt =

{
W1, λ (1− α) ≤ αk
W2, λ (1− α) > αk

(25)

and

1−α∫
0

[
t
∣∣f ′ (b)∣∣q + (1− t)

∣∣f ′ (a)
∣∣q] dt = Y (26)

1∫
1−α

[
t
∣∣f ′ (b)∣∣q + (1− t)

∣∣f ′ (a)
∣∣q] dt = Z. (27)

By using (24)-(27) in (23) we get the desired result. �

Theorem 2.3. Let f : I ⊂ R→ R be a differentiable mapping on I◦ such that f ′ ∈ L [a, b]
where a, b ∈ I with a < b and α, λ ∈ [0, 1]. Then for k > 0 and q ≥ 1, the following
inequality is valid:

|Tf (α, λ, k; a, b)|
b− a

(28)

≤



(G1)
1− 1

q (K1 |f ′ (b)|q + L1 |f ′ (a)|q)
1
q

+ (H1)
1− 1

q (M1 |f ′ (b)|q +N1 |f ′ (a)|q)
1
q

for αλ ≤ (1− α)k and λ (1− α) ≤ αk

(G1)
1− 1

q (K1 |f ′ (b)|q + L1 |f ′ (a)|q)
1
q

+ (H2)
1− 1

q (M2 |f ′ (b)|q +N2 |f ′ (a)|q)
1
q

for αλ ≤ (1− α)k and λ (1− α) > αk

(G2)
1− 1

q (K2 |f ′ (b)|q + L2 |f ′ (a)|q)
1
q

+ (H1)
1− 1

q (M1 |f ′ (b)|q +N1 |f ′ (a)|q)
1
q

for αλ > (1− α)k and λ (1− α) ≤ αk

(G2)
1− 1

q (K2 |f ′ (b)|q + L2 |f ′ (a)|q)
1
q

+ (H2)
1− 1

q (M2 |f ′ (b)|q +N2 |f ′ (a)|q)
1
q

for αλ > (1− α)k and λ (1− α) > αk
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where

G1 = αλ (1− α)− (1− α)1+k

1 + k

G2 =
2k (αλ)

1+k
k + (1− α)1+k

1 + k
− αλ (1− α)

H1 =
α1+k

1 + k
− 2 (λ (1− α))

1
k

1 + k
+ 2λ (1− α) (λ (1− α))

1
k

H2 = λ (1− α)α− α1+k

1 + k
.

and K1, K2, L1, L2, M1, M2, N1, N2 defined in Theorem 2.1.

Proof. Using Lemma 2.1 and properties of absolute value we get

|Tf (α, λ, k; a, b)|
b− a

≤
1−α∫
0

∣∣∣tk − αλ∣∣∣ ∣∣f ′ (tb+ (1− t) a)
∣∣ dt (29)

+

1∫
1−α

∣∣∣(1− t)k − λ (1− α)
∣∣∣ ∣∣f ′ (tb+ (1− t) a)

∣∣ dt.

With the help of power mean inequality we have

|Tf (α, λ, k; a, b)|
b− a

≤

 1−α∫
0

∣∣∣tk − αλ∣∣∣ dt
1− 1

q

×

 1−α∫
0

∣∣∣tk − αλ∣∣∣ ∣∣f ′ (tb+ (1− t) a)
∣∣q dt


1
q

+

 1∫
1−α

∣∣∣(1− t)k − λ (1− α)
∣∣∣ dt
1− 1

q

×

 1∫
1−α

∣∣∣(1− t)k − λ (1− α)
∣∣∣ ∣∣f ′ (tb+ (1− t) a)

∣∣q dt


1
q

(30)
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and by using convexity of |f ′|q we have

|Tf (α, λ, k; a, b)|
b− a

≤

 1−α∫
0

∣∣∣tk − αλ∣∣∣ dt
1− 1

q

×

 1−α∫
0

∣∣∣tk − αλ∣∣∣ [t ∣∣f ′ (b)∣∣q + (1− t)
∣∣f ′ (a)

∣∣q] dt


1
q

+

 1∫
1−α

∣∣∣(1− t)k − λ (1− α)
∣∣∣ dt
1− 1

q

×

 1∫
1−α

∣∣∣(1− t)k − λ (1− α)
∣∣∣ [t ∣∣f ′ (b)∣∣q + (1− t)

∣∣f ′ (a)
∣∣q] dt


1
q

(31)

By simple computation we get

1−α∫
0

∣∣∣tk − αλ∣∣∣ dt =

{
G1, αλ ≤ (1− α)k

G2, αλ > (1− α)k
(32)

1∫
1−α

∣∣∣(1− t)k − λ (1− α)
∣∣∣ dt =

{
H1, λ (1− α) ≤ αk
H2, λ (1− α) > αk

(33)

By replacing (32), (33) and K1, K2, L1, L2, M1, M2, N1, N2 defined in Theorem 2.1 in
(31) we complete the proof. �
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