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ABSOLUTE INDEX NORLUND SUMMABILITY OF IMPROPER
INTEGRALS

M. PARTO', S. K. PAIKRAY?, B. B. JENA3, §

ABsTRACT. Ozgen (Int. J. Anal. Appl., 11 (2016), 19-22) introduced |C, 1|z (k > 1)
integrability of improper integrals. In this paper, we have introduced the notion of
|N, pn, §|k-summability of improper integrals and established a new result which gener-
alizes some existing results under suitable conditions.
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1. INTRODUCTION

Let > ay, be a given infinite series with sequence of partial sums (s,). Let

1 n
o=~ ; Sk (1)

The series ) ay, is said to be (C, 1) summable, if

nh_}n(go Op = 8. (2)

Moreover, > a, is said to be |C,1|; (k > 1) summable, if

o0
an_1|0'n — o |F < . (3)

n=1
Let f be a real valued continuous function defined in the interval [0,00) and s(z) =
Jy f(t)dt. We recall that, the Cesaro mean of s(z) denoted by 7(x) is given by

@)=+ /0 " s(dt. (4)
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Now substituting s(t) and simplifying, we have

1 X
T(z) = / (x —t)f(t)dt. (5)
T Jo
The integral [° f(¢)d¢ is said to be |C, 1|-summable, if
/ |7/ (x)|dx < oo (6)
0
and also |C, 1] (k > 1) summable, if
/ 1) (@) Fda < oo. (7)
0

Let p(z) be a real valued continuous function defined in the interval [0,00) and P(z) =
o p(t)dt. We recall the Norlund (N, p,) mean of s(x) as a function t(z) of the form

1 /x
t(x) = —— p(t)s(t)dt. 8
(z) P(x)o()() (8)
The integral [;° f(t)dt is said to be | N, p,|-summable, if
/ #(2)]dz < oo ()
0
and also |N,p,|r (k> 1) summable, if
> P(x)>k1 1ok
t'(z)|"dx < oo. 10
[T v (10)
Similarly, it is |N, pp, d|x (6 > 0;0k < 1) summable, if
0o P(,I))6k+kl , 3
t(x)|"dr < 0. 11
) v 1)

Now, we have

1 x
() = o) = 5 [ PO
Setting
s(z) = t(z) = v(@), (12)
(10) can be written as
* o) (P@\ e
/0 P() <p(:c)> < oo )

Also, (11) can be written as

o P (Sk!*l P/ k
/ ( (“”)> ( (x)> () [Fdz < oo, (14)
o \px) p(z)
In the year 2016, Ozgen [5] introduced |C, 1|, (k > 1) integrability of improper integrals.
Again, he established a result on equivalence of two integrability methods (see [6]) via Riesz

means. Subsequently, Sonker and Munjal [7] demonstrated absolute summability factor
of improper integrals via |N, p,|r mean.
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2. KNOwWN RESULTS

Concerning absolute Cesaro summability factors of integrals via |C, 1|, mean, Ozgen [5]
obtained the following result.

Theorem 2.1. Let y(x) be a positive monotonic non-decreasing function such that
AMz)v(x) = O(1), as © — oo,

| ¥ @l @ = 0,

0
and

z \y(u k
/0 v ()l du = O(v(x)), as z — oc.

Then the integral fo t)dt is summable |C, 1], k > 1.

Subsequently, dealing with Norlund summability of improper integrals, Sonker and
Munjal [7] established the following result.

Theorem 2.2. Let p(0) > 0, p(x) > 0 and p(z) be a non-increasing function. Let x(x)
be a positive non-decreasing function and there be two functions B(x) and e(x) such that

€' (z)] < B(),
B(x) = 0, as r — oo,
le(z)] x(z) = O(1),

P(u) |8'(w)] x(u)du = O(1), as z — oo,

P'(u) |8(u)] x(u)du = O(1), as z — oo,
and

/ k
/0 w, ()‘ =O(x(z)), as x — oo.
f(t

Then the integral [;° e(t)f(t)dt is |N,pnli-summable for k > 1.

Motivated essentially by the above-mentioned results, in this paper, we introduce the
notion of | N, py, d|x-summability of improper integrals and accordingly establish a new
result. Also, our result is a non-trivial extension of some existing results which were estab-
lished earlier. Moreover, matrix summability or matrix transformation is very important
in the study of summability theory in the sense that it generalizes different summability
methods like Cesaro summability, Norlund summability, Riesz summability etc. For more
current works in this direction, see [3], [4], [8], [9] and [10], and for some preliminaries and
related works, see [1] and [2].

3. MAIN THEOREM

Based on our proposed |N,p,,d|r-summability mean, here we establish the following
theorem.
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Theorem 3.1. Let x(x) be a positive non-decreasing function and there be two functions
B(x) and e(x) such that

€' (z)] < B(), (15)
B(x) =0, as x — oo, (16)
le(x)] x(z) = O(1), (17)

P(x) i ! : u /U u)au = as T 0.9]
(52) e | P Il di =0, w9

P(x) N ! : ! = as (0. ¢]
(22) e | P Bl =00, wsa oo (19

and

s <§<(f>)>6kl (Z(%)>k [v()/dz = O(x(@)), as & — oc. 20)

Then the integral [;° e(t) f(t)dt is |N, p,d|x-summable for k > 1.

Remark 3.1. The above theorem can be proved by using the fact that [ x|3'(z)|x(x)dx <
oo is weaker than [;° xz|e”(z)|x(x)dx < oo, and hence the introduction of the function

{B(z)} is justified.
It may be possible to choose the function f(x) such that

|€'(z)] < B(x). (21)
When £'(x) oscillates, 5(x) may be chosen such that |3(z)| < |€"(x)].

Hence, f'(z) < |e"(x)], so that [;°z|f'(z)|x(x)dz < oo is a weaker requirement than
Jo~ le” ()| x(z)dx < oo.

4. PROOF OF THE THEOREM 3.1

Proof. Let T(z) be the (N, p,) mean of the integral [ e(t) f(t)dt. The integral [ e(t)f(t)dt
is |N, pp, d|; summable, if

T P(x) 0k+k—1 ) B
/O <p($)> T/ (1)]dt = O(1), as — oo, (22)

where T'(x) is given by
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Now, differentiating both sides of (22) with respect to x, we get

/ _; B " welu Wdu
T'w) = s [, PEP@E)
= PO [ ptay g~ 2 [t [ ey ey
Pl@)e(@)v(z)  Plx) [* / R u
P(x) T Pz )2/0 P(u)e'(u) < o) /0 P()f( )dt> d
_r (:E;j((j))y(x) B (i(ix§2/() Pu) & (u) v(u)du

Applying Minkowski’s inequality, we have
T (@) = |7+ Tof < 2 (13 )* + 1)

Furthermore, by Holder’s inequality, we have

T w Ok+k—1 k a: w kb1
/o (W)) T dt = (p( ) dt
_ (2 %M”W’ t|Mﬂﬁ
—/0 () o
-G (“2}53?’) 0 o
(PO (1P
<[(%) (8 moreo
B T ﬂ ok—1 |P/(t)| k V i
_’5($)| 0 <p(t)> < p(t) | (t)]
Lo ([ (P0)™ (o)
i£€@<op@> O iy
—Ole()x(o) - [ sl

_o0()— 8 x/ du+/lﬁ (/ >

gOm—mm/ mm+/tmow>

0
=0(1),as x — 0.
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By virtue of the hypothesis of Theorem 3.1,
P'(t)

[ ) mora= (5 e [ posctamtom
</ (sz((f)))ék I </ot(P(“”k‘5'(“>‘k‘”(“)kd“)

k
dt

= [(P@e P @il [ (J;((f)))ék e
- <<J;<(tt>)>5k <p<x§>k—1> ;o (5 - ) @
<0 ((1; fg)&k <p<x§>k—1> | iP@e @i ( P(lu)> du

- ((iftt;)ék <p<x§>k—1> PR [ ot () d

/Ox () Tyt = O(1), (x> o). o4

On collecting (22) — (24), we have

/Oa: (P(t)>6k+k—1 T = O,

p(t)

5. CONCLUSION

Through the investigation, we have obtained minimal sufficient conditions for the im-
proper integrability via |N, p,, d|x-mean. Also, the result established here is more general
in the sense that putting § = 0, |N, p,, 0|x-summability of improper integrals reduces to
| N, pn |- integrability demonstrated by Sonker and Munjal [7]. Moreover, for § = 0 and
pn = 1, our proposed method reduces to |C, 1| (k > 1) integrability which was introduced
by Ozgen [5].



(1]
2]
3]

TWMS J. APP. ENG. MATH. V.10, SPECIAL ISSUE

REFERENCES

Aasma, A, Dutta, H. and Natarajan, P.N.; (2017), An Introductory Course in Summability Theory,
1st ed., John Wiley & Sons, Inc. Hoboken, USA

Dutta, H. and Rhoades, B.E. (Eds.), (2016), Current Topics in Summability Theory and Applications,
1st ed., Springer, Singapore.

Das, A. A., Paikray, S. K., Pradhan, T. and Dutta, H., (2019), Approximation of signals in the
weighted Zygmund class via Euler-Hausdorff product summability mean of Fourier series, J. Indian
Math. Soc., 86, pp. 296-314.

Jena, B.B., Mishra, L.N., Paikray, S.K. and Misra, U.K., (2020), Approximation of signals by general
matrix summability with effects of gibbs phenomenon, Bol. Soc. Paran. Mat. 38, pp. 141-158.
Ozgen, H.N., (2016), On |C, 1| integrability of improper integrals, Int. J. Anal. Appl., 11, pp. 19-22.
Ozgen, H.N., (2017), on equivalence of two integrability methods, Miskolc Math. Notes, 18, pp. 391-
396.

Sonker, S. and Munjal, A., (2017), Absolute summability factor |N, p,|r of improper integrals, Int. J.
Eng. Technol., 9, pp. 457-462.

Parida, P., Paikray, S. K., Dash, M. and Misra, U.K., (2019), Degree of approximation by product
(N, pn,qn)(E, q) summability of Fourier series of a signal belonging to Lip(«, r)-class, TWMS J. App.
Eng. Math., 9, pp. 901-908.

Pradhan, T., Jena, B B., Paikray, S. K., Dutta, H. and Misra, U. K., (2019), On approximation of
the rate of convergence of Fourier series in the generalized Hélder metric by deferred Nérlund mean,
Afr. Mat. 30, pp. 1119-1131.

Pradhan, T., Paikray, S.K., Das, A.A. and Dutta, H., (2019), On approximation of signals in the gen-
eralized Zygmund class via (F,1)(N, p,) summability means of conjugate Fourier series, Proyecciones,
38, pp. 1015-1033.

Madhusudan Parto is working as a research scholar in the Department of Mathe-
matics, Veer Surendra Sai University of Technology, Burla, Odisha, India. Currently
he is continuing his Ph. D work in the field of the Summability theory and Fourier
series.

Susanta Kumar Paikray is currently working as an Associate Professor in the De-
partment of Mathematics, Veer Surendra Sai University of Technology, Burla, Odisha,
India. He has published more than 70 research papers in various National and Inter-
national Journals of repute. The research area of Dr. Paikray is Summability theory,
Statistical Convergence, Approximation Theory, Functional Analysis, Fourier series,
Operations research and Inventory optimization.

Bidu Bhusan jena is currently working as a research scholar in the Department of
Mathematics, Veer Surenra Sai University of Technology, Burla Odisha, India. He
has published more than 20 research papers in various National and International
Journals of repute. The research area of Mr. Jena is Summability Theory, Statistical
Convergence, Approximation Theory, Functional Analysis and Fourier series.




