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LACUNARY STATISTICAL CONVERGENT FUNCTIONS VIA IDEALS

WITH RESPECT TO THE INTUITIONISTIC FUZZY NORMED

SPACES

E. SAVAŞ1, §

Abstract. In this paper, we introduce the notion I-statistical convergence and I-
lacunary statistical convergence of a nonnegative real-valued Lebesque measurable func-
tion in the interval (1,∞) with respect to the intuitionistic fuzzy norm (µ, v), investigate
their relationship and make some observations about these classes.

Keywords: Ideal, Filter, I-statistical convergence, I-lacunary statistical convergence, in-
tuitionistic fuzzy normed spaces.

AMS Subject Classification: 40G99.

1. Introduction

The idea of convergence of a real sequence has been extended to statistical convergence
by Fast [6] (see also [27]) as follows. Let K be a subset of N. Then the asymptotic density of
K is denoted by δ (K) := limn→∞

1
n |{k ≤ n : k ∈ K}| , where the vertical bars denote the

cardinality of the enclosed set. A number sequence x = (xk)k∈N is said to be statistically
convergent to L if for every ε > 0, δ ({k ∈ N : |xk − L| ≥ ε}) = 0. If (xk)k∈N is statistically
convergent to L we write st-limxk = L. Statistical convergence turned out to be one of
the most active areas of research in summability theory after the work of Fridy [7] and
Šalát [21].

P. Kostyrko et al. (a similar concept was invented in [10]) introduced the concept of
I-convergence of sequences in a metric space and studied some properties of such conver-
gence. Note that I-convergence is an interesting generalization of statistical convergence.
More investigations in this direction and more applications of ideals can be found in
[11, 12, 4, 22, 23, 24, 26]. Also, some preliminary and related results can be found in [3, 5].

In another direction, a new type of convergence, called lacunary statistical convergence,
was introduced in [8] as follows. A lacunary sequence is an increasing integer sequence
θ = {kr}r∈N∪{0} such that k0 = 0 and hr = kr − kr−1 →∞, as r →∞. Let Ir = (kr−1, kr]

and qr = kr
kr−1

.
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E. SAVAŞ: LACUNARY STATISTICAL CONVERGENT FUNCTIONS VIA IDEALS ... 39

A sequence {xn}n∈N of real numbers is said to be lacunary statistically convergent to
L (or Sθ-convergent to L) if, for any ε > 0,

lim
r→∞

1

hr
|{k ∈ Ir : |xk − L| ≥ ε}| = 0,

where |A| denotes the cardinality of A ⊂ N. In [8], some inclusion theorem are proven.
Recently, Mohiuddine and Aiyub [16] studied lacunary statistical convergence as gener-

alization of the statistical convergence and introduced the concept of θ-statistical conver-
gence in random 2-normed space. In [17], Mursaleen and Mohiuddine extended the idea
of lacunary statistical convergence with respect to the intuitionistic fuzzy normed space.
Also lacunary statistically convergent double sequences in probabilistic normed space was
studied by Mohiuddine and Savaş in [15].

Following the introduction of fuzzy set theory by Zadeh [30], there has been extensive
research to find applications and fuzzy analogues of the classical theories. The theory
of intuitionistic fuzzy sets was introduced by Atanassov [1]; it has been extensively used
in decision-making problems [2]. The concept of an intuitionistic fuzzy metric space was
introduced by Park [19]. Furthermore, Saadati and Park [20] gave the notion of an in-
tuitionistic fuzzy normed space. In [17], Mursaleen and Mohiuddine extended the idea
of lacunary statistical convergence with respect to the intuitionistic fuzzy normed space.
Some works related to the convergence of sequences in several normed linear spaces in a
fuzzy setting can be found in [9, 18, 29, 24, 25].

The notion of ideal statistical convergence and ideal lacunary statistical convergence of
functions has not been studied previously in the setting of fuzzy normed linear spaces.
Motivated by this fact, in this paper, the notions of ideal statistical convergence and
ideal lacunary statistical convergence of function are introduced in an intuitionistic fuzzy
normed linear space and some important results are established. We use ideals to introduce
the concept of I-statistical convergence and I-lacunary statistical convergence of function
with respect to the intuitionistic fuzzy norm (µ, v), which naturally extend the notions of
statistical convergence and lacunary statistical convergence.

Throughout by function x(t) we shall mean a nonnegative real-valued Lebesque mea-
surable function in the interval (1,∞). N will stand for the set of natural numbers. First
we collect some basic definitions used in the paper.

Definition 1.1. A triangular norm (t-norm) is a continuous mapping ∗ : [0, 1]× [0, 1]→
[0, 1] such that (S, ∗) is an abelian monoid with unit one and c ∗ d ≤ a ∗ b if c ≤ a and
d ≤ b for all a, b, c, d ∈ [0, 1].

Definition 1.2. ([28])A binary operation ♦ : [0, 1]×[0, 1]→ [0, 1] is said to be a continuous
t-conorm if it satisfies the following conditions:

(i) ♦ is associate and commutative,
(ii) ♦ is continuous,
(iii) a♦0 = a for all a ∈ [0, 1],
(iv) a♦b ≤ c♦d whenever a ≤ c and b ≤ d for each a, b, c, d ∈ [0, 1].

For example, we can give a ∗ b = ab, a ∗ b = min {a, b} , a♦b = min {a+ b, 1} and
a♦b = max {a, b} for all a, b ∈ [0, 1].

Using the continuous t-norm and t-conorm, Saadati and Park [20] has recently intro-
duced the concept of intuitionistic fuzzy normed space as follows.

Definition 1.3. ([20])The 5-tuple (X,µ, v, ∗,♦) is said to be an intuitionistic fuzzy normed
space (for short, IFNS) if X is a vector space, ∗ is a continuous t-norm, ♦ is a continuous
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z-conorm, and µ, v are fuzzy sets on X × (0,∞) satisfying the following conditions for
every x, y ∈ X, and s, t > 0:

(a) µ (x, z) + v (x, t) ≤ 1,
(b) µ (x, z) > 0,
(c) µ (x, z) = 1 if and only if x = 0,

(d) µ (αx, z) = µ
(
x, z
|α|

)
for each α 6= 0,

(e) µ (x, z) ∗ µ (y, s) ≤ µ (x+ y, z + s) ,
(f) µ (x, .) : (0,∞)→ [0, 1] is continuous,
(g) lim

z→∞
µ (x, t) = 1 and lim

z→0
µ (x, z) = 0,

(h) v (x, z) < 1,
(i) v (x, z) = 0 if and only if x = 0,

(j) v (αx, z) = µ
(
x, z
|α|

)
for each α 6= 0,

(k) v (x, z)♦v (y, s) ≥ v (x+ y, z + s) ,
(l) v (x, .) : (0,∞)→ [0, 1] is continuous,

(m) lim
z→∞

v (x, z) = 0 and lim
z→0

v (x, z) = 1.

In this case (µ, v) is called an intuitionistic fuzzy norm. As a standard example, we can
give the following:

Let (X, ‖.‖) be a normed space, and let a ∗ b = ab and a♦b = min {a+ b, 1} for all
a, b ∈ [0, 1]. For all x ∈ X and every z > 0, consider

µ(x, t) =
z

z + ‖x‖
and v0(x, z) =

‖x‖
z + ‖x‖

.

Then observe that (X,µ, v, ∗,♦) is an intuitionistic fuzzy normed space.
We also recall that the concept of convergence in an intuitionistic fuzzy normed space

is studied in [20].

Definition 1.4. ([20])Let (X,µ, v, ∗,♦) be an IFNS. Then, a sequence x = {xk} is said
to be convergent to L ∈ X with respect to the intuitionistic fuzzy norm (µ, v) if, for every
ε > 0 and z > 0, there exists k0 ∈ N such that µ (xk − L, z) > 1− ε and v (xk − L, z) < ε

for all k ≥ k0. It is denoted by (µ, v)-limx = L or xk
(µ,v)→ L as k →∞.

2. I-Statistical and I-Lacunary statistical convergence on IFNS

In this section we deal with the ideal statistical convergence and ideal lacunary statistical
convergence on the intuitionistic fuzzy norm spaces. Before proceeding further, we should
recall some notation on the ideal.

Definition 2.1. A non-empty family I ⊂ 2N is said to be an ideal of N if the following
conditions hold:
(a) A,B ∈ I imply A ∪B ∈ I,
(b) A ∈ I, B ⊂ A imply B ∈ I.

Definition 2.2. A non-empty family F ⊂ 2N is said to be a filter of N if the following
conditions hold:
(a) φ /∈ F ,
(b) A,B ∈ F imply A ∩B ∈ F ,
(c) A ∈ F , A ⊂ B imply B ∈ F .
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If I is a proper nontrivial ideal of N (i.e. N /∈ I), then the family of sets F(I) = {M ⊂
N : ∃ A ∈ I : M = N \ A} is a filter of N. It is called the filter associated with the ideal
I. A proper ideal I is said to be admissible if {n} ∈ I for each n ∈ N.

Definition 2.3. ([10]). (i) A sequence (xk) of elements of R is said to be I-convergent
to L ∈ R if for each ε > 0 the set A(ε) = {k ∈ N : |xk − L| ≥ ε} ∈ I.

(ii) A sequence (xn) of elements of R is said to be I∗-convergent to L ∈ R if there exists
M ∈ F(I) such that (xk)k∈M converges to L.

We now ready to obtain our main definitions and results.

Definition 2.4. Let (X,µ, v, ∗,♦) be an IFNS. Then, a function x(t) is said to be I-
statistically convergent to L ∈ X with respect to the intuitionistic fuzzy norm (µ, v) if, for
each ε > 0, z > 0 and δ > 0,{

n ∈ N :
1

n
|{t ≤ n : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε}| ≥ δ

}
∈ I.

In this case we write x(t)
(µ,v)→ L

(
S(µ,v) (I)

)
.

Definition 2.5. Let (X,µ, v, ∗,♦) be an IFNS and θ be a lacunary sequence. A func-
tion x(t) is said to be I-lacunary statistically convergent to L ∈ X with respect to the
intuitionistic fuzzy norm (µ, v) if, for any ε > 0, z > 0 and δ > 0,{

r ∈ N :
1

hr
|{t ∈ Ir : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε}| ≥ δ

}
∈ I.

In this case, we write x(t)
(µ,v)→ L

(
S

(µ,v)
θ (I)

)
. The class of all I-lacunary statistically

convergent functions will be denoted by S
(µ,v)
θ (I) .

In the following, we investigate the relationship between I-statistical and I-lacunary
statistical convergence of function with respect to the intuitionistic fuzzy norm (µ, v).

Definition 2.6. Let θ be a lacunary sequence. Then x(t) is said to be N
(µ,v)
θ (I)-convergent

to L ∈ X with respect to the intuitionistic fuzzy norm (µ, v) if, for any ε > 0, z > 0 and
δ > 0,r ∈ N :

1

hr
|
∫
t∈Ir

{µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε} dt| ≥ δ

 ∈ I.
This convergence is denoted by x(t)→ L

(
N

(µ,v)
θ (I)

)
, and the class of such sequences will

be denoted simply by N
(µ,v)
θ (I) .

Theorem 2.1. Let θ = {kr}r∈N be a lacunary sequence. Then

(i) x(t)→ L
(
N

(µ,v)
θ (I)

)
⇒ x(t)→ L

(
S

(µ,v)
θ (I)

)
, and

(ii) x(t) is bounded and x(t)→ L
(
S

(µ,v)
θ (I)

)
⇒ x(t)→ L

(
N

(µ,v)
θ (I)

)
,
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Proof. (i) (a) If ε > 0 and x(t)→ L
(
N

(µ,v)
θ (I)

)
, we can write∫

t∈Ir

(µ (x(t)− L, z) or v (x(t)− L, z)) dt

≥
∫

t∈Ir,µ(x(t)−L,z)≤1−ε
or v(x(t)−L,z)≥ε

(µ (x(t)− L, z) or v (x(t)− L, z)) dt

≥ ε |{t ∈ Ir : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε}|
and so

1

εhr

∫
t∈Ir

(µ (x(t)− L, z) or v (x(t)− L, z)) dt

≥ 1

hr
|{t ∈ Ir : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε}| .

Then, for any δ > 0 and z > 0{
r ∈ N :

1

hr
|{t ∈ Ir : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε}| ≥ δ

}

⊆

r ∈ N :
1

hr

∫
t∈Ir

µ (x(t)− L, z) dt ≤ (1− ε) δ or
1

hr

∫
t∈Ir

v (x(t)− L, z) dt ≥ ε.δ

 ∈ I.
This proves the result.

(ii) Suppose that x(t) → L
(
S

(µ,v)
θ (I)

)
and x(t) be a bounded function. Then there

exists an M > 0 such that µ (x(t)− L, z) ≥ 1−M or v (x(t)− L, z) ≤M ∀t. Given ε > 0,
we have

1

hr

∫
t∈Ir

(µ (x(t)− L, z) or v (x(t)− L, z) dt)

=
1

hr

∫
t∈Ir,µ(x(t)−L,z)≤1− ε

2
or v(x(t)−L,z)≥ ε

2

(µ (x(t)− L, t) or v (x(t)− L, z)) dt

+
1

hr

∫
t∈Ir,µ(x(t)−L,z)>1− ε

2
or v(x(t)−L,z)< ε

2

(µ (x(t)− L, t) or v (x(t)− L, z)) dt

≤ M

hr

∣∣∣{t ∈ Ir : µ (x(t)− L, t) or v (x(t)− L, z) ≥ ε

2

}∣∣∣+
ε

2
.

Consequently, we getr ∈ N :
1

hr

∫
t∈Ir

(µ (x(t)− L, z) ≤ 1− ε or
1

hr

∫
t∈Ir

v (x(t)− L, z) ≥ ε)dt


⊆
{
r ∈ N :

1

hr

∣∣∣{t ∈ Ir : µ (x(t)− L, z) ≤ 1− ε

2
or v (x(t)− L, z) ≥ ε

2

}∣∣∣ ≥ ε

2M

}
∈ I.

This proves the result. �
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Theorem 2.2. For any lacunary sequence θ, I-statistical convergence with respect to the
intuitionistic fuzzy norm (µ, v) implies I-lacunary statistical convergence with respect to
the intuitionistic fuzzy norm (µ, v) if and only if lim infr qr > 1. If lim infr qr = 1, then
there exists a bounded function x = (x(t)) which is I-statistically convergent but not I-
lacunary statistically convergent.

Proof. Suppose first that lim infr qr > 1. Then there exists α > 0 such that qr ≥ 1 +α for
sufficiently large r, which implies that

hr
kr
≥ α

α+ 1
.

Since x(t)→ L
(
S(µ,v) (I)

)
, for every ε > 0, z > 0, and for sufficiently large r, we have

1

kr
|{k ≤ kr : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε}|

≥ 1

kr
|{k ∈ Ir : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε}|

≥ α

α+ 1

1

hr
|{k ∈ Ir : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε}| .

Then, for any δ > 0, we get{
r ∈ N :

1

hr
|{t ∈ Ir : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε}| ≥ δ

}
⊆
{
r ∈ N :

1

kr
|{t ≤ kr : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε}| ≥ δα

(1 + α)

}
∈ I.

This proves the sufficiency. Conversely, suppose that lim infr qr = 1. We can select a
subsequence

{
krj
}

of the lacunary sequence θ such that

krj
krj − 1

< 1 +
1

j
and

krj−1

krj−1

> j, where rj ≥ rj−1 + 2.

Define a sequence x(t) by

x = x(t) =

{
x(t) = 1, if t ∈ Irj
x(t) = 0, otherwise.

Then, for any real L,

1

hrj

∫
t∈Irj

(µ (x(t)− L, z) or v (x(t)− L, z)) dt = (µ (1− L, z) or v (1− L, z)) for j = 1, 2, ...

and

1

hr

∫
t∈Ir

(µ (x(t)− L, z) or v (x(t)− L, z)) dt = (µ (L, z) or v (L, z)) for r 6= rj

Then it is quite clear that x(t) does not belong to N
(µ,v)
θ (I). Since x is bounded, Theorem

2 (ii) implies that x(t)→ L
(
S

(µ,v)
θ (I)

)
.
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Next, let krj−1 ≤ n ≤ krj+1−1. Then, by following theorem 2.1 in [8], we can write

ε

n
|{t ≤ n : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε}|

≤ 1

n

n∫
i=1

(µ (x(t), z) or v (x(t)− L, z)) ≤
krj−1 + hrj
krj−1

≤ 1

j
+

1

j
=

2

j
.

Hence x(t) is I-statistically convergent with respect to the intuitionistic fuzzy norm (µ, v)
for any admissible ideal I. �

It is quite natural question when does I lacunary statistical convergence with respect
to the intuitionistic fuzzy norm (µ, v) imply I-statistical convergence with respect to the
intuitionistic fuzzy norm (µ, v)?

For the next result we assume that the lacunary sequence θ satisfies the condition that
for any set C ∈ F (I),

⋃
{n : kr−1 < n < kr, r ∈ C} ∈ F (I).

Theorem 2.3. For a lacunary sequence θ satisfying the above condition, I-lacunary sta-
tistical convergence implies I-statistical convergence if lim supr qr <∞.

Proof. If lim sup
r
qr < ∞ then without any loss of generality we can assume that there

exists a 0 < B < ∞ such that qr < B for all r ≥ 1. Suppose that x(t) → L(Sθ(I)) and
for ε, δ, δ1 > 0 define the sets

C = {r ∈ N :
1

hr
|{k ∈ Ir : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, t) ≥ ε}| < δ}

and

T = {n ∈ N :
1

n
|{t ≤ n : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε}| < δ1}.

It is obvious from our assumption that C ∈ F (I), the filter associated with the ideal I.
Further observe that

Aj =
1

hj
|{t ∈ Ij : µ (x(t)− L, t) ≤ 1− ε or v (x(t)− L, z) ≥ ε}| < δ
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for all j ∈ C. Let n ∈ N be such that kr−1 < n < kr for some r ∈ C. Now

1

n
|{t ≤ n : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε}|

≤ 1

kr−1
|{t ≤ kr : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε}|

=
1

kr−1
|{t ∈ I1 : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε}|

+ · · ·+ 1

kr−1
|{t ∈ Ir : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε}|

=
k1

kr−1

1

h1
|{t ∈ I1 : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε}|

+
k2 − k1

kr−1

1

h2
|{t ∈ I2 : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, z) ≥ ε}|

+ · · ·+ kr − kr−1

kr−1

1

hr
|{t ∈ Ir : µ (x(t)− L, z) ≤ 1− ε or v (x(t)− L, t) ≥ ε}|

=
k1

kr−1
A1 +

k2 − k1

kr−1
A2 + · · ·+ kr − kr−1

kr−1
Ar ≤ sup

j∈C
Aj .

kr
kr−1

< Bδ.

Choosing δ1 = δ
B and in view of the fact that

⋃
{n : kr−1 < n < kr, r ∈ C} ⊂ T where

C ∈ F (I) it follows from our assumption on θ that the set T also belongs to F (I) and
this completes the proof of the theorem.

�

3. Conclusion

We should note that the notion of lacunary statistical convergence of a nonnegative
real-valued Lebesque measurable function in the interval (1,∞) has not been studied in
the setting of fuzzy normed linear spaces until now. It is natural to consider the notion
of lacunary statistical convergence in an intuitionistic fuzzy normed linear space and also
establish some important results. Our study of lacunary statistical convergence of a non-
negative real-valued Lebesque measurable function in the interval (1,∞) in intuitionistic
fuzzy normed spaces also provides a tool to deal with convergence problems of sequences
of fuzzy real numbers.
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[15] Mohiuddine, S.A. and Savaş, E., (2012), Lacunary statistically convergent double sequences in prob-

abilistic normed spaces, Ann. Univ. Ferrara, 58, pp. 331-339.
[16] Mohiuddine, S.A. and Aiyub, M., (2012), Lacunary statistical convergence in random 2-normed spaces,

Appl. Math. Inf. Sci, 6, 581-585.
[17] Mursaleen, M. and Mohiuddine, S.A., (2009), On lacunary statistical convergence with respect to the

intuitionistic fuzzy normed space, J. Comput. Appl. Math., 233, pp. 142-149.
[18] Mursaleen, M., Mohiuddine, S.A. and Edely, H.H., (2010), On the ideal convergence of double se-

quences in intuitionistic fuzzy normed spaces, Comput. Math. Appl., 59, pp. 603-611.
[19] Park, J.H., (2004), Intuitionistic fuzzy metric spaces, Chaos Solitons Fractals, 22, pp. 1039-1046.
[20] Saadati, R. and Park, J.H., (2006), On the intuitioistic fuzzy topologicial spaces, Chaos Solitons

Fractals, 27, pp. 331-344.
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